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1 Introduction

The purpose of this first set of lectures about Linear Operator Theory is
to provide the basics regarding the mathematical key features of unbounded
operators to readers that are not familiar with such technical aspects. It
is a necessity to deal with such operators if one wishes to study Quantum
Mechanics since such objects appear as soon as one wishes to consider, say,
a free quantum particle in R. The topics covered by these lectures is quite
basic and can be found in numerous classical textbooks, some of which are
listed at the end of these notes. They have been selected in order to provide
the reader with the minimal background allowing to proceed to the more
advanced subjects that will be treated in subsequent lectures, and also ac-
cording to their relevance regarding the main subject of this school on Open
Quantum Systems. Obviously, there is no claim about originality in the pre-
sented material. The reader is assumed to be familiar with the theory of
bounded operators on Banach spaces and with some of the classical abstract
Theorems in Functional Analysis.

2 Generalities about Unbounded Operators

Let us start by setting the stage, introducing the basic notions necessary to
study linear operators. While we will mainly work in Hilbert spaces, we state
the general definitions in Banach spaces.

If B is a Banach space over C with norm || - || and 7" is a bounded linear
operator on B, i.e. T : B — B, its norm is given by
ITel
17| = sup —= < oo.
o0 lloll

Now, consider the position operator of Quantum Mechanics ¢ = mult x on
L?(R), acting as (q¢)(x) = zo(z). It readily seen to be unbounded since
one can find a sequence of normalized functions ¢, € L*(R), n € N, such
that ||gon|| — 0o as n — oo, and, there are functions of L?(R) which are no
longer L?(R) when multiplied by the independent variable. We shall adopt
the following definition of (possibly unbounded) operators.
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Definition 2.1. A linear operator on B is a pair (A, D) where D C B is a
dense linear subspace of B and A : D — B is linear.

We will nevertheless often talk about the operator A and call the subspace
D the domain of A. It will sometimes be denoted by Dom(A).

Definition 2.2. If (121 ﬁ) is another linear operator such that D > D and
Ap = Ag for all p € D, the operator A defines an extension of A and one
denotes this fact by A C A

That the precise definition of the domain of a linear operator is important
for the study of its properties is shown by the following

Example 2.1. : Let H be defined on L?[a, b], a < b finite, as the differential op-

erator Hp(x) = —¢"(x), where the prime denotes differentiation. Introduce
the dense sets Dp and Dy in L?[a, b] by
Dp = {¢ € C%[a, b] | p(a) = ¢(b) = 0} (1)
Dy ={p € C?a,b]|¢'(a) =¢'(b) =0} . (2)

It is easily checked that 0 is an eigenvalue of (H, D) but not of (H, Dp). The
boundary conditions appearing in (1), (2) respectively are called Dirichlet and
Neumann boundary conditions respectively.

The notion of continuity naturally associated with bounded linear opera-
tors is replaced for unbounded operators by that of closedness.

Definition 2.3. Let (A, D) be an operator on B. It is said to be closed if for
any sequence p, € D such that

on —p €B and Ap, — 1 € B,

it follows that p € D and Ap = 1.

Remark 2.1. 1) In terms of the the graph of the operator A, denoted by I'(A)
and given by

I'(A)={(¢,v) e BxBlpeD, v=Ap},
we have the equivalence
A closed <= I'(4) closed (for the norm  [|(2,)]I* = [lol|® + []12).

i) If D = B, then A is closed if and only if A is bounded, by the Closed
Graph Theorem?®.

iii) If A is bounded and closed, then D = B so that it is possible to extend
A to the whole of B as a bounded operator.

iv) If A: D — D’ C B is one to one and onto, then A is closed is equivalent

T : X — ), where X and ) are two Banach spaces, then T is bounded iff
the graph of T is closed.
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to A=' : D' — D is closed. This last property can be seen by introducing the
inverse graph of A, I'"(A) = {(z,y) € Bx B|y € D,z = Ay} and noticing
that A closed iff I"(A) is closed and I'(A) = I""(A~1).

The notion of spectrum of operators is a key issue for applications in
Quantum Mechanics. Here are the relevant definitions.

Definition 2.4. The spectrum o(A) of an operator (A, D) on B is defined
by its complement o(A)C = p(A), where the resolvent set of A is given by

p(A) = {z€C| (4

(A

z) : D — Bis one to one and onto, and

—2)
—2)"': B — Dis a bounded operator.}

The operator R(z) = (A — 2z)~! is called the resolvent of A.
Actually, A — z is to be understood as A — zIl, where Il denotes the identity
operator.

Here are a few of the basic properties related to these notions.

Proposition 2.1. With the notations above,

i) If 0(A) # C, then A is closed.

i) If z ¢ o(A) and u € C is such that |u| < |[R(2)||7t, then z + u € p(A).
Thus, p(A) is open and o(A) is closed.

iii) The resolvent is an analytic map from p(A) to L(B), the set of bounded
linear operators on B, and the following identities hold for any z,w € p(A),

R(z) = R(w) = (2 — w)R(2) R(w) 3)
%R(z) =n! R""1(2).

Remark 2.2. Identity (3) is called the first resolvent identity. As a conse-
quence, we get that the resolvents at two different points of the resolvent set

commute, i.e.
[R(2), R(w)] = 0, Vz,w € p(A).

Proof. 1) If z € p(A), then R(z) is one to one and bounded thus closed and
remark iv) above applies.

ii) We need to show that R(z + u) exists and is bounded from B to D. We
have on D

(A—z—up=T-u(d-2)7")A-2)p=-uR(2))(A-2)p,
where |u|||R(2)]| < 1 by assumption. Hence, the Neumann series

ZT" = (I -T)"" where T :B — B is such that ||T| <1, (4)

n>0

shows that the natural candidate for (A4 — 2z —u)~!is R(2)(Il — uR(z))~ ! :
B — D. Then one checks that on B
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(A= 2z —u)R(2)(IT — uR(2))™" = (T — uR(2))(Il —uR(z))"' =1
and that on D
R(2)(II —uR(2)) M (A~ 2z —u) = (I —uR(2)) 'R(2)(A— 2z —u) =
(I — wR(2))" (I —uR(2)) = IIp,
where IIp denotes the identity of D.
iii) By (4) we can write
R(z+u) = Z u"R" ()
n>0

so that we get the analyticity of the resolvent and the expression for its
derivatives. Finally for ¢ € D

(A=2) = (A—w))p = (w—2)p
so that, for any ¢ € B,
R(z)((A = 2) = (A= w))R(w)Y = R(w)y) — R(2)y) = R(z)R(w)(w — 2)1,
where R(w)y € D. [

Note that in the bounded case, the spectrum of an operator is never empty
nor equal to C, whereas there exist closed unbounded operators with empty
spectrum or empty resolvent set. Consider for example, T' = i% on L2[0,1] on
the following dense sets. If AC?[0, 1] denotes the set of absolutely continuous

functions on [0, 1] whose derivatives are in L?[0,1], (hence in L'[0,1]), set
D1 = {p|p € AC*[0,1]}, Do ={p|p € AC*(0,1]and »(0) = 0}.

Then, one checks that (T, Dy) and (T, Dy) are closed and such that o1 (T) = C
and oo(T') = () (with the obvious notations).

To avoid potential problems related to the fact that certain operators
can be a priori defined on dense sets on which they may not be closed, one
introduces the following notions.

Definition 2.5. An operator (A, D) is closable if it possesses a closed exten-
sion (A, D).

Lemma 2.1. If (A, D) is closable, then there exists a unique extension (A, D)
called the closure of (A, D) characterized by the fact that A C A for any closed
extension (A, D) of (A, D).

Proof. Let

D={peB|Ip, €D and ¥ € B with ¢, — ¢ and Ap, — ¥} (5)
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For any closed extension A of A and any ¢ € D, we have ¢ € D and Ap = 9
is uniquely determined by . Let us define (A, D) by Ap = ), for all ¢ € D.
Then A is an extension of A and any closed extension A C A is such that
A C A. The graph I'(A) of A satisfies I'(A) = T'(A), so that A is closed. |

Note also that the closure of a closed operator coincide with the operator
itself. Also, before ending this section, note that there exist non closable
operators. Fortunately enough, such operators do not play an essential role
in Quantum Mechanics, as we will shortly see.

3 Adjoint, Symmetric and Self-adjoint Operators

The arena of Quantum Mechanics is a complex Hilbert space H where the
notion of scalar product (-|-) gives rise to a norm denoted by || - ||. Oper-
ators that are self-adjoint with respect to that product play a particularly
important role, as they correspond to the observables of the theory. We shall
assume the following convention regarding the positive definite sesquilinear
form (-|-) on H x H: it is linear in the right variable and thus anti-linear
in the left variable. We shall also always assume that our Hilbert space is
separable, i.e. it admits a countable basis, and we shall identify the dual H’
of H with H, since VI : H — C, ¢ € H such that I(-) = (| -).
Let us make the first steps towards self-adjunction.

Definition 3.1. An operator (H, D) in H is said to be symmetric if Vi, ¢ €
DCH
(plHY) = (Hel).

For example, the operators (—JL;,DD) and (—%,DN) introduced above
are symmetric, as shown by integration by parts.

Remark 3.1. If H is symmetric, its eigenvalues are real.
The next property is related to an earlier remark concerning the role of
non closable operators in Quantum Mechanics.

Proposition 3.1. Any symmetric operator (H, D) is closable and its closure
18 symmetric.

This Proposition will allow us to consider that any symmetric operator is
closed from now on.

