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Abstract

This paper is devoted to the analysis of Lindblad operators of Quantum Reset
Models, describing the effective dynamics of tri-partite quantum systems subject to
stochastic resets. We consider a chain of three independent subsystems, coupled by a
Hamiltonian term. The two subsystems at each end of the chain are driven, indepen-
dently from each other, by a reset Lindbladian, while the center system is driven by a
Hamiltonian. Under generic assumptions on the coupling term, we prove the existence
of a unique steady state for the perturbed reset Lindbladian, analytic in the coupling
constant. We further analyze the large times dynamics of the corresponding CPTP
Markov semigroup that describes the approach to the steady state. We illustrate these
results with concrete exemples corresponding to realistic open quantum systems.

Contents
1 Introduction 2
2 Mathematical framework 3
2.1 Simple Hilbert space setup . . . . . . . . . ... ... L. 3
2.2 Tri-partite Hilbert spaces . . . . . . . . . ... ... ... ... 5
3 The non-interacting tripartite QRM 6
3.1 Spectrum of the uncoupled QRM . . . . ... .. ... ... ...... 7
4 The weakly-interacting tripartite QRM 10
4.1 Leading order analytic perturbation theory . . . .. .. ... ... ... 10
4.2 Dynamics . . . . . . ..o 14
5 Construction of the asymptotic state 17
B Ho =0 o oo, 18
5.2 Ho £ 0 .. e 21
6 No leading order Hamiltonian drive 22
6.1 Emergence of a classical Markov process . . . . . . . .. ... ... ... 25
7 Example on C?> @ CN ® C? 27
7.1 Leadingorderterm . . . . . . . .. ... ... 27

*Department of Applied Physics, University of Geneva, Chemin de Pinchat 22, 1227 Carouge, Genéve,
Switzerland
fUniv. Grenoble Alpes, CNRS, Institut Fourier, F-38000 Grenoble, France



8 Example on C?> ® C? ® C? 29

8.1 Model . . . . . . 30
8.2 Generic assumptions . . . . . ... oL oL 31
8.3 Leading order solution, nodrive . . . . . . . .. ... oL 31
8.4 Underlying Markov process . . . . . . . . . . ... ... 32
8.5 Higer-order corrections, no drive . . . . . .. ... .. ... 33
9 Appendix 35

1 Introduction

A major challenge when investigating small quantum systems is to assess their dynamics
when coupled to several environments that put the system in an out-of-equilibrium
situation. To do so, one often resorts to effective master equations governing the reduced
density operator for the small system. Under the Born-Markov approximation (that
involves weak system-bath coupling and short bath time-correlations), the evolution
equation for the reduced density operator becomes linear, and is cast into the form of a
Lindblad-type master equation [12] for the corresponding map to be CPTP (Completely
Positive and Trace Preserving). A Hamiltonian approach using perturbation theory is
probably the most standard way to derive such a (continuous in time) effective evolution
equation for the reduced quantum system [5,27]. For an account of mathematical results,
we refer the reader to the review [10] and to the recent paper [21] which implements this
procedure rigorously for a general class of systems. Alternatively, repeated-interaction
schemes (discrete in time) have attracted lots of attention among both mathematicians
[1,7-9,13,17] and physicists [2,3,19,24,25,28,30], especially in the context of quantum
thermodynamics. Exact solutions for the asymptotic steady states generated by both
types of dynamics can in general be derived for quantum systems with low dimensional
Hilbert space only.

Appealing master equations to investigate the dynamics of higher dimensional quan-
tum systems are provided by a specific class of models, known as Quantum Reset Mod-
els (QRM hereafter). These models can be viewed as a natural extension of classical
stochastic models, see [15] for a review and [11] for an example treating diffusion pro-
cesses. Remarkably, QRM can be formulated in terms of Lindblad master equations so
that they generate CPTP maps. This is achieved by making specific choices of dissipa-
tion channels (corresponding to a fully depolarized quantum channel), see [14,22,32] for
examples in specific physical setups. These QRM, thanks to their structural simplicity,
present the strong advantage to allow for analytical solutions for the reduced density op-
erator of multipartite quantum systems and have been successfully exploited to assess
the dynamics of specific quantum systems, namely small quantum thermal machines
made of a few qubits, qutrits or higher-dimensional quantum systems [4,6,18,29,31,32].

In this work, we raise the question to which extent general properties of the dynamics
generated by QRM can be analyzed mathematically. Our aim is to go beyond specific
models to determine generic properties of the dynamics of QRM, i.e. induced by the
mathematical structure itself of the QRM. A first step in that direction is performed in
the recent work [26] where a single system driven by a Lindbladian subject to a reset
process is considered. The spectral properties of the total Lindbladian perturbed by
the reset processes are established, under the assumption that the unperturbed Lindbla-
dian possesses a unique stationary state. Extensions to certain degenerate unperturbed
Lindbladians are also discussed and examplified. In the present paper, we consider
QRM describing the dynamics of more complex structures that are therefore intrinsi-



cally degenerate and not amenable to the cases dealt with above. We reach a two-fold
objective. On the one hand, we show that those degenerate QRM nevertheless allow
for a complete mathematical treatment revealing a rich structure. On the other hand,
we demonstrate the relevance of our perturbative analysis to assess the dynamics of
realistic multipartite quantum systems characterized by Hilbert spaces of dimension as
high as 8.

More precisely, our generic model is made of a tripartite structure, A — C — B,
where A and B are the two quantum systems subject to reset processes, and C is a
central system with its own free evolution. The three subsystems are weakly interacting
through a Hamiltonian. We first recall that QRM are always characterised by Lindblad
generators, with explicit dissipators. Then we analyse the spectral properties of the
resulting Lindbladians and the dynamics of the tri-partite system they generate, under
generic hypotheses on the coupling term. We conduct this analysis first in absence
of interaction between the A — C' — B parts of the Hilbert space they are defined on,
which gives rise to an uncoupled Lindbladian displaying large degeneracies, i.e. a large
subspace of invariant states. Then, we introduce a generic interaction between these
different parts and perform a perturbative analysis in the coupling constant. We prove
uniqueness of an invariant steady state under the coupled dynamics, analytic in the
coupling constant, and provide a description of the converging power series of this non-
equilibrium steady state that develops in the small system. Building up on our spectral
analysis, we elucidate the long time properties of the dynamics of the tri-partite system
and its approach to the steady state. Finally, we focus on the case where the uncoupled
system has no Hamiltonian drive and we describe in particular the emergence of a
natural classical Markov process in the description of the large time behaviour of the
coupled system. The paper closes with the study of two examples illustrating the key
features of this analysis: the systems A and B are two qubits while the central system
C is of arbitrary dimension N and the uncoupled dynamics has no Hamiltonian drive.
For a rather general choice of QRM coupled dynamics, we compute the leading order
of the steady state for N arbitrary and, for N = 2 — when C is another qubit — we
determine the steady state up to order three in the coupling constant as well as the
associated classical Markov process.

2 Mathematical framework

2.1 Simple Hilbert space setup

As a warmup, we consider a single quantum system of finite dimension characterized
by its Hamiltonian H defined on its Hilbert space H which is coupled to M reservoirs.
QRMs assume the state of the quantum system to be reset to a given state 7; with
probablity ~; dt within each time interval dt. The QRM-type evolution equation is
given by [4,14,18]:

M

p(t) = —ilH, p)+ 3 (i tr(p) - p). (2.1)
=1

The operator p is the reduced density operator of the system defined on H, and
characterizes the coupling rate to the reservoir I, [ =1,..., M.

For the sake of comparison with our main concern —tri-partite systems— and to set
the notation, we discuss the dynamics of QRM defined in this simple setup, essentially
along the lines of [26]. We provide a full description of its generic features, under the



following assumptions.

Gen:
Let ‘H be a Hilbert space, with dimH = N < co. The dissipative part of the generator
is characterised by

o {7}1<i<m a collection of density matrices on H, i.e. 7, € B(H), with 7, > 0 and
tr(n)=1,foralll el,..., M,

e v, >0,l€el,...,M, the collection of associated non-zero rates for the coupling
to the M baths.
The Hamiltonian part of the generator, H = H* € B(H), is generic in the spectral sense
e o(H)={e1,ea,...,en}, consists of simple eigenvalues with associated normalised
eigenvectors denoted by {p;i<j<n, t.e. Hp; =ejp;, j€{l,--- ,N},
e The differences (Bohr frequencies) {e; — ey} are all distinct.
The generator of QRM is thus the (super-)operator £ € B(B(H)) defined by

M

L(p) = —ilH,pl + > n(ntr(p) — p), (2:2)
=1

where p here is arbitrary in B(#), such that the dynamics of the QRM reads

p(t) = L(p(t)), t € (0,00), p(0)=po € BH). (2.3)

In case p € DM(H), the set of density matrices DM(H) = {p € B(H)|p > 0,tr(p) =
1}, the trace factor in (2.2) disappears. Indeed, we will see below in a more general
framework that the operator £ enjoys further symmetries, being a Lindblad operator,
see Proposition 3.2; in particular if pg € DM(H), p(t) € DM(H), for all t € [0, 00).
However, we perform the full spectral analysis of £ as an operator on B(H) and,
accordingly, solve the equation (2.3) without resorting to these symmetries.

We first combine the density matrices 7, with corresponding rates +; into a single
density matrix 7" with corresponding rate I': Setting

M M
1
I'= g nw>0, T= T E y1 € DM(H), (2.4)
=1 =1

we get that (2.2) writes
L(p) = —ilH, p] + T (Ttr(p) — p). (2.5)

In the sequel, we denote the matrix elements of any A € B(H) in the basis {¢; }1<j<n
by A = (p;|Apr), and the operator |p)(y| € B(H), for ¢, € H, is defined by
o)L 0= p(ln).-

Lemma 2.1 Under our assumptions Gen, the operator L : B(H) — B(H) defined by
(2.5) is diagonalisable with spectrum given by

o(£) = {0, —T} U {—i(e; —ex) = I'}jzn}- (2.6)

All eigenvalues are simple, except —I' which has multiplicity N — 1.
Moreover, the solution to (2.3) reads

1

p(t) = e~ ) (g — te(p) D (i[H, -] +T) () + trpo)T (il H, ] + T) "' (T). (2.7)



Ezpressed in the eigenbasis of H, this means that, with Aj, = i(e; —ex) + T,

T.
pik(t) = e*“‘ikpojk + tr(po)I‘/\ik(l - e*t)‘f"), forall 1<jk<N. (2.8)
ik
Remark 2.2 i) In the limit t — oo the steady state is independent of the initial condi-
tion and reads
SS _ 1: _ . . —1

p% = lim p(t) = D(i[H.] +T)'(7) (2.9)
it) In particular, for py € DM(H), all populations decay to T;; at the same exponential
rate without oscillations p;;(t) = e T po,; + Ty (1 —e ).
i1i) The result is known, see e.g. [26]; we provide a proof for the sake of comparison
with those of the sections to come.

Proof. We first deal with the dynamical aspects and note that £(-) = —(i[H, -] +
) +TTtr(-) , with tr 7 = 1 implies trL(p) = 0 for any p € B(H), so that the
trace is conserved by (2.3). Hence, considering the jk matrix element of the differential
equation (2.3) we get

ij = *)\jkpjk + I‘Tjktr(po) where )\jk 7& 0, (210)

which yields (2.8). The basis independent formulation (2.7) follows by the decomposi-
tion p =37, k< n Pikl9;) (k| and the observation

ilH, 195)(wrll + Tleg) ekl = Ajkles) (orl, (2.11)

which yields (i[H, ] + 1)~ (7)., = Tje/Aj-

On the spectral side, the observation above immediately yields L(|¢;){(px]) =
—Xjklpi)(pk| for 7 # k, showing {—\;i};=r are simple eigenvalues by our generic-
ity assumption. To compute the other nonzero eigenvalues of £, we note that if p is an
eigenvector of £ associated with an eigenvalue A, then Atrp = 0. Hence A # 0 implies
trp = 0. Thus, considering the N — 1 dimensional subspace of diagonal traceless matri-
ces in the eigenbasis of H, {p = > ;< n 7jlei) (@il | 2o1<;<n 7j = 0}, and making use
of the identity L£(|¢;){¢;]) = T(T — |¢;){p;]), for any j, we see that it coincides with
Ker (£+TT). Finally, the one-dimensional kernel of £ is spanned by I' (i[H, -] +F)71(T):
the inverse is well defined thanks to (2.11), it has matrix elements I'Tjx /A ;x, and trace
one. Thus

L (i[H, ] +T) " (T)) = =T (i[H,-] + T - ) ((i[H,] +T) "

(T)+TT=0. (2.12)

O

2.2 Tri-partite Hilbert spaces

We define here the tri-partite systems whose dynamical properties are studied in this
paper.

Consider H = Ha ® Hc ® Hp, where Hy are Hilbert spaces, with dimensions noted
ny < oo, where # € {A,B,C}. Let 74 € DM(H,), 7B € DM(H ) be two density
matrices on their respective Hilbert space and v4,vp > 0 two positive rates. Consider
three Hamiltonians H4, Hg, Hc on their respective Hilbert space that further satisfy

[Ha, 74l =0, and [Hp,78] =0, (2.13)



while H¢ is arbitrary at this point. In applications, the reset state 74 will typically be
defined as a Gibbs state at some inverse temperature S associated to Hy; i.e. 74 =
e P#H# |7, which satisfies (2.13), where Zy is the corresponding partition function.
In Sec.3, we perform the analysis of the uncoupled case (system A — C' — B is non-
interacting), and in Sec.4, we make use of analytic perturbation theory to treat the case
where a weak interaction is added to the system A — C' — B.

3 The non-interacting tripartite QRM

We define the uncoupled QRM by the generator

L(p)=—iHa®Ic®Ip+1a® Hc @lp +14 @ lc ® Hp, p] (3.1)
+y4(Ta ®@tralp) — p) +v6(tre(p) @ 78 — p),

where Iy denotes the identity operator on Hx and try denotes the operator on the
tensor product of Hilbert spaces with indices different from #, obtained by taking the
partial trace over Hx. For later purposes, try4/ denotes the operator on the Hilbert
space with index different from # and #’ obtained by taking the partial trace over
Hy ® Hyr . For example,

tryg : B(HA ® He ®HB) — B(Hc @ Hp), trap :B(HA QHcR@Hp) — B(Hc) (3.2)

will be viewed as linear maps. We shall abuse notations and write Hx for the Hamil-
tonian both on H4 and H, the context making it clear what we mean. Also, we shall
denote the non-Hamiltonian part of the generator by

D(p) = va(ta @ tra(p) — p) +v6(tre(p) ® 78 — p), (3.3)
so that L(p) = —i[Ha + Hc + Hp, p| + D(p).

Remark 3.1 If ng = 1, Hg ~ C and the last tensor product is trivial. Hence the
QRM reduces to L(p) = —i[HA + Hc,p] + v4(7a ® tra(p) — p) on Ha ® He, while
keeping v > 0.

Let us start by a structural result saying that the QRM at time ¢, e**(py), with po
a state, is a CPTP map, by recalling that its generator can be cast under the form of a
Lindblad operator, see e.g. [4,14,18]. More precisely, the non-Hamiltonian part of their
generator (3.1) takes the form of a dissipator, i.e.