Proof. Let D O D as in (5) and x € D, ¢ € D. We compute for any such ¥,
(plHx) = lim(pn|Hx) = lim(Hen|x) = (¢]x)- (6)

As D is dense by assumption, the vector v is uniquely determined by the
linear, bounded form I, : D — C such that 1, (x) = (¥|x). In other words,
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1 is characterized by ¢ uniquely. One then defines H on D by Hp = 1) and

linearity is easily checked. As, by construction, I'(H) = I'(H) is closed, H
is a closed extension of H. Let us finally check the symmetry property. If
Xn € D is such that x,, — x € D, with Hx,, — n and ¢ € D, (6) says

(p|Hxn) = (Hp|xn)-

Taking the limit n — oo, we get from the above
lim (o Hxn) = {pln) = (ol Hx) = lim(Holxa) = (Hely). W

When dealing with bounded operators, symmetric and self-adjoint oper-
ators are identical. It is not necessary true in the unbounded case. As one of
the most powerful tools in linear operator theory, namely the Spectral The-
orem, applies only to self-adjoint operators, we will develop some criteria to
distinguish symmetric and self-adjoint operators.

Definition 3.2. Let (A, D) be an operator on H. The adjoint of A, denoted
by (A*, D*), is determined as follows: D* is the set of ¥ € H such that there
exists a x € H so that

(Y|Ap) = (xlp), Yo € D.

As D is dense, x is unique, so that one sets A*1p) = x and checks easily the
linearity. Therefore,

(Y| Ap) = (A*plp), Yo € D,y € D*.

In other words, ¢» € D* iff the linear form I(-) = (¢)|A-) : D — C is bounded.
In that case, Riesz Lemma implies the existence of a unique y such that
(¥|A-) = (x|-). Note also that D* is not necessarily dense.

Let us proceed with some properties of the adjoint.

Proposition 3.2. Let (A, D) be an operator on H.

i) The adjoint (A*, D*) of (A, D) is closed. If, moreover, A is closable, then
D~ s dense

ii) If A is closable, A = A**

iii) If A C B, then B* C A*.

Proof. 1) Let (¢, x) € D* x H belong to I'(A*). This is equivalent to saying
(¥Ap) = (xl@), Vo€ D,
which is equivalent to (v, x) € M+, where
M = {(Ap,—p) e H X H, |p € D},

with the scalar product ({(¢1,92)|(11,%2))) = (p1lt1) + (paliha). As M+
is closed, I'(A*) is closed too. Assume now A is closable and suppose there
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exists 7 € H such that (¢|n) = 0, for all ¢» € D*. This implies that (n,0) is
orthogonal to I'(A*). But,

A9t = M+ =11

Therefore, there exists ¢, € D, such that ¢, — 0 and Ap, — 7. As A is
closable, n = A0 = 0, i.e. (D*)+ =0 and D* = (D*)*+ =H.
ii) Define a unitary operator V on H x H by

Ve, ¥) = (¥, —¢).

It has the property V(E+) = (V(E))*, for any linear subspace E C H x H.
In particular, we have just seen

so that
(A) = (DAY = (V2rA)h)*
= (V(V(I(A)H)) = (V(I(A7)* = I(A™),
ie. A= A
iii) Follows readily from the definition. |

When H is symmetric, we get from the definition and properties above
that H* is a closed extension of H. This motivates the

Definition 3.3. An operator (H, D) is self-adjoint whenever it coincides with
its adjoint (H*, D*). It is therefore closed.

An operator (H, D) is essentially self-adjoint if it is symmetric and its closure
(H, D) is self-adjoint.

Therefore, we have in general for a symmetric operator,

HCH=H*CH* and H*=H*=H"* = H*.
In case H is essentially self-adjoint,
HCH=H"=H"

We now head towards our general criterion for (essential) self-adjointness.
We need a few more

Definition 3.4. For (H, D) symmetric and denoting its adjoint by (H*, D*),
the deficiency subspaces LT are defined by
L* = {p € D" |H"p = +ip} = {p € H|(HV|p) = i(Y|p) V¢ € D}
= Ran(H +i)* = Ker(H* F1).
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The deficiency indices are the dimensions of LT, which can be finite or infi-
nite.

To get an understanding of these names, recall that one can always write
H = Ker(H* Fi) ® Ran(H £ i) = L* @ Ran(H +i). (7)

Note that the definitions of L* is invariant if one replaces H by its closure
H.
For (H, D) symmetric and any ¢ € D observe that

I(H +)ell* = |1Hell* + lloll> = [(H — i)pl|* # 0.
This calls for the next

Definition 3.5. Let (H, D) be symmetric. The Cayley transform of H is the
isometric operator

U= (H—4)(H+i)"': Ran(H +i) — Ran(H —1).
It enjoys the following property.

Lemma 3.1. The symmetric extensions of H are in one to one correspon-
dence with the isometric extensions of U.

Proof. Let (fL D) be a symmetric extension of (H, D) and U be its Cayley
transform. We have

¢ € Ran(H +1i) <= 3 € D C D such that ¢ = (H £ i)y = (H £ i),
hence Ran(H + i) C Ran(H + 1), and
Up=(H—i)(H+i)"Yo=Up, Ve Ran(H +1). (8)

Conversely, let U : M+ — M~ be a isometric extension of U, where Ran(H+
i) C M*, We need to construct a symmetric extension of H whose Cayley
transform is U. Algebraically this means, see (8),

- ~ 2

H:(U—H)_lg—i. (9)

Let us show that 1 is not an eigenvalue of U. If ¢ € M is a corresponding
eigenvenvector, and ¢ = (H + 4)x, where x € D, then

2i(plx) = (pl(H +i)x — (H = i)x) = (¢l = Uy)
= (pl) — (UplUy) = 0.
By density of D, ¢ = 0, so that we can define H by (9) on D = (U — M.
It is not difficult to check that H is a symmetric extension of H. [ |

We can now state the
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Theorem 3.1. If (H, D) is symmetric on H, there exist self-adjoint exten-
sions of H if and only if the deficiency indices are equal. Moreover, the fol-
lowing statements are equivalent:

1) H is essentially self-adjoint

2) The deficiency indices are both zero

3) H possesses exactly one self-adjoint extension.

Proof. 1)= 3): Let J be a self-adjoint extension of H. Then H C J = J* and
J D H.Hence J=J*C H* = H, so that J = H.

1)= 2): We can assume that H is closed so H = H = H*. For any p € L* =
Ker(H* F1),

0= [(H*Fi)pl? = I(HF)el? = 1He|*+ el > llel*, L* = {0}. (10)

2) = 1): Consider (H + 1) : D — Ran(H +14). By (10) above, this operator
is one to one, and we can define (H +i)~! : Ran(H + i) — D. By the same
estimate it satisfies

ICH + )~ )| < [[(H + ) (H + 1) )% = 2

As H can be assumed to be closed (i.e. H = H) and Lt = {0}, we get that
Ran(H + 1) is closed so that H = Ran(H + i), due to (7). Therefore, for any
@ € D*, there exists a ¢ € D such that (H* +i)p = (H +14)y. As H C H*,

(H*+i)(p—1) =0, ie. p—1 € Ker(H* +1) = {0},

we get that ¢ € D and H = H*, which is what we set out to prove.

3) = 2): if K is a self-adjoint extension of H, its deficiency indices are zero
(by 2)). Therefore, (see (7)), its Cayley transform V' is a unitary extension
of U, the Cayley transform of H. In particular, V|p+ : LT — L™ is one to
one and onto, so that the deficiency indices of H are equal. That yields the
first part of the Theorem. Now assume these indices are not zero. By the
preceding Lemma, there exist an infinite number of symmetric extensions of
H, parametrized by all isometries from L' to L. In particular, there exist
extensions with zero deficiency indices, which by 2) and 1) are self-adjoint,

contradicting the fact that K is the unique self-adjoint extension of H.

Remark 3.2. It is a good exercise to prove that in case (H, D) is symmetric
and H > 0, i.e. (p|Hp) > 0 for any ¢ € D, then H is essentially self-adjoint
iff Ker(H* + 1) = {0}.

As a first application, we give a key property of self-adjoint operators for
the role they play in the Quantum dogma concerning measure of observables.
It is the following fact concerning their spectrum.

Theorem 3.2. Let H = H*. Then, o(H) C R and,

MHf@*ngﬁa,#zgR (11)
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Moreover, for any z in the resolvent set of H,
(H-2)""'=(H-2"" (12)

Proof. Let ¢ € D, D being the domain of H and z = z + iy, with y # 0.
Then

I(H -z —ay)oll® = |(H — 2)¢|* + y2llell* = y?[ll>. (13)
This implies

Ker(H — z) = Ker(H* — z) = {0} i.e. Ran(H — z) = H,

and H — z is invertible on Ran(H — z). (13) shows that (H — z) is bounded
with the required bound, and as the resolvent is closed, it can be extended
on H with the same bound. Equality (12) is readily checked.

As an application of the first part of Theorem 3.1, consider a symmetric
operator (H, D) which commutes with a conjugation C. More precisely:

C is anti-linear, C? = Il and ||Cp| = ||¢]||. Hence (p|y)) = (Cp|Cp). More-
over, C: D — D and CH = HC on D.

Under such circumstances, the deficiency indices of H are equal and there
exist self-adjoint extensions of H.

Indeed, one first deduces that C'(D) = D. Then, for any ¢™ € LT =
Ker(H* — i) and ¢ € D, we compute

0= (o¥[(H +1i)v) = (CoT|C(H +i)ip) = (Co™|(H — i)CY),

so that Cot € Ran(H — i)t = Ker(H* +1i) = L. In other words,
C : L™ — L™, and one shows similarly that C : L= — LT. As C is iso-
metric, the dimensions of Lt and L~ are the same.

A particular case where this happens is that of the complex conjugation
and a differential operator on R”, with real valued coefficients.