ZAijj_i{AjAj,p}:Zi{[Ajp,Aj]ﬂAj,ij]}, for A € B(H). (3.4)
J

Given (3.1), it is enough to consider 74 ® tra(p) — p defined on H = Ha ® He.

Proposition 3.2 Let 74 = >, tx|or) (k| be the spectral decomposition of T4, where
{¢K}k is a complete orthonormal basis of Ha. Then

* 1 *
TA®tra(p) —p= Z (AjupAfy — §{AjkAjk7p})a where Ajx = \/t;]0;)(¢r| ® Ic.
J.k

(3.5)
Remark 3.3 i) This result applies to the non-Hamiltonian part of the generator of
QRM defined on a simple Hilbert space as well, by considering Ho = C, in which case
tra reduces to the scalar valued trace.
ii) The operators Aji, can be replaced by +/T;|¢;)(Yr| @ Io, where {{i}y is any or-
thonormal basis of H 4 without altering the result.



3.1 Spectrum of the uncoupled QRM

We proceed by analysing the spectrum of the uncoupled QRM L (3.1) in the tri-partite
case, making use of the fact that, by construction, the Hamiltonian part of the decou-
pled QRM commutes with the dissipator as we quickly check:

[Ha,-Jo(ta®@tra()(p) = [Ha,Ta @ tra(p)] = [Ha, Ta]l @ tra(p) =0, (3.6)

since 74 and H 4 commute, while
(Ta®@tra()) o [Ha,J(p) =74 @ (tra(Hap) —tra(pHa)) =0, (3.7)

using tra(-) = Zj<ap3-4| ®I - |<p34> ® I with {@f}lgjgn,q an orthonormal basis of
eigenvectors of H 4. Now, replacing Ha by Hp (or He for that matter) yields

[Hp, | o (ta®tra())(p) =74 ® [Hp,tra(p)], and (3.8)
(Ta®tra()) o [Hp, |(p) =74 ® (tra(Hpp) — tra(pHp)) = T4 ® [Hp, tra(p)];

since Hp commutes with (gpj‘\ ® I and |<p34> ® I. Altogether, the dissipator and the
Hamiltonian parts of £ admit a basis of common eigenvectors that we now determine.

Let us start with the dissipator and its spectral properties.

Proposition 3.4 The dissipator, as an operator on B(H), admits the following spectral
decomposition

o(va(ta @ tra() = 1) +p(tre() ® 78 — 1)) = {0, —ya, =78, —(va + 7B)}

Ya(ta®@tra() =) +yp(trp(-) ® 75 —I) = 0Q0 — 7aQa — v8QB — (va + 7B)QaB;
where the spectral projectors Qu, # € {0, A, B, AB} are given by
Qo(p) =Ta@trap(p) ® 7B, Qap(p) =p—tre(p) ® T8 — T4 D tra(p) + 74 @ trap(p) ® 75,
Qalp) = (tre(p) —Ta @ trap(p)) ® 78, QB(p) =74 @ (tra(p) — trap(p) ® 75).

Moreover, the different spectral subspaces in B(H) are

Ran Qo = span{74 ® pc ® TB}poeB(He)s s.t. dim(Qg) = nZ

RanQa = span{pac ® 7B |tra(pac) = 0}y ceB(HA0He)> s.t. dim(Qa) = (n% — 1)nZ
RanQp = span{7a ® pcp [ trp(pcB) = 0} pepeBHeots) s.t. dim(Qp) = (nk — 1)ng
RanQap = span{tra(p) = 0,trp(p) = 0} ,en(m), s.t. dim(Qap) = (n% — 1)(n% — 1)nZ.

Remark 3.5 i) In case y4 = g, there are only three distinct eigenvalues and the
corresponding spectral projector is Q4 + Qp.

i) Being spectral projectors, the Qu’s, # € {0, A, B, AB} satisfy Qo+Qa+Qp+Qap =
[ and QuQu = 0y 4 Qy

i1i) The dimensions referred to correspond to complex dimensions for B(H).

i) The result essentially follows from the observation that T4 @ tra(:) and trg() @ T
are commuting projectors.

Proof. We start with point iv) of Remark 3.5. For any p in B(H),

(Ta@tra() otrp() ® 75)(p) = Ta @ trap(p) @ 75 = (trp(-) @ T o T4 ® trA('))((p) :
3.9

while 74 @ tra(-) o 74 @ tra(-) = 74 ® tra(+), and similarly for trg(-) ® 75. Hence the
dissipator is a linear combination of two commuting projectors to which we can apply
the next Lemma.



Lemma 3.6 Let P,Q € B(H) such that P?> = P,Q* = Q, and [P,Q] = 0. Then, for
any a, B € C, the identity

aP+BQ=01I-P)I-Q)+aP(l-Q)+pBQUI-P)+(a+p)PQ, (3.10)

provides the spectral decomposition of aP + pQ, so that o(aP + Q) = {0,a, 5, +
B}, with respective spectral projectors (I — P)(I — @), P(I— Q),Q(I — P), PQ, and no
etgennilpotent.

The proof of the Lemma is immediate, and in case some eigenvalues coincide, the
corresponding spectral projector is simply the sum of the individual projectors.

The identifications P = 1 — 74 @ tra(:), @ = I —trg(-) ® 78, @« = —ya4, B =
—~p yield the announced spectral decomposition of the dissipator, together with the
explicit spectral projectors. A direct verification then gives the corresponding spectral
subspaces. O

The eigenvectors of the Hamiltonian part of £ are readily computed. For # €
{A, B,C}, let {@f}lgg‘gn# be an orthonormal basis of H of eigenvectors of Hy, with

associated eigenvalues ej#, 1 < j < ng. The eigenvalues need not to be distinct at that

point. We denote by Pj#k € B(Hy), j,k € {1,--- ,nu}, the operators Pj#k = |<p;#><g0k#|
that yield a basis of eigenvectors of the Hamiltonian part of (3.1) of B(H)):
_ZI:HA"’_HC"_HByPJI?k@PJC/‘,k/ ®PJ‘B;’k.N:| (311)
A A c c B B\ pA c B
= —i(e; —ep, +ej —ep +ejn —epn )Py @ Pii o @ Pigy .
It remains to take into account the role of the trace in the spectral subspaces of
the dissipator to get the sought for common basis of eigenvectors of (3.3). To do so,

we introduce the ny — 1 dimensional basis of diagonal (w.r.t. to the eigenbasis of Hx)
traceless matrices

AT = oW T = 1ol )Tl =12,y — 1, (3.12)
such that [Hy, Af] = 0. Together with 74, the Af’s form a basis of diagonal matrices.

Proposition 3.4 then provides the full spectral analysis of the uncoupled QRM .