An example of direct application of this criterion is the following. Consider
the symmetric operator Hy = iy’ on the domain C§°(0,00) C L?*(0,00). A
vector 1 € D* iff there exists y € L?(0,00) such that (¢|Hp) = (x|p), for
all p € C§°(0, 00). Expressing the scalar products this means

/ x(@)p(@)de = —i / ()@ (2)de = iD,Ty (),

where T}, denotes the distribution associated with . In other words, we
have 1) € W12(0,00) = D* and H*1) = i1p in the weak sense. Elements of
Ker(H* F i) satisfy
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¢ L*(0,00)

H'p =+i = o =+ zb(x)“ﬂ{eL?(o,oo)

Hence there is no self-adjoint extension of that operator. If it is considered
on C§°(0,1) C L?(0,1), the above shows that the deficiency indices are both
1 and there exist infinitely many self-adjoint extensions of it.

Specializing a little, we get a criterion for operators whose spectrum con-
sists of eigenvalues only.

Corollary 3.1. Let (H,D) symmetric on H such that there exists an or-
thonormal basis {¢n }nen of H of eigenvectors of H satisfying for anyn € N,
on € D and Hp,, = A\yn, with A\, € R. Then H is essentially self-adjoint

and o(H) = {\,|n € N}.
Proof. Just note that any vector ¢ in LT satisfies in particular

(Honlp) = £i{pnle) = Anlenlp),

so that (pn|p) = 0 for any n. This means that L™ = {0}, hence that H is
essentially self-adjoint.

Then H, as an extension of H admits the ¢,’s as eigenvectors with
the same eigenvalues and as the spectrum is a closed set, we get o(H) D
{An|n € N} If X does not belong to the latter set, we define Ry by Ry¢, =

/\n%/\gon, for all n € N. Using the fact that H is closed, it is not difficult to
see that Ry is the resolvent of H at A\, which yields the result. [ |

As a first example of application we get that f% on C2%(a,b) (or
C*(a,b)) with Dirichlet boundary conditions is essentially self-adjoint with

2.2 . .
spectrum {ﬁ} o’ as the corresponding eigenvectors
nEN

2 \?* nr(x — a) .
<pn(:c) = <b—a> Sin (b—a) , n S N 5

are known to form a basis of L?[a,b] by the theory of Fourier series.
Another standard operator is the harmonic oscillator defined on L?(RR) by
the differential operator

1 d? x?
Hose = =5 0402 T3
with dense domain S the Schwartz functions. This operator is symmetric
by integration by parts, and it is a standard exercise, using creation and
annihilation operators b' = (z — 9,)/v2,b = (z + 9,)/v/2 to show that the
solutions of
Hosepn () = Anpn(z), n €N,

are given by A, = n + 1/2 with eigenvector
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, 2 d"
on(z) = ann(x)e_”“zp, with H,(x) = (—1)"el2d—ne_’52,
x

and ¢, = (2"n!ﬁ)_1/2. These eigenvectors also form a basis of L?(R), so
that this operator is essentially self-adjoint with spectrum N+1/2. Note that
cannot work on C§° to apply this criterion here.

Another popular way to prove that an operator is self-adjoint is to com-
pare it to another operator known to be self-adjoint and use a perturbative
argument to get self-adjointness of the former.

Let (H, D) be a self-adjoint operator on H and let (A, D(A)) be symmetric
with domain D(A) D D.

Definition 3.6. The operator A has a relative bound « > 0 with respect to
H if there exists ¢ < oo such that

[A¢ll < allHell +cllell, Vo€ D. (14)

The infimum over such relative bounds is the relative bound of A w.r.t. H.

Remark 3.3. The definition of the relative bound is unchanged if we replace
(14) by the slightly stronger condition

[Ap|? < ®|Hel? + Pllell?, Ve € D.

Lemma 3.2. Let K : D — H be such that Ko = Hp+ Ap. If 0 < a < 1,
is the relative bound of A w.r.t. H, K is closed and symmetric. Moreover,
|A(H +i\)7Y) < 1, if X € R has large enough modulus.

Proof. The symmetry of K is clear. Let us consider ¢,, € D such that ¢,, — ¢
and Ky, — 1. Then, by assumption,

[Hon — Homll < [|Kon — Kol + [[Avn — Aoy
S NK@n — Kol + al|Hpn — Hop | + cllon — @mlls
so that

1 c
| Hpn—Hpml| < [ K on—Kpml|+ lon—@mll — 0 as n,m — oo.
l—« l—«

H being closed, we deduce from the above that ¢ € D and Hyp, — He.
Then, from (14), we get Ap,, — Ap — 0 from which follows K, — K¢ = .

The proof of the statement concerning the resolvent reads as follows. Let
Y EH, o= (H+i\) " and 0 < a < 3 < 1. Then, for |\| > 0 large enough

|Ap))? < (al Holl + cllel)? < B2 (IHel* + X[¢]?)
= B*||(H +iNe||* = B2|lv]>.

Hence [A(H +i\) ' < glel. W
This leads to the
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Theorem 3.3. If H is self-adjoint and A is symmetric with relative bound
a<1wrt H, then K = H + A is self-adjoint on the same domain as that
of H.

Proof. Let |A| be large enough. From the formal expressions

(H+A+i)) ' = (H+i\N = —(H+A+iN)HA)(H +i\) ! <=
(H+A+i\) = (H+i\N)" I+ AH +i\) !

we see that the natural candidate for the resolvent of K is

Ry = (H+i)\)"" ) (AH +ix)~H)".
neN

By assumption on ||, this sum converges in norm and Ran(Ry) = D. Routine
manipulations show that (H + A + iA\)Ry = Ry(H + A +i\) = II so that
Ran(H + A+i)\) = H. This implies that the deficiency indices of K = H+ A
are both zero, and since it is closed, K is self-adjoint. Note that one uses the
fact that dimker(K™* —4\) is constant for A > 0 and A < 0.

4 Spectral Theorem

Let us start this section by the presentation of another example of self-adjoint
operator, which will play a key role in the Spectral Theorem, we set out to
prove here. Before getting to work, let us specify right away that we shall not
provide here a full proof of the version of the Spectral Theorem we chose.
Some parts of it, of a purely analytical character, will be presented as facts
whose detailed full proofs can be found in Davies’s book [D]. But we hope to
convey the main ideas of the proof in these notes.

Consider E C RY a Borel set and 1 a Borel non-negative measure on F.
Let H = L?(E, du) be the usual set of measurable functions f : E — C such
that || f||* = [, [f(z)[?dp < oo, with identification of functions that coincide
almost everywhere.

Let a : E — R be measurable and such that the restriction of a to any
bounded set of E is bounded. We set

D= (s e [+ a@)lfa)fdn < o),
E
which is dense, and we define the multiplication operator (A, D) by
(Af)(z) = alz)f(z), Vf e D.
Lemma 4.1. (A, D) is self-adjoint and if L? denotes the set of functions

of H which are zero outside a compact subset of F, then A is essentially
self-adjoint on L2.
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Proof. A is clearly symmetric. If z ¢ R, the bounded operator R(z) given by
(R(2))(2) = (a(z) — 2) "' f(2)

is easily seen to be the inverse of (A — z). Hence, o(A) # C, so that A is
closed. Moreover, the deficiency indices of A are both seen to be zero:

A*f:z'f@VheD/ﬂfd,u:i/ﬁfdu

& /(a(m) —i)hfdu =0,
S =0 p ae

So that A is closed and essentially self-adjoint, hence self-adjoint.
Concerning the last statement, we need to show that A is the closure of
its restriction to L2. If f € D and n € N, we define

Fulz) = {f(m) ifeeE |z <n

0 otherwise.

Hence |f,(z)] < |f(z)| and f, € L? € D. By Lebesgue dominated conver-
gence Theorem, one checks that f,, — f and Af,, — Af as n — co. [ |

Lemma 4.2. The spectrum and resolvent of A are such that
o(A) = essential range of a = {\ € R|u({z]|a(z) — A| < €}) > 0,Ve > 0}.

If N & o(A), then
1

(4 =27 = dist(\, o (A))”

Proof. If X\ is not in the essential range of a, it is readily checked that the
multiplication operator by (a(z) — A)~! is bounded (outside of a set of zero
u measure). Also one sees that this operator yields the inverse of a — A for
such X’s, which, consequently, belong to p(A). Conversely, let us take A in
the essential range of @ and show that A € o(A). We define sets of positive u
measures by

Sm={r € E||]A—a(z)|<2™™}.

Let x,m be the characteristic function of S,,, which is a non zero element of
L?(E,dy). Then

A=l = [ Denllote) = XPdp < 2727 [ P = 272l

m m

which shows that (A — A\)~! cannot be bounded. Finally, if A is not in the
essential range of a, we set

[l(a(-) = A) oo = essential supremum of (a(-) — \)71,
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where we recall that for a measurable function f
[flloe = inf{K > 0[[f(2)| < K pa.e.}.

We immediately get that ||a(-) — A]|eo is an upper bound for the norm of the
resolvent, as, for any € > 0 there exists a set S C E of positive measure such
that |(a(z) —A\)7!| > K — ¢, Vo € S. Considering the characteristic function
of this set, one sees that the upper bound is actually reached and corresponds
with the distance of A\ to the spectrum of A. i,

4.1 Functional Calculus

Let us now come to the steps leading to the Spectral Theorem. The general
setting is as follows. One has a self-adjoint operator (H, D), D dense in a
separable Hilbert space H. We first want to define a functional calculus,
allowing us to take functions of self-adjoint operators. If H is a multiplication
operator by a real valued function h, as in the above example, then f(H), for
a reasonable function f : R — C, is easily conceivable as the multiplication
by f o h. We are going to define a function of an operator H in a quite
general setting by means of an explicit formula due to Helffer and Sjostrand
and we will check that this formula has the properties we expect of such
an operation. Finally, we will also see that any operator can be seen as a
multiplication operator on some L?(du) space.

Let us introduce the notation < z >= (14|2|?)*/2 and the set of functions
we will work with. Let 8 € R and S? be the set of complex valued C*°(R)
functions such that there exists a ¢,, so that

d’ﬂ
‘f(n)(fﬂ = ‘dx”f(x) <ep<z>P" VreR VneN.

We set A = Ug<0S? and we define norms || - ||, on A, for any n > 1, by

1= / O (@) < 2> de
r=07 ">

This set of functions enjoys the following properties:
A is an algebra for the multiplication of functions, it contains the rational
functions which decay to zero at co and have non-vanishing denominator on
the real axis.
Moreover, it is not difficult to see that

1flln <00 = f €L'YR), and f(x) —0 as |z| — oo
and that

If = felln =0, as k — o0 = sup|f(z)— fe(z)| — 0, as k — oo.
z€R
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Definition 4.1. A map which to any f € € C L®(R) associates f(H) €
L(H) is a functional calculus if the following properties are true.

1. f+— f(H) is linear and multiplicative, (i.e. fg— f(H)g(H))
2. f(H)=(f(H))", Vfe€&

SANfHE) <N flleo, Vf €€

4. Ifw &R and ry(z) = (x —w)™L, then rp(H) = (H —w) ™!
5. If f € C§°(R) such that supp(f)No(H) =0 then f(H) = 0.

For f € C™, we define its quasi-analytic extension f : C — C by

) o(z,y)

with z =z + iy, n > 1, o(x,y) = 7(y/ < & >), where 7 € C§° is equal to
one on [—1,1], has support in [—2,2]. We are naturally abusing notations as
f is not analytic in general, but it is C°°. Its support is confined to the set
ly] <2 < x> due to the presence of 7. Also, the projection on the x axis of
the support of f is equal to the support of f. The choice of 7 and n will turn
out to have no importance for us.

Explicit computations yield

r

fe) = (Z £ ) )

%f(z) = % (ai + zaay) f(z) = (15)
= T (Zy)r (O—I(xa y) + in(xa y)) n+1 (Zy)n O'(Qj',y)
(;f“(o:) L ) ; + 70 (@) T,

As supp(o4(z,y)) and supp(oy(z,y)) are included in supp(7'(y/ < = >), i.e.
in the set <z ><|y| <2 < x>, if  is fixed and y — 0,

)] = 0l

which justifies the name quasi-analytic extension as y goes to zero.

Definition 4.2. For any f € A and any self-adjoint operator H on H the
Helffer-Sjostrand formula for f(H) reads

#01) = [ LR = =) dwdy € £34), (16)

Remark 4.1. This formula allows to compute functions of operators by means
of their resolvent only. Therefore it holds for bounded as well as unbounded
operators. Moreover, being explicit, it can yield useful bounds in concrete
cases. Note also that it is linear in f.

We need to describe a little bit more in what sense this integral holds.
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Lemma 4.3. The expression (16) converges in norm and the following bound
holds
IfH) < eallfllns1, Vf €A and n > 1. (17)

Proof. The integrand is bounded and C* on C \ R, therefore (16) converges
in norm as a limit of Riemann sums on any compact of C \ R. It remains to
deal with the limit when these sets tend to the whole of C. Let us introduce
the sets

U={(z,y)] <z><|y|<2<z>} D supp7'(y/ <z >)
V={(z,y)[0<|y| <2< x>} 2D supp7(y/ <z >).

We easily get by explicit computations that

exu(,y)

02 (,9) + i (2, y)] < KO

where xp is the characteristic function of the set U. Using the bound (11)
on the resolvent, (15), and the fact that |y| ~< & > on U, we can bound the
integrand of (16) by a constant times

Z 11O (@)] <2 > xu(@,y) + £ @)yl v (2, ).

After integration on y at fixed x, the integrand of the remaining integral in
x is bounded by a constant times

Zlf” ) <> fH ()] < 2 >

hence the announced bound. [
We need a few more properties regarding formula (16) before we can show
it defines a functional calculus.

It is sometimes easier to deal with C§® functions rather then with func-
tions of A. The following Lemma shows this is harmless.

Lemma 4.4. C§°(R) is dense in A for the norms || - ||n.

Proof. We use the classical technique of mollifiers. Let @ > 0 be smooth with
the same conditions of support as 7. Set &,,(z) = &(z/m) for all z € R and
fm = @ f. Hence, f,, € A and support considerations yield

n+1

DY /

n+1
<0n2/ 1fM(2)| <z >""1de — 0, as m — oco.
CE

|>m

Y1 =@ ()| <z >""da

dwT
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|
The next Lemma will be useful several times in the sequel.

Lemma 4.5. If F € C§°(C) and F(z) = O(y?) asy — 0 at fized real z, then
l/ QF(Z)(Hf 2) tdxdy =0 (18)
™ Jc 0z y="5

Proof. Suppose suppF C {|z| < N,|y| < N} and let 25, 6 > 0 small such

that £25 C {|z] < N,d < |y| < N}. We want to apply Stokes Theorem to the
above integral. Recall that

9 _1(o 0N o _1(o .0
0z 2\0x 0oy) 0z 2\0xr Oy
> dzZ =dzx —1idy, dz =dx +idy

so that dz A dz = 2idx A dy = 2idxdy. Moreover, since %(H —2)"1=0by
analyticity,

d(F(2)(H — 2)"dz) = %(F(z)(H —2) " HdzNdz
+ %(F(z)(H —2)"HdzAdz
= g—g(z)(H —2) Yz A dz.

Therefore, if I denotes (18), we get by Stokes Theorem

i 1 -1 —imL z —2)"'dz
I—hm/ﬂéd(F(z)(H—z) dz)=1 /¢995F( J(H —2z)"'d

§—0 271 5—0 271
1
= lim — F(2)(H — 2)"'dz.
6—0 21 ) v=9,
<N

Hence the bound

I 1
< Tim L . Casnlo _
7] < glir[l) 5 /_N(|F(a?+z§| + |F(z 2(5|)5dsc }%0(5) 0,

where we used Taylor’s formula F(z,y) = %Fyy(x, 0(y, x)y) with 6(z,y) €
(0,1), so that |F(z,y)| < c(z)y?>. N

Remark 4.2. Tt follows from the above proof that if f has compact support,
we can write

f(H) = lim i, /im f(2)(H = 2)"'dz.

Neglecting support considerations, if f was analytic, this is the way we would
naturally define f(H).

We can now show a comforting fact about our definition (16) of f(H).
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Lemma 4.6. If f € A and n > 1, then f(H) is independent of o and n.

Proof. By density of Cg° in A for the norms || - ||,, and Lemma 4.3, we can
assume f € C§°. Let f5, » and f,, , be associated with o, and o2. Then

form = foom = (Z FO (@) (Zf!)r> (n(y) <z >) =7y <z>)),
r=0

is identically zero for y small enough, so Lemma 4.5 applies. Similarly, if
m > n > 1, with similar notations,

y . SNy, (1Y)
fn,m*fo,n: Z f()(x) rl

r=n+1

O'(.’,E,y) = O(y2)7 as Yy — 07 X ﬁxed,

and Lemma 4.5 applies again. [ |
We are now in a position to show that formula (16) possesses the proper-
ties of a functional calculus.

Proposition 4.1. With the notations above,

a) If f € C§° and supp(f) No(H) =0, then f(H) = 0.
b) (f9)(H) = f(H)g(H), for all f,g € A.

¢) f(H) = f(H)" and [|f(H)| < [|f]le-

d) ro(H)=(H—-w)™!, w¢R.

Proof. a) In that case, since the compact set supp(f) and the closed set
o(H) are disjoint, we can consider a finite number of contours ~1,---,7,
surrounding a region W disjoint from o(H) containing the support of f . By
Stokes Theorem again

—l —f(z —2) ldx :LT (2 —2) Yz =
7(01) = £ [ SR =2 day i 3o | fH =) =0

by our choice of v;.
b) Assume first f, g € C§°, so that K =supp(f) and L =supp(g) are compact.

1 0 .0

f(H)g(H) = 72 JinL if(z)%g(w)(H —2) N H — w) " 'dzdydudv
1 - 0 _, (H-—w)yt'—(H-2)""
=N gf(z)%g(w) T dzxdydudv.

Then one uses the formula (easily proven using Stokes again)

the equivalent one for g and one gets, changing variables to z,
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sngtn = [ (o) @) + 50 20(2)) (1 = 2) oy

= 9 (F(2)a(2)) (H — 2) " dedy.

T Jrnr O

N

It remains to see that if k(z) = f(z)g(z)—}g(z), the integral of %k(z) against
the resolvent on C is zero. But this is again a consequence of Lemma 4.5,
since k has compact support and explicit computations yield k(z) = O(y?)
as y — 0 with z fixed. The generalization to functions of A is proven along
the same lines as Lemma 4.4 with Lemma 4.3.

¢) The first point follows from (H — z)~'" = (H — 2)~', the convergence in

norm of (16) and the fact that }_(z) = f(z) if 7 is even, which we can always
assume. For the second point, take f € A and ¢ > 0 such that || f]le. < c
Defining g(z) = ¢ — (¢ — |f(z)[*)'/2, one checks that g € A as well. The

identity ff — 2cg + ¢g? = 0 in the algebra A implies with the above

fH)f(H)" = 2cg(H) + g(H)g(H)* =0
& fH) f(H)+ (c—g(H)) (c—g(H)) =

Thus, for any @ € H, it follows

LF I < LFE)D? + (e = g(H))w|* < )%,

where ¢ > || f]| is arbitrary.
d) Let us take n = 1 and assume Sw > 0. We further choose

o(z,y) =7(\y/ <z >),

where A > 1 will be chosen large enough so that w does not belong to the
support of ¢ and then kept fixed in the rest of the argument. The sole effect
of this manipulation is to change the support of 7, but everything we have
done so far remains true for A > 1 and fixed. Let us define, for m > 0 large,

Qn ={(z,y)||z] <m and <z > /m <yl <2m}.