Proposition 3.7 The vectors listed below form a basis of B(H) consisting in eigenvec-
tors associated with the mentioned eigenvalue of the uncoupled QRM



L()= —i[HA + He + HB,-] + D(-) defined on H =Hs @ He @ Hp by (3.1):

TA® Pﬁk, ®7Tp —i(eg-’: —ef),
1<j' K <nc

A c C _ C
A @ Py @Tp < —va —ile; —ep),

1<j<na—-1,1<jk <nc

A A A
Pj7k®Pﬁ,k, ®@7p & —ya —i(ej —ej —l—ejC, —ef),

1<j#k<ns 1<j,k <nc

C B e C
TA X Pj/,k/ ® Aj// < —YB — Z(ej/ — ek/),

1<j"<np—1, 1<,k <nc
TA R Pjg,k'/ ® Pjﬁ,k” <~ —YB — Z(e]q - 6%‘/ + eﬁ/ - 65/),
1<j"#k' <np, 1<j K <nc
A C B .0 C C
Aj ®Pj',k’ ®Aj// A d 7(")/A+’YB) 77,(6]-/ 7616')’
1<j<na—1,1<5" <np—1, 1< K <nc

Af ® PjC/j,k/ (%9 PjBi/,k” e 7(’)/,4 + ’YB) - 'L(ejc/’ — €kc/ + 6‘5/ — 65{/),

1<j<na—1,1<7"#kK <np, 1<j,k <nc

Ph® PG @AL & —(ya+7s) —ile] —epf +€5 —ef),

1<j#k<na, 1<j"#np—1, 1<j .k <nc

Pj‘f‘k & P]g,k’ ® P]'Bj/’k// <~ _(’YA + ’)/B) - Z(e]A — @;? + ejc/' — ekc/ + 6‘5/ — 6]?//),

1<j#k<na, 1<j"#K <np, 1<j kK <nc

Remark 3.8 0) The Hamiltonians Hy € B(H4) are arbitrary at that point.

i) The uncoupled reset model Lindbladian L is thus diagonalisable, with eigenvalues
located on the (generically) four vertical lines Rz = 0, Rz = —ya, Rz = —yp, Rz =
—(ya +vB) in the complex plane, symmetrically with respect to the real axis.

it) In particular, the kernel of L is degenerate, since dimKer L(-) > nc.

iit) It is straightforward to generalise this result to the case where the dissipator admits
a reset part acting on He as well, and to the case of a p-partite non interacting system,
with p € N arbitrary.

The spectral projectors of £ can be constructed explicitly, making use of the next
Lemma:

Lemma 3.9 Consider a Hilbert space H and T € B(H) a density matriz. Let {¢;}i<j<n
be an orthonormal basis of eigenvectors of T for H. Consider the basis of B(H) given

by

Pjr = lpi) ekl 1 <j#k<n, Aj =) el = lpjr){pjril, 1<j<n—1, and .

, (3.13)
Set o =57 _1 ler){er|, 1 <j <n. Then the operators on B(H) defined by
Qjk(") = Pytr(Pjy,-), 1< j#k<n,
Q;() = Ajtr(o;(- —7tr(-)), 1 <j<n—1, and Qo(-) =1tr(l-) (3.14)

yield a complete set of rank one projectors onto the span of the corresponding basis
vectors of (8.13) so that the composition of any two of them equals zero.



Remark 3.10 The spectral projectors of L corresponding to Proposition 3.7 are then
given by the appropriate tensor products of projectors (3.14).

The solution to p = L(p), p(0) = po follows immediately by expanding py along
those eigenvectors. In particular, one gets for this uncoupled QRM model

p(t) = a4 @ (e Wttty 5(po)) @ 7 + O(e7tmintranehy - ¢ > (3.15)

where e~!He Ity 4, p(po) satisfies the Hamiltonian evolution equation po = —i[He, pc),

pc(0) =trap(po) on He, as expected in this uncoupled context.

4 The weakly-interacting tripartite QRM

We consider now the coupled QRM defined by the Lindblad generator on B(H), with
H=HaQ@Hc®Hg,

Ly(p) = L(p) —ig[H, p] = Lo(p) + gL1(p) (4.1)

where H = H* € B(H) is a Hamiltonian that effectively couples the different Hilbert
spaces Hu, while g € R is a coupling constant. We focus on the determination of the
kernel of £, as ¢ — 0, which describes the asymptotic state of the system driven by £,
under generic hypotheses. Then we turn to the consequences for the dynamics generated
by L4. By generic hypotheses, we mean that all assumptions we make along the way
ensure the coupling is effective enough to lift all degeneracies, so that all accidental
degeneracies are eliminated order by order in g.

4.1 Leading order analytic perturbation theory
When g = 0, Proposition 3.7 shows that

Ker Ly D span{TA ® |<,0]C><<P]C| ® TB}ISan07 (4.2)

whatever the properties of the Hamiltonian Ho. We shall consider below both cases
Heo =0 and He # 0, which give rise to different results. In case the Hamiltonian H¢o
is trivial,

Ho=0 = KerLy= span{TA ® po ® TB} (4.3)

pcEB(Hc)

has dimension nZ, and the corresponding spectral projector coincides with @, the spec-
tral projector on Ker D, see Proposition 3.4. In order to avoid accidental degeneracies
when He # 0, we will assume H¢ satisfies the spectral hypothesis

Spec(H¢):
The spectrum of He € B(H¢) is simple and the Bohr frequencies {e§ — ef '}z, are
distinct.

Under this assumption, we have
Ker Ly = span{TA ® pc R TB, s.t. [pc,He] = O}, (4.4)
which is of dimension n¢o. The corresponding spectral projector acts as follows

Qo(p) = 74 ® Diago(tras(p)) @ 75, (4.5)
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where the projector Diagy : B(H¢) — B(Hc¢) defined by
ne
Diago(-) = Y _e§)@§| - 165) (5| (4.6)
j=1

extracts the diagonal part of pc within the normalised eigenbasis of Ho. Observe that
Offdiag~ : B(Hc) — B(He), extracting the offdiagonal part of po within the same
basis, yields the complementary projector

Offdiag = I — Diagc. (4.7)

We also note, for later reference, that Qo on B(#H) is trace preserving, so that Ran (I —
Qo) C {p|trp = 0}.

Analytic perturbation theory, see e.g. Chapter II §2 [16], allows us to compute the
splitting of the degenerate eigenvalue zero of Ly by the perturbation g£;. Recall here
that £, being a Lindblad operator (Proposition 3.2), the following structural constraints
hold:

0eo(Ly) =0(Ly) C{zeC|Rz<0}, VgeR. (4.8)
Moreover, the eigenvalue 0 is semisimple, that is there is no eigennilpotent (Jordan
block) corresponding to that eigenvalue in the spectral decomposition of £,. The same
is actually true for all eigenvalues sitting on the imaginary axis.

Let {)\;(9)}1<j<m be the set of eigenvalues of £, that stem from the eigenvalue 0 of
Lo, with m = nZ, if Ho = 0 or m = n¢ if He # 0. They form the so-called A—group
for A = 0, and for g € C\ {0} with |g| is small enough, {\;(g)}i<j<m are analytic
functions of a (fractional) power of g that tend to zero as g — 0. These eigenvalues
may be permanently degenerate. For the structural reasons recalled above, one of these
eigenvalues, denoted by Ag(g), is identically equal to zero, Ag(g) =0, Vg € C\ 0, and in
case A\g(g) is degenerate, it is semisimple.

We show that under generic hypotheses, Ag(g) = 0 is a simple eigenvalue, see The-
orem 4.3, and we determine the corresponding eigenvector po(g), normalized to be a
state, i.e. po(g) > 0 and trpo(g) = 1.

Let us denote by Qo(g) the analytic spectral projector of £, corresponding to the
set of eigenvalues in the 0-group . It writes

-1
T %m

Qo(9) /F (Ly — z)" 'z = Qo + 9Q1 + 9°Q2 + O(g°), (4.9)

for |g| is small, where T'g is a circle of small radius centered at the origin. Also, since 0
is a semisimple eigenvalue of Ly,

Q1= —QoL1So — SoL1Qo = QoQ1(I — Qo) + (I — Qo)RQ1Qo, (4.10)

where Sy is the reduced resolvent of Ly at 0, satisfying SoQo = QoSo = 0 and SoLy =
LSy = 1— Qq. In other words, Sy = Eal(]l — Qo), that we shall sometimes abusively
write So = £y, with the understanding that it acts on (I — Qo)B(#H). The analytic
reduced operator in the corresponding subspace which describes the splitting reads
Qo(9)L4Q0(9) = (Qo + 9Q1 + g°Q2 + O(¢%)) (Lo + 9£1)(Qo + 9Q1 + 9°Q2 + O(g?))
= 9QuL1Qo + ¢*(Q1L0Q1 + Q1.L1Q0 + QuL1Q1) + O(g?), (4.11)

where we used LoQo = QoLo = 0.
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Lemma 4.1 Under assumption Spec(H¢) when Ho # 0, we have

0 if Ho #0
L = . — ; 4.12
QO 1Q0(p) {_”_A®[H ;trAB(p)]®TB Zf He=0 ( )
where
H :i=trap(ry’@le @y  Hr)/> 91c @ 7/?) (4.13)
ZtrAB(HTA®Hc®TB) ZtrAB(TA®Hc®TBH) S B(Hc)
Explicitly, with 74 =37, ., tf|<pf><<pf|,
H = > tMf(eflolc e @f]) H (I¢) @1c @ [of)). (4.14)
1<j<np
1<k<np

As a consequence, when H¢ # 0 the splitting is generically described by the order g2
correction, while in case Ho = 0, the non-zero first order correction imposes that the
elements of the kernel of Qy(g) commute with H'™ which, generically, decreases the
degeneracy from nZ to nc. In both cases, the eigenvalue zero of QL1 Q) is semisimple.