Then, by definition and Stokes,
. 1 a ~ 71
ro(H) = lim — — 7w (2)(H — 2)" dady
2m

1
= lim —/ Fo(2)(H — 2)dz, (19)
where, since n =1,

Fu(2) = (rw(@) + ry, (@)iy)o (@, y).

At this point, we want to replace 7., (z) by 7, (2) in (19). Indeed, it can be
shown using the above explicit formula that
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lim

m—0Q

=0,

/ (ru(z) — Fu(2))(H — 2) " dz
02,

by support considerations and elementary estimates on the different pieces
of 02,,. Admitting this fact we have

due to the analyticity of the resolvent inside §2,,. [ |
We can now state the first Spectral Theorem for the set C(R) of con-
tinuous functions that vanish at infinity

C(R) = {f € C(R) | Ve > 0, 3K compact with |f(z)| < e if z € K}.

Theorem 4.1. There exists a unique linear map f — f(H) from Cu to
L(H) which is a functional calculus.

Proof. Replacing Co, by A we have existence. Now, C§°® C A C C and it is

a classical fact that @H'Hw = C, [RS]. Hence A is dense in Cw in the sup
norm. As [|[f(H)|| < ||flle Vf € A, a density argument yields an extension
of the map to C», with convergence in norm. It is routine to check that all
properties listed in Proposition 4.1 remain true for f € C.,. The uniqueness
property is shown as follows. If there exists another functional calculus, then,
by hypothesis, it must agree with ours on the set of functions R

R = {Z AiTw,;, where \; € C, w; ¢ R}.

i=1

But, it is a classical result also that the set R satisfies the hypothesis of the
Stone-Weierstrass Theorem® and R = Cy, so that the two functional calcu-
lus must coincide everywhere.

We shall pursue in two directions. We first want to show that any self-adjoint
operator can be represented as a multiplication operator on some L? space.
Then we shall extend the functional calculus to bounded measurable func-
tions.

4.2 L? Spectral Representation
Let (H, D) be self-adjoint on H.

PLet X be locally compact and consider Coo(X). If B is a subalgebra of Coo (X)
that separates points and satisfies f € B = f € B, then B is dense in Co (X) for

[RES
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Definition 4.3. A closed linear subspace L of H is said invariant under H
if (H—2)"YL C L for any z ¢ R.

Remark 4.3. It is an exercise to show that if ¢ € LN D, then Hy € L, as
expected.

Also, for any A € R, Ker(H — \) is invariant. If is is positive, the dimension
of this subspace is called the multiplicity of the eigenvalue A.

Lemma 4.7. If L is invariant under H = H*, then L' is invariant also.
Moreover, f(H)L C L, for all f € C(R).

Proof. The first point is straightforward and the second follows from the
approximation of the integral representation (16) of f(H) for f € A by
a norm convergent limit of Riemann sums and by a density argument for
f e Cx(R).

Definition 4.4. For (H, D) self-adjoint on H, the cyclic subspace generated
by the vector v € H 1is the subspace

L =span {(H — 2)"1v, z ¢ R}.

Remark 4.4. 1) Cyclic subspaces are invariant under H, as easily checked.

ii) If the vector v chosen to generate the cyclic subspace is an eigenvector,
then, this subspace is Cwv.

iii) If the cyclic subspace corresponding to some vector v coincides with H,
we say that v is a cyclic vector for H.

iv) In the finite dimensional case, the matrix H has a cyclic vector v iff the
spectrum of H is simple, i.e. all eigenvalues have multiplicity one.

These subspaces allow to structure the Hilbert space with respect to the
action of H.

Lemma 4.8. For (H, D) self-adjoint on 'H, there exists a sequence of orthog-

onal cyclic subspaces L,, C H with cyclic vector v, such that H = ®N_, Ly,
with N finite or not.

Proof. As 'H is assumed to be separable, there exists an orthonormal basis
{f;j}jen of H. Let Ly be the subspace corresponding to fi. By induction, let
us assume orthogonal cyclic subspaces Ly, Lo, - - -, L,, are given. Let m(n) be
the smallest integer such that f,,,) € L1 & -+ @& Ly and let g,,(,) be the
component of f,,,) orthogonal to that subspace. We let L, 11 be the cyclic
subspace generated by the vector g,(,). Then we have L1 L L, for all
r <n and fm(n) €L1®---®L,® Lyt1. Then either the induction continues
indefinitely and N = oo, or at some point, such a m(n) does not exist and
the sum is finite. [ |

The above allows us consider each H|r ,n =1,2---, N separately. Note,
however, that the decomposition is not canonical.
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Theorem 4.2. Let (H, D) be self-adjoint on H, separable. Let S = o(H) C
R. Then there exists a finite positive measure  on S X N and a unitary op-

erator U : H — L? = L*(S x N,du) such that if

h :SxN—->R

(@n) oz then & € H belongs to D <= hUE € L?.

Moreover,

UHU Y4 = hap, VY € U(D) C L*(S x N,du) and
Uf(H)U ' = f(h)y, Vf € Cu(R), ¢ € L*(S x N,dp).

This Theorem will be a Corollary of the

Theorem 4.3. Let (H, D) be self-adjoint on H and S = o(H) C R. Further
assume that H admits a cyclic vector v. Then, there exists a finite positive
measure p on S and a unitary operator U : H — L2(S,du) = L? such that if

h :S—R

., then & € Hbelongs to D <= hU¢ € L?
T

and
UHU Y = hyp Vo € U(D) C L*(S,du).

Proof. (of Theorem 4.3). Let the linear functional @ : Cx (R) — C be defined
by
?(f) = (vl f(H)v).

The functional calculus shows that &(f) = @(f). And if 0 < f € C(R),
then, with ¢ = v/f, we have

O(f) = ||lg(H)v||* >0, i.e. & is positive.

Thus, by Riesz-Markov Theorem®, there exists a positive measure on R such
that

(ol (H)v) = / f(@)du(z), ¥ f € Cool(R).

Since in case supp (f) No(H) =0, f(H) is zero, we deduce that supp (u) C
S = o(H). Also, note that f above belongs to L?(S,dpu), since

/\f($)|2d/i(ff) = (I f(H)" f(H)v) < [[£2]lss]lv]]* < oo
Consider the linear map T : Coo (R) — L2 such that T'f = f. It satisfies for

any f,g € Coo(R)

°If X is a locally compact space, any positive linear functional I on Coo(X) is
of the form I(f) = [y fdu, where p is a (regular) Borel measure with finite total
mass.
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(Tg|Tf) 12 = [3 3(2)f (@)dp(z) = (g f)
(olg®™ () £ ()3 = (g(H )0l f(H)o)

Defining
M ={f(Hw e H|f € Cx(R)},

we have existence of an onto isomorphism U such that
U:M — Cy(R) C L? such that Uf(H)v = f.

Now, M is dense in H since v is cyclic and C (R) is dense in L?, so that U
admits a unitary extension from H to L2.
Let f1, f2, f € Coo(R) and ¢; = f;(H)v € H. Then

(ol F Y1) = (o )v\(ffl)( Yo
/ Fol@) £ (@) fr (2)dulz) = (Ul U)o,

where f denotes the obvious multiplication operator. In particular, if f(z) =
ro(r) = (x —w) ™!, we deduce that for all £ € L? and all w ¢ R

Ury(HYU Y = U(H —w)'U e =1, (20)

Thus, U maps Ran(H — w) to Ran(ry,), i.e. D and {¢ € L? |z&(z) € L?} are
in one to one correspondence.

If ¢ € L? and v = r,&, then ¢ € D(h), where D(h) is the domain of the
multiplication operator by h : x — 2. Then, with (20)

UHU YW =UHU 'ro& = UHr,(H)\U ¢ =wrpé+ € =arpé =hp. N

Proof. (of Theorem 4.2). We know H = &@,L, with cyclic subspaces L,
with vectors v,. We will assume |lv,|| = 1/2", ¥n € N. By Theorem 4.2,
there exist p, of mass [qdun, = |vn||*> = 272" and unitary operators
U, : L, — L*(S,du,) such that H, = H|r, is unitarily equivalent to
the multiplication by = on L2(S,du,). Defining g on S x N by imposing

Pl sxin}y = pin and U by @©,U,, we get the result.

In case H = C" and H = H* has simple eigenvalues )\; with associ-
ated eigenvectors 1;, the measure can be chosen as pp = >, 5(z — A;) and

L? = L*(R,du) = C™. Note also that i = >_jaj0(z —A;), where a; > 0 is as

good a measure as y to represent C" as L%(R, d~/¢)

Let us now extend our Spectral Theorem to B(R), the set of bounded
Borel functions on R.
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Definition 4.5. We say that f, € B(R) is monotonically increasing to
f € B(R), if fn(x) increases monotonically to f(x) for any x € R.

Thus, || fnl| = sup,eg | fn(z)] is uniformly bounded in n.

Theorem 4.4. There exists a unique functional calculus f — f(H) from
B(R) to L(H) if one imposes s-limy, oo fn(H) = f(H) if fn, € B(R) converges
monotonically to f € B(R).

Recall that s-lim means limit in the strong sense, i.e. s-lim A, = A in L(H)
is equivalent to lim,, A, = Ay, in H, Yy € H.

Proof. Consider existence first. By unitary equivalence, we identify H and
L?(S x N,dp) and H by multiplication by h : (z,n) +— x. We define f(H) for
f € B(R) by

FH)Y(x,n) = f(h(z,n))(z,n) on L*(S x N,dp),

which is easily shown to satisfy the properties of a functional calculus. Then,
by the dominated convergence Theorem, if f,, converges monotonically to f:

Uniqueness is shown as follows. Consider two functional calculus with the
mentioned properties. Let C be the subset of B(R) on which they coincide.
We know C(R) C C and C is closed by taking monotone limits. But the
smallest set of functions containing C, (R) which is closed under monotone

limits is B(R), see [RS]. |

Remark 4.5. Tt all works the same if one considers functions f,, that converge
pointwise to f and such that sup,, || fnllco < 00

We have the following Corollary concerning the resolvent.

Corollary 4.1. With the hypotheses and notations above, o(H) is the essen-
tial range of h in L*(S,du) and

1

I(H—2)"" = dist (=, o ()

Proof. This follows from Theorem 4.3 and our study of multiplication opera-
tors.

Another instance where our previous study of multiplication operators is
useful is the case of constant coefficient differential operators on S(RY), the
set of Schwartz functions. Such an operator L is defined by a finite sum of
the form
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L= anD* (21)
[e%

where

9

@;
or J

a=(ag,---,ay) NV q,€C, DY =

, Da:Dal'-'DaN,

and L acts on functions in S(RY) ¢ L2(RY). This set of functions being
invariant under Fourier transformation F, this operator is unitarily equivalent
to

FLF™' =" aa(ik)*, on S(RY) c L2(RN).

The function ), aq(ik)* is called the symbol of the differential operator. It
is not difficult to get the following

Proposition 4.2. Let L be the differential operator on R™ with constant co-
efficients defined in (21). Then L is symmetric iff its symbol is real valued in
RYN. In that case, L is self-adjoint and

o(L) = {>_ aa(ik)> |k € RN},

Let us finally introduce spectral projectors in the general case of un-
bounded operators.

Theorem 4.5. Let (H, D) be self-adjoint on H and (a,b) an open interval.
Let f, be an increasing sequence of non-negative continuous functions on R
with support in (a,b) that converges to X(a,b); the characteristic function of
(a,b). Then

s-lim £ (H) = Pla ),

a canonical orthogonal projector, independent of {fn}, that satisfies
P(a,b)H C HP(a,b), and P(a,b) =0 <= (a,b) N U(H) =0

Proof. The existence of the limit is ensured by Theorem 4.4 and and its
properties are immediate.

Remark 4.6. The fact that P ;) is a projector follows from the identity
X(a,b) = X%a,b)’ which makes x(q,5) @ projector, when viewed as a multiplica-
tion operator.

These projectors are called spectral projectors and their range L4 5) = Pa,5)H
are called spectral subspaces. These spectral subspaces satisfy

Liap) = L*(Eap), du), where E(qy) = {(z,n)]a < h(z,n) < b},
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and ~ denotes the unitary equivalence constructed in Theorem 4.2
It is also customary to represent a self-adjoint operator H by the Stieltjes

integral
H = / AE(N)

where E(\) = P(—o0, ) is projection operator valued. Let us justify this
in case H has a cyclic vector, the general case following immediately. By
polarization, it is enough to check that for £ € D

(€| HE Yy = / A(E|E(A / M| EVE]2,

By unitary equivalence to L2 (R,dp), if v = U¢
dIEE]? = d / Xooy (@) (@)2dp(a)

—d / ) Pdp(z) = () Pdu()).

Hence
(€| HE ) = / AN dp(A) = () 12

We close this Section about the Spectral Theorem by some results in
perturbation theory of unbounded operators.

Definition 4.6. Let (H, D) and (H,, D,,) be a sequence of self-adjoint oper-
ators on H. We say that H,, — H in the norm resolvent sense if

lim |[(H, +14)"' = (H+i)7 | =0.

The point i € C plays no particular role as the following Lemma shows.
Lemma 4.9. If z = z+iy € C\R, and g(z,y) = supper |(h +1)/(h — x — iy)|
then, there exists a constant ¢ such that

[(Hn = 2)™" = (H = 2)7Y| < cgla,y)l|(Hn +0) 7" = (H +0) 7.
Proof. Once the identity
(Hy— )" = (H—2)"" = (22)
(Hp + ) (Hy — 2) " (Ho +0) ™" = (H +0) 7)) (H +i)(H —2)~
is established, the Lemma is a consequence of the bound following from the

Spectral Theorem
I(H +1)(H = 2)7'| < g(,y).

If one doesn’t take care of domain issues, (22) is straightforward. We refer to
[D] for a careful proof of (22). |
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Remark 4.7.1f z € p(H) N p(H,,), the result is similar.

Theorem 4.6. If H, — H in the norm resolvent sense, then

Remark 4.8. The result is not generally true if f € B(R). Consider spectral
projectors, for instance. See also Corollary 4.2 below.

Proof. If f € A, the definition yields,

1 aJE(Z) -1 -1
) = s < < [ 252100 = )7t = (01 ) dady
< [ P52 ot pdady a1, i) i)

It is not difficult to see that the last integral is finite, due to the properties
of %(;) and of g(z,y). The convergence in norm is established for f € 4 and
the extension of the result to f € C(R) comes from the extension of the
functional calculus to those f’s and by density. [ |

We have the following spectral consequences.

Corollary 4.2. If H,, — H in the norm resolvent sense, we have convergence
of the spectrum of Hy, to that of H in the following sense:

AeR\o(H) = XN¢o(H,), nlarge enough
A€o(H) = 3\, €0(H,), such that lim A\, = A.

Proof. If A € R\ o(H), there exists f € C§°(R) whose support is disjoint from
o(H) and which is equal to 1 in a neighborhood of A. Then, Theorem 4.6
implies || f(Hy)|| — 0 and, in turn, the Spectral Theorem implies A & o(H,,)
if ||f(Hy)|l < 1. Conversely, if A € o(H), pick an € > 0 and a f € C§°(R)
such that f(A) = 1 and supp (f) C (A — ¢, A+ ¢). From lim, ||f(H,)|| =1
follows that o(H,) N (A —¢e, A+ ¢€) # 0, if n is as large as we wish. |

5 Stone’s Theorem, Mean Ergodic Theorem and Trotter
Formula

The Spectral Theorem allows to prove easily Stone’s Theorem, which charac-
terizes one parameter evolution groups which we define below. Such groups
are those giving the time evolution of a wave function ¥ in Quantum Me-
chanics governed by the Schrédinger equation

() = (), with (0) = v,

where H is the Hamiltonian.
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Definition 5.1. A one-parameter evolution group on a Hilbert space is a
family {U(t) }rer of unitary operators satisfying U(t + s) = U()U(s) for all
t,s € R and U(t) is strongly continuous in t on R.

Remark 5.1. Tt is easy to check that strong continuity at 0 is equivalent to
strong continuity everywhere and that weak continuity is equivalent to strong
continuity in that setting.

Actually, we have equivalence between the following statements: the map
t — (p|U(t)v) is measurable for all ¢, and U(t) is strongly continuous, see
[RS] for a proof.

Theorem 5.1. Let (A, D) be self-adjoint on H and U(t) = €4 given by
functional calculus. Then

a) {U(t)}ter forms a one parameter evolution group and U(t) : D — D for
teR.

b) For any ¢ € D,

w — 1Ay as t — 0.
¢) Conversely,
}in(l) U(t)zf — emists = € D.

Proof. a) follows from the Functional Calculus and the properties of z —
fi(x) = €. Similarly b) is a consequence of the functional calculus (see
Theorem 4.4) applied to x +— g;(z) = (e — 1)/t and of the estimate |’ —
1| < fzl.
c¢) Define

U)y —¢

on D(B).

(23)
One checks that B is symmetric and b) implies B D A. But A C B C B and
A = A* is closed, thus A = B. [ |

D(B) = {¢ }%w exists}, and By = lim

Remark 5.2. The formula (23) defines the so-called infinitesimal generator of
the evolution group U (t).

The converse of that result is Stone’s Theorem.

Theorem 5.2. If {U(t)}icr forms a one parameter evolution group on M,
then there exists (A, D) self-adjoint on H such that U(t) = et

Proof. The idea of the proof is to define A as the infinitesimal generator on
a set of good vectors and show that A is essentially self-adjoint. Then one
shows that U(t) =4t

Let f € C§°(R) and define
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w—/f (t)pdt, Yo € H.

Let D be the set of finite linear combinations of such ¢y, with different ¢
and f.

1) D is dense: Let j.(z) = j(z/€)/e, where 0 < j € C§° with support in
[-1,1] and [ j(z)dz = 1. Then, for any ¢,

s~ ol = | [ 0@ - par]
< (/ Jel(t )dt) sup |U(t)p —¢|| — 0 as € — 0.
—0o0 [t]|<e

2) Infinitesimal generator on D: Let ¢; € D.

(U(s) =1 /f Ut+s) U(t)godt
:/—fT_SS )U(T)(pdT
s —0
/f T)pdT = _pr.
Hence, we set for ¢y € D,
1 ()—ZT

and it is easily checked that

1
Ut):D— D, A:D— D, and U(t)Ap; = AU(t)pr = ~p_p/(.—t)-
i

Moreover, for ¢, 4 € D,

{pglApy) = lim <<pf|()ﬂsog> = lim <U(_S.)E<ﬂfsag> = (Apyleg),

18 s—0 18

so that A is symmetric.
3) A is essentially self-adjoint: Assume there exists ¢ € D* = D(A*) such
that A*y = i1). Then, Yy € D,

d
5 WU @)p) = (WliAU (b)) = i{A™|U(t)¢) = (YU (t)).
Hence, solving the differential equation,

(YIU(t)p) = (®lp)e’
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As |[U(t)|| = 1, this implies (¢|¢) = 0, so that ) = 0 as D is dense. A similar
reasoning holds for any x € Ker(A* + i), so that A is essentially self-adjoint
and A is self-adjoint.