Proof. We first compute for any pc € B(H¢), using (4.13),
trap([H,74 ® pc @ 18]) = [H ', pc). (4.15)

One gets the explicit expression for " by expressing the partial trace within the
eigenbases of 7. Therefore

QoL1Qo(p) = —iTa® (trap([H, T4 ®@trap(p) @75])) @7 = —ita®@[H ,trap(p)] @ 5.
(4.16)
The fact that Heo # 0 implies QoL1Qo = 0 then follows from

QoL1Qo(p) = —iTa @ Diag (trap([H, 74 ® Diag(trap(p)) @ 78])) @ 78, (4.17)
and the identity
Diagq(trap([H, 74 ® Diag~(pc) ® 75])) = Diage [HT, Diag-(pc)] = 0. (4.18)

O
Let us investigate the next order correction in order to analyse the splitting from
the eigenvalue zero. Following [16] we consider the analytic matrix

£y = ~Qu(9)£,Qu(s)
= QoL1Qo + 9(Q1LoQ1 + Q1L1Q0 + QoL1Q1) + O(g?)

= Lo+ gL1 + O(g?), (4.19)
where we observe with (4.10) that
L1 =—QoL1SoL1Qo — SoL1QoL1Qo — QuL1QuL1So. (4.20)

Let @0 be the eigenprojector onto Ker ZO. Then the spectrum of @0./31 @o describes the
splitting to order g2, see [16], Thm 5.11: for )\51) € 0(QoL1Qo) of multiplicity mgl),
(1)

there exist exactly m; "’ eigenvalue of £, of the form

Xi(g) = 22 + 0(g%). (4.21)
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Notice that QoL1Qo is viewed as an operator on QoB(H) here.
We observe that Qg = QoQo = QoQo, hence

QuL1Qo = —Qo(QuL1S0L1Q0)Qo = —65051/361/31@0, (4.22)

since £1Qo = (I — Qo) L1Qo. —T
In order to proceed, we shall also assume in the sequel that the operator H ap-
pearing in Lemma 4.1 has generic spectral properties.

Spec(H"): B

The spectrum of H € B(H¢) is simple and the corresponding Bohr frequencies are
distinct. We denote the normalised eigenvectors and eigenvalues of H T by ¢} and e7,
1<j<nc.

Under Spec(H "), we get from (4.5) and Lemma 4.1

~ _ [ra®Diagptrap(p) @ g ifHe #0
Qo(p) = {TA ® Diag trap(p) @ 75 if Ho =0, (4.23)

where Diag_ is the projector that extracts the diagonal part of the matrices expressed

in the orthonormal eigenbasis {7 }. Therefore

@02160 =74 QR DiagtI‘AB([H, Eo_l([H, 74 @ Diagtrap(+) ®TBD}) X TB, (4.24)

where Diag stands here for Diag,, (resp. Diag,) if Ho # 0 (resp. Ho = 0). Equivalently,
QoL1Q)yg is fully characterised by the following linear map. Set

D) = trAB([H, Egl([H, 74 ® Diag(-) ® TB])]) :B(He) = B(He) N{pc | trpe = 0}.

(4.25)
Note that ® is well defined and takes the form ®(p) = trapg([H, M(p)]), for M(p) €
B(H), hence tr®(p) = tr([H, M(p)]) = 0, for any p. Then, the restriction of ® to
Diag B(H¢), which has dimension n¢, satisfies

®p := Diag ® |piag B(n) and QoL1Qo(") =Ta®®p(-) ® T o trap(-). (4.26)

We shall abuse notations in the sequel and simply write

QoL1Qo(") =74 ® ®p(-) @ 78, (4.27)
identifying operators defined on QOB(H) and Diag B(H¢). Hence
U(@ozléo) =o0(®p). (4.28)

Note that dim Ker ®p > 1, since Ran ®p C Diag B(Hc) N{pc | trpc = 0}, a subspace
of dimension n¢ — 1, in keeping with the fact that Ker £, is never trivial. Hence, for
the zero eigenvalue of £, to be non-degenerate at second order perturbation in g, we
assume the coupling satisfies the assumption.

Coup:
The linear map

®p(-) = Diagtrap ([H, Ly " ([H, 74 ®Diag (-)®7p])]) defined on Diag B(Hc), (4.29)
where Diag stands here Diag. (resp. Diag,) if Ho # 0 (resp. He = 0), is such that
dim Ker &p = 1.
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Remark 4.2 Assumption Coup is equivalent to the statement

CI)BI exists on the n.—1 dimension subspace Diag B(H¢c)N{pc |trpc = 0} = Ran®p.

Indeed, both statements entail dim Ker ®p = 1, and the corresponding spectral pro-
jector onto Ker ®p, say Iy, is such that Ran®p = (I — Ip)Ran ®p, and KerPp N
Ran (I)D = {0}

As a consequence,

Theorem 4.3 Consider the coupled QRM Ly(p) defined on B(Ha @ He @ Hg) by

Ly(p) =—i[Ha+ Ho + Hp + gH, p| +va(ta @ tra(p) — p) + v5(tra(p) ® 78 — p)
(4.30)

and assume Spec(H¢) if Ho # 0 or Spec(H ") if Ho = 0. Then for g € C\ {0}, |g]
small enough, dimKer L, = 1 if Coup holds.

Remark 4.4 Under assumption Spec(ﬁT), the non-zero eigenvalues of /30 are all

simple, of the form \jx = —i(e] — ef,) with associated eigenvector T4 ® |7 )(¢;| @ T8,

j # k, and corresponding eigenprojector
Qi (p) = TA @ 05) (01| @ T tr(Ta @ [0F) (0] | @ 7B p). (4.31)

The next order correction, given by the eigenvalue of the operator —éAjkﬁlﬁalﬁléAjk,
reads

My = tr{(]IA ® i) ]| © 1s) [H, L5 ([H,7a ® |0]){0k| © 75])] } (4.32)

4.2 Dynamics

We push here the spectral analysis a bit further in order to get sufficient information to
analyse the behaviour of the dynamics of the coupled QRM L,(-), as g — 0. We first
discuss the richer case Ho = 0 and then describe the modifications required for the case
He #0.

Let Qo(g) be the spectral projector of £, given by (4.9), and Q2(g) = I — Qo(g).
We have accordingly

0 b
etls = etLHQO(g) + etcyQ%(g), (4.33)

where Eg = Ly|Ran Qo(g), and ﬂ; = Ly|Ran Qo(g)- Since the spectrum of LZ is a positive
distance away from the imaginary axis, uniformly in g small enough, functional calculus
yields the existence of I' > 0, independent of g, such that

e'fs = e£9Qo(g) + O(e~ ), (4.34)
where O is uniform in g, since Qo(g) is analytic in g. Now, by (4.19)
£5 = 9Ly = 9(Lo +9L1 + O(g*), (4.35)
where, for He = 0 under assumption Spec(H '),

Lo=0Qo+ Z )\ijVAjk, where \jx = —i(e] — e), (4.36)
J#k

with simple non zero eigenvalues, see Remark 4.4. In case Hc # 0 under hypothesis
Spec(Hc), Lo = 0 by Lemma 4.1, so that (4.36) holds with Qo = Qo and Q,,, = 0.
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Since L) = O(g) (and even L) = O(g?) in case Hc # 0), the long time behaviour of

et*s is controlled by the first term in (4.34) when g is small. This requires addressing

the behaviour of the non self-adjoint spectral projectors associated to eigenvalues of L,
that vanish as g goes to zero.

Proposition 4.5 Assuming Ho = 0, Spec(H ) and Coup, there exists 90 > 0 such
that for all |g| < go, L4 admits analytic spectral projector QO( ) and QAJ,C( ) and
analytic simple eigenvalues \;i(g) such that

L) = gQo(9)L,Q0(9) + > Njk(9)Qn,. (g (4.37)
Jj#k

Here Qo(g) = Qo + O(g), Q.. (9) = Qx,, +Olg) and Aji(g) = —ig(e] — ef) + g?A}}) +
O(g?), see (4.52).

Assuming He # 0, Spec(H¢e) and Coup, the same statement holds with Qvo(g) =
Qo+ O(g) and Qy,,(9) =0, A\jr(g) =0 in (4.87).

Moreover, assuming Coup and Spec(FT), (respectively Spec(H¢) ), if Ho = 0,
(respectively He # 0), we have dim Ker Qg (g)Zg@o (g9) =1 and the corresponding spec-
tral projector @g(g) is analytic for |g| < go, and satisfies

Q5 (9)Lq = L£,Q5(9) = 0. (4.38)
Here _ o o
Qo(9)L4Q0(9) = 9Q0L1Qo + O(g*) = g7a ® ®p @ 73 + O(g°) (4.39)
and @g(g) = @g + O(g) where @g is the projector on Ker @021(:?0,

Remark 4.6 The spectral constraints on Lindblad operators imply,
Ro(QoL1Qo) \ {0} <0, and RA) <o. (4.40)

We give conditions ensuring %;\E}c) < 0 in case the model has no leading order Hamil-
tonian drive, Ly = D, that we analyse in more details in Section 6.

Proof. We consider Hc = 0 only, the other case being similar. Thanks to (4.35) and
(4.36), perturbation theory applies to E and yields the analytic projectors Qo(g) and
Qx,,(g9) converging to Qo and QA . respectively, and the analytlc Slmple elgenvalues

Ajk(g), such that (4.37) holds. Expanding the first term using QoLo = LoQo = 0, one
gets thanks to (4.26)

Q0(9)L4Q0(9) = 9Q0L1Qo + O(4>) = gTa @ ®p @75 + O(¢%).  (4.41)

Assumption Coup implies that @0/31@0 has one dimensional kernel, with associated
spectral projector we write QO Hence, perturbatlon theory agam ensures the existence
of an analytic one dimensional spectral projector Q5 (g) of Qo(g ) gQO( ) corresponding

to the simple zero eigenvalue of Q0£1 QO at g = 0. Necessarily, QO (g) coincides with the
spectral projector onto the nontrivial kernel of £, for all g small enough, which proves
(4.38). O

Let us turn to the dynamical implications.
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Corollary 4.7 Under the hypotheses for Ho = 0 above, the following holds for allt > 0
and g real small enough:

etlo = 9" (QuLrQo+O) G (g) + Z eMDQy  (g) +O(e ). (4.42)
J#k

Further assuming ma,Xj;,ék,{éRS\S»}f)} < 0, there exists 6 > 0 such that for allt > 0,

efs = QS (g) + O(e 99, (4.43)

where the constant in the O is uniform int > 0 and g small.
Setting n = minj;ék{m/\ﬁ”} > 0, we have

etﬁg _ GtQQQOZIQOQO + O(eitfn) 4 O(g) + O(QBt)
=74 ® etg%DDiathrAB ® T + O(e_th”) +O(g) + O(g*t) (4.44)

where the constants in all O are uniform int > 0, g small.
Under the hypotheses for Ho # 0 above, for allt > 0 and g real small enough,

Lo — etg2(Q051Qo+O(9))©0(g) + O(e™), (4.45)
and there exists 6 > 0 such that for allt > 0,
~ 2
1 = Qg () + O(e™), (4.46)
where the constant in the O is uniform int > 0 and g small. Moreover,

etlo — eth’QOZIQOQO + O(e—t[‘) +0(g) + O(gSt)
=74 etgzq)DDiagCtrAB @15+ 0> ™) + O(g) + O(g%t) (4.47)
where the constants in all O are uniform int >0, g small.

Remark 4.8 () The identical statements (4.43) and (4.46) show that 1/g* is the time
scale of the approach to the asymptotic state, as expected. _
i) The full evolution can be approzimated by the restriction of €'9° TA®*DETE o Ran Qo
(provided n is larger than the absolute value of the real part of the eigenvalues of
TAQ®p ®7p in case Ho =0).

it) In case Lo = D, we provide in Section 6 an interpretation of the approximate evolu-
tion et TA®DOTE g5 o classical continuous time Markov process.

iii) Set F = max{|RA\ A\ € o(®Pp)}. When He = 0, the explicit term in (4.44) is the
leading term if F' < n, and for times which satisfy 0 <t < ﬁ%| In(g)|/g%, as g — 0,
for any € > 0. When He # 0, the same is true for the explicit term in (4.47), without
constraint on F'.

iv) This corollary is relevant for an analysis along the lines of [20)].

Proof. Again we prove the statements for Ho = 0 only, the other case being similar.
The first two statements follow from functional calcul, and Proposition 4.5, taking into
account the analyticity of the spectral data involved. To get the last statement, we
observe that since the CPTP map e**s has a norm which is uniformly bounded in ¢t > 0
and g small enough, the norm of

et9*(QL1Qo+0@) (3 () = ¢tFs — Zetkjk(g)@/\jk(g) +0(eM) (4.48)
JFk
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is bounded above by a constant C' > 0 which uniform in ¢ > 0 and g small enough.
Thus, by Duhamel formula

eT(A+B) _ oTA 4 /T e (A+B) go(r—T)A g (4.49)
0

applied to 4 = QoL1Qo subject to (4.40), B = O(g), T = g°t we get
etg2(©ogléo+0(g))éo(g) — etggéozléoéo(g) + O(g?’t). (450)
Moreover, n = min#k{m;\ﬁ) |} > 0 immediately implies upon expanding @0(9),

etls — etQQQO»ZléOQVO + (f)(e—tgzn) + O(g) + (’)(g?’t)7 (451)

where the constants in all O are uniform in ¢ > 0 and g small. Finally,
QoL1Qo =74 ® Pp ® T allows us to express the exponential in terms of that of &p.
O

5 Construction of the asymptotic state

We now turn to the determination of the state po(g) € Ker £, where L, = Lo + gL €
B(B(H)) given by a power series in g

polg) = po+ gp1 + gp2 + -+, (5.1)

where tr(pg) = 1 and tr(p;) = 0, Vj > 0. Expanding Lo(po(g)) + 9L1(po(g)) = 0, and
equating like powers of g we get

Lo(po) =

Lo(p1)
Lo(p2)

0
0

+ +

0
L1(po)
L1(p1)

Lo(p;) + L1(pj-1) =0 Vj=1 (5.2)

The way to solve this set of equations, in principle, is as follows. Note that the spectral
decomposition of Ly yields

Ker Lo = Ran@Qy and Ran £y = Ker Qq. (5.3)