4) U(t) = e Let ¢ € D C D = D(A). On the one hand,

- _ d .+ .
epe D and ae“‘”g@ = jAetMtp,

by b) Theorem 5.1. On the other hand, U(t)p € D C D for all t. Thus,
introducing ¥(t) = U(t)p — e'4tp; we compute

W (t) = iAU(t)p — iAe' Mo = i Ap(t), with (0) =0,
so that < [|¢)(t)[|2 = 0, hence ¥(t) = 0. As D is dense, ddt=ur). W

Examining the above proof, one deduces the following Corollary which
can be useful in applications.

Corollary 5.1. Let (A, D) be self-adjoint on H et E C D be dense. If, for
allt eR, e . E — E, then (A|g, E) is essentially self-adjoint.

Remark 5.3. 1) In the situation of the Corollary, one says that F is a core for
A.
ii) The solution to the following equation, in the strong sense,

%%)(t) =iAp(t), Vt€R ¢(0) =90 € D
is unique and is given by p(t) = e*tpy.

In case A is bounded, the evolution group generated by A can be obtained
from the power series of the exponential. This relation remains true in a
certain sense when A is unbounded and self-adjoint. Indeed, if ¢ belongs
to the dense set Upr>oP(—M, M)H, where P(—M, M) denotes the spectral
projectors of A, we get

>

k=0

(itA)k
k!

o — ey, as N — oo.

This formula makes sense due to the fact that ¢ € N,>0D(A™), where D(A™)
is the domain of A™. Stone’s Theorem provides a link between evolution
groups and self-adjoint generators, therefore one can expect a relation be-
tween essentially self-adjoint operators and the existence of sufficiently many
vectors for which the above formula makes sense.
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Definition 5.2. Let A be an operator on a Hilbert space H. A wvector ¢ €
Nn>0D(A™) is called an analytic vector if

145
!

tF < 00,  for somet > 0.
k=0

The relation alluded to above is provided by the following criterion for essen-
tial self-adjointness.

Theorem 5.3 (Nelson’s Analytic Vector Theorem). Let (A, D) be sym-
metric on a Hilbert space H. If D contains a total set of analytic vectors, then
(A, D) is essentially self-adjoint.

We refer the reader to [RS] for a proof and we proceed by providing a
link between the discrete spectrum of the self-adjoint operator H with the
evolution operator e’ it generates. This is the so-called

Theorem 5.4 (Mean Ergodic Theorem). Let Py be the spectral projector
on an eigenvalue X of a self-adjoint operator H of domain D € H. Then

1 tz .
Py=s— lim / et et A gt
ty

to—t1—o0 tg — 1y

Proof. One can assume A = 0 by considering H — A if necessary.
i) If ¢ € PyH, then Hp = 0 and e = ¢, so that

1 2
Pa— / e pdt = o = Py, for any ti,ts.
—t /.,

ii) If p € Ran(H), i.e. ¢ = Hy for some ¢ € D, then

eltH(P _ eltHHQ/} _ 71.%61“7’&,

so that we can write

1 t2 ) ) )
/ e”Hgodt — _ Q (eztzH _ eZtlH)QZ) 0= P0¢
to —t1 )y, to —t1

The result is thus proven for Ran(H) and Ran(Fp). As the integral is uni-
formly bounded, the result is true on Ran(H) as well and we conclude by

H = Ran(H) @ Ker(H) = Ran(H) & PyH,
which follows from H = H*. W

With a little more efforts, one can prove in the same vein
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Theorem 5.5 (Von Neumann’s Mean Ergodic Theorem). If V is such
that ||V < C, uniformly in n and Py projects on Ker(V —II), then

N-1

Z V% — Pip, as N — oo.

n=0

1
N
Remark 5.4. 0) The projector P; is not necessarily self-adjoint.
i) The projection on Ker(V — ) where |A| = 1 is obtained by replacing V' by
V/X in the Theorem.
ii) It follows from the assumption that o(V) C {z]|z| < 1}, since the spectral
radius spr(V) = lim,, . ||[V"[|'/" = 1.
ili) A proof can be found in [Y].

Another link between the spectrum of its generator and the behaviour of
an evolution group arises when a vector is transported away from its initial
value at ¢t = 0 by the evolution exponentially fast as |t| — oo .

Proposition 5.1. Let (H, D) be self-adjoint on H and assume there exists
a normalized vector ¢ € H such that, for any t € R and for some positive
constants A, B,

{ple’™ )| < Ae™PI,
Then o(H) = R.
Proof. Taking ¢ as first vector in the decomposition provided in Lemma 4.8,

we have by the Spectral Theorem, that on L?(dpu,), the restriction of L?(du)
unitary equivalent to that first cyclic subspace,

p~1, e”‘ng ~ 7]

so that
(ple™ o) = / el (z) = £(2).

This f admits a Fourier transform w — f(w) which is analytic in a strip

{w]|Sw| < B}. Therefore, we have duj(z) = f(x)dr and the support of
dpy = R. Hence, o(H) D R. [ |

Let us close this Section by a result concerning evolution groups generated
by sums of self-adjoint operators.

Theorem 5.6 (Trotter product formula). Let (A, D4), (B, Dpg) be self-
adjoint and A + B be essentially self-adjoint on Do N Dg. Then

AR _ o im (eitA/"eitB/">n7 VteR.

n—oo

If, moreover, A and B are bounded from below,

e~ ATBIL — ¢ lim (e*tA/"e*tB/")n, vVt > 0.

n—oo
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Remark 5.5. The operator e=C*, t > 0 for C self-adjoint and bounded below
can be defined via the Spectral Theorem applied to the function f defined as
follows: f(xz) = e, if x > 29 and f(x) = 0 otherwise, with xy small enough.

Proof. (partial). We only consider the first assertion under the significantly
simplifying hypothesis that A+ B is self-adjoint on D = D 4N Dp. The second
assertion is proven along the same lines.

Let ¢ € D and consider

S—1<eisAeisB —H)’(/J _ S—l(e’isA _H)w_’_ S—leisA(eisB —ﬂ)’(/] N ZA’lb _’_ZBw
as s — 0 and
sTHe*AB) _ My — i(A+ B)p as s — 0.

Thus, setting K(s) = s~!(e?*4e™P — e(A+5)) the vector K(s)y — 0 as
s — 0 or s — oo, for any ¥ € D. Due to the assumed self-adjointness of
A+ Bon D, A+ B is closed so that D equipped with the norm

[l avs = 9] + (A + B)y|l

is a Banach space. As K(s) : D — H is bounded for each finite s and tends
to zero strongly at 0 and oo, we can apply the uniform boundedness principle
or Banach-Steinhaus Theorem 4 to deduce the existence of a constant C' so
that

IK(s)Y]| < Cll¥llatn, Vs €R, VY € D.

Therefore, on any compact set of D in the || - || a+p norm, K(s)y — 0 uni-
formly as s — 0. We know from Theorem 5.1 that e**(A+B) . D — D and
is strongly continuous, thus {e”*(A*B)y|s € [~1,1]} is compact in D for
| - [[a+p, for ¢ fixed.
Hence
11 (eMACHE _ (it(A+B)) is(A+B)y,

uniformly in s € [—1,1] as ¢ — 0. Therefore, writing

(rame = (e -

nl _ koo , _ _ n—1-k
Z (eztA/neztB/n) [eltA/neztB/n _ eit(A+B)/n:| (elt(AJrB)/n)
k=0

we get that the RHS is bounded in norm by

|t| max

[s|<t n

-1
t . , A ,
<> [eztA/neztB/n o ezt(A+B)/n] 625(A+B)wH )

4If X and Y are two Banach spaces, and F is a family of bounded linear operators
from X to Y such that for each x € X, {||Tz||y | T € F} is bounded, then {||T|| | T €
F} is bounded.
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Thus, if ¢ € D, we get
(eitA/neitB/n)nw o eMAEB)Y s 0o,

;he operators being bounded and D being dense, this finishes the proof.

6 One-Parameter Semigroups

This Section extends some results of the previous one in the sense that uni-
tary groups discussed above are a particular case of semigroups. The setting
used in this Section is that of a Banach space denoted by B. One parameter
semigroups will be used in the study the time evolution of Open Quantum
Systems.

Definition 6.1. Let {S(t) }1>0 be a family of bounded operators defined on B.
We say that {S(t)}i>0 is a strongly continuous semigroup or Cy semigroup

if

1) S(0) =1

2) S(t+s)=S(t)S(s) for any s,t >0

3) S(t)y is continuous as a function of t on [0,00), for all ¢ € B.
Remark 6.1. 3) is equivalent to requiring continuity at 0% only.

Definition 6.2. The infinitesimal generator of the semigroup {S(t)}i>0, is
the linear operator (A, D) defined by

D ={p € B] tEIgl+ t=1(S(t) =M eists in B}

Ao — 1 SO =

, peD.
t—0t t 14

The main properties of semigroups and their generators are listed below.

Proposition 6.1. Let {S(t) }1>0 be a semigroup of generator A. Then
a) There exist w € R and M > 1 such that ||S(t)|| < Me“t, for all t > 0.
b) The generator A is closed with dense domain D.

¢) For anyt >0, ¢ € D, we have fot S(t)edr € D and

A ( /0 t S(T)dT) — S — .

d) For anyt >0, S(t): D — D and if ¢ € D, t — S(t)p is in C1([0,00))
and

4 5(1)p = AS(1)p = S(1) A, 120,

e) If {S1(t) hi>0 and {Sa2(t) }i>0 are two Cy semigroups with the same gener-
ator A, then S1(t) = Sa(t).
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Proof. a) By the right continuity at 0 and the Banach-Steinhaus Theorem,
there exists € > 0 and M > 1 such that ||S(¢)|| < M if ¢t € [0,¢]. For any
given t > 0, there exists n € N and 0 < § < € such that ¢ = ne + §, hence

In M
>

ISE| = 156)S(e)|| < M™ ' < MM = Me®t, with w = > 0.