The first equation is solved by picking a trace one element Ry in Ker Lo = Qo(B(H)),
described in Proposition 3.7. The addition of any traceless vector ro € Ker L yields an
equally good solution for py := Rp+7¢ at that order. The next equation amounts to solve
Lo(R1) = —L1(Ro+1g) for Ry, a traceless matrix. This requires £1(Rp+19) € Ran Lg.
Since Ran Ly = Ker @y, this is equivalent to QoL1Qoro = —QoL1 Ry, which determines
ro = Qoro up to the addition of an element of Ker QoL1Qo (QoL1Qo viewed as an
operator on Qo(B(H))). Let us assume for the discussion here that QoL1Qo # 0, i.e.
He = 0. This yields Ry = —£51(£1(R0 + r0)). Again, the addition of any traceless
vector 1 = Qor1 € Ker Ly to that Ry yields an equally good solution p; := Ry + r1 to
that equation. The next order requires £y (r; — £y (L£1(Ro +10))) € Ran Lo, which is
equivalent to QoL1Qor1 = QoL Eglﬁl(Ro +70). This equation will then determine rg
completely, under generic hypotheses, as we shall see. Then we proceed by induction.
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The case He # 0 is slightly different, see Lemma 4.1, but is approached in the same
spirit. We start by working out the first few steps and then give the general statements
about this construction in Theorem 5.2 for Ho = 0 and Theorem 5.4 for Hg # 0.

Again, the inverse of £ on its range is the reduced resolvent Sy = L HI - Qo) =
Ly 1|(H7QO)B(7-L)- To express Sp, it is enough to consider the spectral decomposition
Lo =D hs0 MQr, where A\p # 0 and Q. are the spectral projectors corresponding to
Proposition 3.7, while Ay = 0 corresponds to the projector Q.

51 He=0

We consider here that Ho = 0 and work under the spectral assumption Spec(ﬁT)
on the self-adjoint operator defined by (4.13). We first work out the orders ¢g° and g*
terms, i.e. pg and p;, and then state an abstract result on the full perturbation series
in Theorem 5.2.

The first equation yields Ry = 74 ® pc ® 7 where pc is a state. We choose

poc = %Ha and rg =14 ® rg)) ® Tp with any traceless r(C?) can be added to that choice

so that

(0)

pozTA®P(,9 9=

1
® 7B, with p5’ = —Ic + ré?). (5.4)
ne
Then we compute QoL1(Ro + 70):

Qo(—i[H, Ry +1o)) = —ira @ [H ,pV) @75 = —ima @ [H v 075.  (5.5)

0 0
(C) ())

The condition to solve the equation for R; requires r,’ = Diag (r,"), where

Diag, (-) extracts the diagonal part of r(C? ) in the normalised eigenbasis of H'. Thanks
to our assumption, we set

Ry =Ly ((H,Ro+ro]) =i Y A ' Qu([H, Ro + o)), (5.6)
k>0

which is traceless, since Ry = (I — Qo)R1, and self-adjoint if rg) ) is. Next we look for
Rs, which requires Qo(L1(R1 +71)) =0, where 11 = Qo(r1) =74 ® rg) ® TB:

Qo([H,{L5 (i[H, 74 ® Diag, (03)) @ 7)) + Ta @78 @ mp}]) =0.  (5.7)
This is equivalent to the equation on B(H¢)
itrap([H, Lo ([H, 74 ® DiagT(pg))) ®78])]) + [FT,T(CU] =0, (5.8)
where we note that DiagT(r(C} )) is arbitrary. Our hypotheses on H  imply that

Ker [ﬁTv ] = {pC | pc = DiangC}a (59)
Ran[H ', = {pc | pc = Offdiag_pc}. (5.10)

Now, assumption Coup on H ensures (5.8) determines DiagTr(C?) and OffdiagTr(Cl):
Separating the diagonal from the offdiagonal parts, we have for the former

®p(p)) =0, (5.11)
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which determines p(cg) =1Ic/nc + DiagTrg)) = Diag, (p((?)) fully since dimKer ®p =1,

and thus R; as well. The offdiagonal part yields
OffdiagTrg) =—i[H", ]! (OﬁdiathrAB([H, Lo ([H, 74 ® p(g) ® 78))] ))
= —i[H ", |7 (Otidiag, 2(p)) ) (5.12)

which fixes Oﬂ’diagTr(c} ) and leaves DiagTr(C1 ) open for now.

At this point, the formula which defines R, makes sense,

Ry =Ly ([H, Ry +m1]) =Y _ A\, Qu([H, Ry + 1)), (5.13)
k>0

where Rs depends parametrically on DiagTr(c1 ). At order two, the contribution is Ry+12,

where ro = Qo(r2) = T4 ® 7“(02) ® Tp is arbitrary. The term DiagTr(C}) is determined by

the requirement that Qo (L1 (R2 + 72)) = 0 necessary to solve for Rj, i.e.
trap((HALG G[H, Ry + 74 @18 @ 7)) + T4 @18 @ 75Y)) (5.14)
= trap([H, L5 GlH, Ry +Ta @1y @ mp]) + [H 1] = 0.

Splitting this equation into its diagonal and offdiagonal parts, we get, making use of
(4.29),

Diag, trap([H, Ly (i[H, Ry + T4 ® OﬁdiagTrg) ®78])] + @D(DiagTrg)) =0, (5.15)
Offdiag, trap([H, Lo (i[H, Ry + T4 @ 78 @ mp))] + [H,r] = 0. (5.16)

Using assumption Coup under the form: ®p is invertible on the subspace Ran ®p =
Diag, B(Hc) N{pc | trpc = 0}, the first equation determines

Diag,r")) = —®7! (Diag, trap([H, L5 (i[H, Ry + 74 ® Offdiag, 7 @ 75])]),  (5.17)

so that rg ) is determined and therefore the second equation yields

Offdiag,r® = —i[H", ]~ (OffdiathrAB([H, LoV ([H, Ry +7a@rd) ®TB])])). (5.18)
Consequently, we can set

Rs; = Zﬁal([H7 Ry + 7“2]) = (H — Q())R3. (519)

At this point, pg = Ro + 1o, p1 = Ry + 71 are known, as well as Ry, OffdiagTr(c?) and

Rs.

Remark 5.1 The fact that pg)) € Ker ®p implies trpg)) # 0, so the assumption that
pc is a state in the initial step amounts to set a normalisation.

Let us formulate a general result that summarises the foregoing and guarantees the
process can be pursued:

Theorem 5.2 Consider the QRM Lindbladian Ly (4.30) with Hc = 0 under the as-

sumptions Spec(ﬁT) and Coup. Then there exists go > 0 such that po(g), the unique
invariant state of L4, admits a convergent expansion

po(9) = po+gpr+9°pa+ -+, (5.20)
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for all g € C with |g| < go. We have,

P0=TaA® P(c(‘)) ® T, where pg]) € Ker®p (5.21)

see (4.29) and (5.4), and

pi=Rj+714® ’I"g) ® TB (5.22)
for all j > 1. Moreover, there exists a linear map R : B(H) — B(H) N {pc | trpc = 0}
such that p;j = R(p;—1), where

Ry =Ly ([H, pj-1)), (5.23)
Offdiag,r¥) = —i[H ", ]~ (OffdiathrAB ([H, £5 ([H, p;1))] )), (5.24)

Diag,r¥) = —® ! (Diag, trag([H, Ly (i[H, R; + 7a ® Offdiag,r¥ @ 75))])). (5.25)
Consequently, for |g| < go,
po(g9) = (I—gR)™ (o). (5.26)

Remark 5.3 0) Replacing R; and OffdiagTrg) by their expression into (5.25) shows
DiagTrg) is linear in p;_1 as well an yields the map R.
i) Eq. (5.26) is equivalent to

N my—1 N
po<g>=z< Me 3~ (19N)+> (90, (5.27)

i\ L-9m = — gk

where pk, My, N and my are the eigenvalues, eigenprojectors, eigennilpotents and al-
gebraic multiplicities appearing in the spectral decomposition of R = Zé\;l i My, + Ny
Hence the radius of convergence is go = 1/ maxi<p<n(|pl)-

ii) In case o(R) NREL = 0, the steady state po(g) is well defined for all g € R%..

iit) The iteration terminates if and only if R has a zero eigenvalue and py belongs to
the corresponding eigenspace; see Section 8 for examples.

i) The restriction of the invariant state to He is given by trap(po(g)) = p(co) +
21 gjrg)'

v) We provide necessary and sufficient conditions in Proposition 6.1 for Coup to be
satisfied in case Lo =D and Ho = 0.