€

c) For p € D, t >0 and any € > 0,
7(5(6)_H)(p t T :1 t T+e€)—S(7 T
2 [ (s = 7 [ (Str+0) - (r))ea

€Jo

1 t+e 1 €
=2 [ stne- [ st

€ Jt €Jo

which converges to S(t)p — ¢ as € — 0.

d) For ¢ € D, t > 0 and any € > 0, we have
MS‘@)@ — S(t)ng L S()Ap, as €—0.  (24)

Thus S(t)p € D and AS(t) = S(t)A on D. As a consequence of (24) , the

function ¢t — S(¢)p has a right derivative given by S(¢) A¢ which is continuous

on [0,00). Therefore, a classical result of analysis shows that the derivative

at t > 0 exists.

b) Let ¢ and define ¢, for any ¢ > 0 by . = %foe S(7)pdr. The vector

ve € D, by ¢) and ¢ — ¢ and € — 0, so that D is dense. Closedness of A

is shown as follows. Let {¢, }nen be a sequence of vectors in D, such that

on — ¢ and Ay, — 1, for some ¢ and . For any n € N and ¢ > 0, d)
implies by integration

t
St)pn — pn = / S(T)Appdr.
0
Taking limits n — oo we get S(t)p — ¢ = fg S(7)vdr, therefore
lim ¢t~ 1S(t)p — p = .

t—0t

In other words, ¥ € D and ¢ = Ap.
e) Finally, for ¢ € D, t > 0, we define, for 7 € [0, T], ¥(7) = S1(t — 7)S2(7) .
In view of c) we are allowed to differentiate w.r.t. 7 and we get

%w(T) = =51t —=1)ASy(T)p + S1(t — 7)AS2(T) =0,

hence ¥(0) = ¥(t), i.e. S1(t)p = Sa(t)p. The density of D concludes the
proof.
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Remark 6.2. If {S(t)}+>0 is a semigroup that is continuous in norm, i.e. such
that ||S(t) — || — 0 as t — 0T, it is not difficult to show that (see e.g. [P])
that there exists A € £(B) such that S(t) = et for any t > 0.

Definition 6.3. Semigroups characterized by the bound ||S(t)|| < 1 for all
t > 0 are called contraction semigroups .

Remark 6.3. There is no loss of generality in studying contraction semigroups
in the sense that if the semigroup {S(¢)}:>o satisfies the bound a) in the
Proposition above, we can consider the new Cy semigroup S;(t) = e #¢S(t)
satisfying ||S1(t)|] < M. At the price of a change of the norm of the Banach
space, we can turn it into a contraction semigroup. Let

[l = sup [[S1 ()¢,
>0
such that ||| < [[l¢l|| < Mll¢|l and [[|Si(T)ell] < [[l#ll]-

The characterization of generators of Cj semigroups is given by the

Theorem 6.1 (Hille Yosida). Let (A, D) be a closed operator with dense
domain. The following statements are equivalent:
1) The operator A generates a Co semigroup {S(¢)}1>0 satisfying

[S(E)|| < Me**, t>0

2) The resolvent and resolvent set of A are such that for all A\ > w and all
n € N*

M
A A= < —r
p(A) D (w,00) and [|(A—A) H_()ﬁw)n
3) The resolvent and resolvent set of A are such that for all n € N*
M
A A e C|RA d (A= < -, R\ .
p(A) D{A e C[RA>w} and | ) ”*(m—w)n’ RA > w

Remark 6.4. A proof of this Theorem can be found in [Y] or [P]. We simply
note here that A generates of a contraction semigroup, M = 1,w = 0, if and
only if [[(A—A)7| < g5, RA > 0. This is trivially true if A = iH in a Hilbert
space where H = H*, as expected. Moreover, in that case, A and — A satisfy
the bound, so that we can construct a group, as we already know, generated

by iH.

Let us specialize a little by considering contraction semigroups on a
Hilbert space H. We can characterize their generator by roughly saying that
their real part in non-positive.

Definition 6.4. An operator (A, D) on a Hilbert space H is called dissipative
if for any p € D

(plAp) + (Aplp) = 2R({p|Ap)) < 0.
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Proposition 6.2. Let A be the generator of a Cy semigroup {S(t)}1>0 on H.
Then {S(t)}i>0 is a contraction semigroup iff A is dissipative.

Proof. Assume S(t) is a contraction semigroup and ¢ € D. Consider f(t) =
(S(t)p|S(t)e). As a function of ¢, it is differentiable and 0 > f/(0) = (p|Ap)+
(Ap|p). Conversely, if A is dissipative, as we have S(t) : D — D, we get for
any t > 0,

f'(t) = (SM)elS(t) Ap) + (AS(t)|S(t)e) <0,
so f(t) is monotonically decreasing and ||S(t)¢| < |¢||. As D is dense,
{S(t)}+>0 is a contraction semigroup.

Actually, the notion of dissipative operator can be generalized to the
Banach space setting. Moreover, it is still true that dissipative operators and
generators of Cy contraction semigroups are related. This is the content of
the Lumer Phillips Theorem stated below.

Let B be a Banach space and let B’ be its dual. The value of [ € B’ at
¢ € B is denoted by (I, ) € C. Let us define for any ¢ € B the duality set
F(p) C B' by

Flp)={leB | {le) = lel* =1}
By the Hahn-Banach Theorem, F'(¢) # 0 for any ¢ € B.

Definition 6.5. An operator (A, D) on a Banach space B is called dissipative
if for any ¢ € D, there exists | € F(p) such that R({l, Ap)) < 0.

The following characterization of dissipative operators avoiding direct du-
ality considerations can be found in [P]:

Proposition 6.3. An operator (A, D) is dissipative if and only if
IO — A)p|| = Mell, for all ¢ € D and all X > 0.

The link between dissipativity and contraction semigroups is provided by
the

Theorem 6.2 (Lumer Phillips). Let (A, D) be an operator with dense do-
main in a Banach space B.

a) If A is dissipative and there exists Ag > 0 such that Ran(Aoll — A) = B,
then A is the generator of a Cy contraction semigroup.

b) If A is the generator of a Cy contraction semigroup on B, then Ran(\MI—
A) =B for all A > 0 and A is dissipative.

The proof of this result can be found in [P], for example.
We close this Section by considerations on the perturbation of semigroups,

or more precisely, of their generators. We stick to our Banach space setting
for the end of the Section.

We first show that the property of being a generator is stable under per-
turbation by bounded operators.
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Theorem 6.3. Let A be the generator of a Cy semigroup {S(t)}i>0 on B
which satisfies the bound 1) in Theorem 6.1. Then, if B is a bounded operator,
the operator A+B generates a Cy semigroup {V (t) }+>0 that satisfies the same
bound with M — M and w +— w + M||B||. Moreover, if B is replaced by xB,
the semigroup generated by A+xB is an entire function of the variable x € C.

Proof. If A+ B generates a contraction semigroup V(t), it must solve the
following differential equation on D(A + B) = D(A)

d
V() = (A+ BV (@),

Introducing S(t), the solution of that equation must solve
¢
V()=S0 + / S(t — s)BV (s)ds. (25)
0

Strictly speaking the above integral equation is true on D(A) only, but as
D(A) is dense and all operators are bounded, (25) is true on B, as a strong
integral. We solve this equation by iteration

Vit) =3 S.0), (26)

n>0

where
¢
Snt1(t) = / S(t—s)BSp(s)ds, n=0,1,..., and Sy(t) = S(t).
0

All integrals are strongly continuous and we have the bounds
182 ()] < M| B||" e t" /n!

which are proven by an easy induction. The starting estimate is true by hy-
pothesis on S(t). Thus we see that (26) is absolutely convergent and satisfies

IV < MBI,
To show that V'(t) defined this way is actually generated by A + B, we

multiply (25) by e~* and integrate over [0, 00|, assuming R\ > w + M| B,
to get

() = /0 T ey (e

= /Ooo e MS(t)dt + </Ooo e“S(t)dt) B </Ooo eAtV(t)dt)

=—(A-N""=(A=XN)""'Br()).
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This yields (A4 B —X\)r(\) = —IT and, as A € p(A+ B) by our choice of A, it
follows by computations we went through already that r(\) = —(A+B—\)"1.
We finally use Hille Yoshida Theorem to conclude. For any £ =0,1,2,- -,

e 1
I(A+B X" =

dk 1
k!

> k|, ,—At
W) < 5 [ e v

< %, / the=RA=w=MIBINt gt — Af(RX — w — M||B|))~*F1,
- JO

which shows that the resolvent of A+ B satisfies the estimate of the point 3)
of Hille Yosida’s Theorem.

Finally, we note that V' (¢) has the form of a converging series in powers
of B, which proves the last statement.

More general perturbations of generators of semigroups are allowed under
the supplementary hypothesis that both the unperturbed generator and the
perturbation generate contraction semigroups.

Theorem 6.4. Let A and B be generators of contraction semigroups and
assume B is relatively bounded w.r.t. A with relative bound smaller that 1/2.
Then, A + B generates a contraction semigroup.

For a proof, see [K], for example.

References

[D] E. B. Davies, Spectral Theory and Differential operators, Cambridge University
Press, 1995.

[K] T. Kato, Perturbation Theory of Linear Operators, CIM, Springer 1981.

[P] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differen-
tial Equations, Springer, 1983.

[RS] M. Reed, B. Simon, Methods of Modern Mathematical Physics, Vol 1-4, Aca-
demic Press, 1971-1978.

[Y] K. Yosida, Functional Analysis, CIM, Springer 1980.