Proof. Recall that dimKer £, =1 is proven in Theorem 4.3.
We solve the higher orders equations for p; = R; + r; of (5.2) with

Rj = (I-Qo)Rj, r; = Qorj = T4 ®18 @75, (5.28)

for all j by induction. Let j > 2 and assume Ry, rj are given traceless matrices satisfying
(5.28) for 1 <k < j—1 as well as

Rj = Zﬁal([H, Rj,1 + rj,l]), TA X OﬁdiagTrg) ® 7 and Rj+1 = Zﬁal([H, Rj + Tj]).
(5.29)

This is the situation we arrived at for j = 2. Consider Qo(L£1(Rj+1 + 7j+1)) = 0, a
necessary condition to compute R; o, which yields

trap ([H,Ly GlH,R; + ma @ @ 7)) + [H 78] = 0. (5.30)
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Splitting the equation into its diagonal and offdiagonal parts gives
Diag, trap ([H, Ly (i[H, R; + 74 © Offdiag, 7Y @ 75]) + ®p(Diag,rd) =0, (5.31)
Offdiag, trap ([H, £y (i[H, R; + T4 v @ 75]) + [H ,vd™™] = 0. (5.32)
The first equation determines
Diag,r) = —&3! (Diag, trap([H, L5 (i[H, R; + 74 ® Offdiag, ) @ 75))])), (5.33)

so that rg) is fully determined and therefore the second equation yields

Offdiag,ri+Y = —i[H ", ]~ (OffdiathrAB ([H, L3 ([H, R; + 74 @1 @ 75])] )).

(5.34)
Consequently we can define
Rjio= iﬁal([H, Rjiq+ Tj+1]), (5.35)
where DiagTrg'H) remains free, while r; is determined. This finishes the proof of the
induction. a
52 Hc+#0

We consider here He # 0 and the necessary modifications to compute the series (5.1)
due to the identities

Qo(:) =74 @ Diag(trap(+)) ® 78 and QoL1Qo = 0. (5.36)
The first equation in (5.2) yields po = Qopo = Ta ®p(69) ®Tp, where pg)) € DiagoB(Hce)
is free. The condition to solve the second equation is Qo L1(po) = QoL1Qo(po) = 0 which
is trivially satisfied. Thus, writing p; = Ry + 71 with Ry = (I — Qo)p1 and r1 = Qop1,
we can solve partially the equation setting

Ry =—Ly Li(po). (5.37)

The next equation Lo(p2) = —L1(p1) requires QoL1(R1) + QoL1(r1) = 0. Thanks to
r1 = Qor1 and the identity (5.36), this equation reduces to

QoL1Ly " L1Qo(po) = 0, (5.38)
where we used the expression for Ry and pg = Qgpo. Thanks to assumption Coup for
He # 0, this determines pg = 74 ® Diagcpg)) ® 75 since (5.38) is equivalent to

p(oo) € Ker ®p, where dimKer®p = 1. (5.39)
a

Thus R; is now determined, while the traceless part 71 = 74 ® Diagcrc) ® T 1s not.
With the familiar decomposition py = Rs + ro with respect to the projector Qg, we set

Ry = *Eo_lﬁl(Rl -+ Tl) (540)

and turn to the equation for p3 = Rz + r3: Lo(ps) = Lo(R3) = —L1(p2). It requires
QoL1(R2 + 123) = QoL1(R2) = 0, where we used (5.36) and ro = Qor2. With (5.40),
this is equivalent to

QoL1Ly ' L1Qo(r1) = —QoL1Ly L1(Ry) = —74 ® Diagotrap(Li1Ly L1(Ry)) ® 7B,
(5.41)

21



where trﬁlﬁglﬁl(Rl) = 0, since £1(-) = —i[H,-]. Thanks to Coup, we can thus
determine r; = 74 ® Diagcrg) ® T uniquely in terms of ®p

O (DiagctrAB{ [H, £y ([H, Ry]] }). (5.42)

In turn Ry is fully determined while ro = 74 ® Diagcr(g ) ® T remains to be computed,
and
R3 = 7£61£1(R2 + 7‘2). (543)

From there on we can iterate the process to get the equivalent of Theorem 5.2 in the
case Ho # 0. The proof being similar and simpler, we omit it.

Theorem 5.4 Consider the QRM Lindbladian L, (4.30) with Hc # 0 under the as-
sumptions Spec(ﬁT) and Coup. Then there exists go > 0 such that po(g), the unique
invariant state of Ly, admits a convergent expansion

po(9) = po+gp+9g’pa+---, (5.44)
for all g € C with |g| < go. We have,

Po=TA® pg)) ® T, where p(g) € Ker®p (5.45)
see (4.29) and (5.39), and p; = Rj+TA®Tg)®TB forallj > 1, with rg) = Diagc(rg)),
Moreover, there exists a linear map R : B(H) — B(H) N {pc |trpc = 0} such that
pj = R(pj-1), where

Rj = iLly ' ([H, pj-1)), (5.46)
r9 = &' (Diagetrap([H, £y ([H. R;])])
= i®},' (Diagetran([H, Lo (IH, Lo ((H, o)D) (5.47)

Consequently, for |g| < go,

po(g) = (I—gR) ™ (po). (5.48)

Remark 5.5 0) Remarks i), i, i) below Theorem 5.2 remain in force here.
i) The map R can be expressed as

R; = *Eglﬁl(ﬂj—l)v (5.49)
rd) = 0 (trap{QuLi Ly L1(R))}) = D5 (trap{QoL1 Ly  L1L5 L1(pi—1)})
so that

Pj = ( - Ealﬁl() +74® (I)Bl (trAB{Qoﬁlﬁalﬁlﬁalﬁl(.)}) ® TB)(ijl)- (550)

6 No leading order Hamiltonian drive

We consider here the case where H4 = Hp = Hc = 0 on their respective spaces, so that
Lo =D with 74 and 75 arbitrary, while £; = —i[H, -] with H arbitrary as well. This
allows us to keep things relatively simple, while retaining a certain level of generality,
since the dimensions of the different Hilbert spaces are arbitrary as well.

Let us consider the hypothesis Coup in this simplified setup, assuming Spec(ﬁT)
holds. Recall that {47} }1<j<n. denotes the normalized eigenbasis of H " with respect
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to which the projectors Diag, and Offdiag, are defined, and set P} = |¢])(¢]|. Given
the definition (4.29) of ®p, we need to compute for all j,k € {1,...,n¢c}

(®p)ji = tr{(Ila ® P] @ Ip)([H, Ly ([H,7a ® P{ ® 75]) }. (6.1)

Thanks to Proposition 3.4, we can express Cal = D~! in a compact way. Let pp € B(H)
such that trap(po) = 0, so that Qo(po) = 0. Thus

1 -1 A - B .
Dt = + —74 @ tr + —tr RT 6.2
(Po) Py {Po A A(po) " B(Po0) ® 7B (6.2)

Therefore, introducing

H™ = tra(Hta®@Ie ®1p)) =tra((ta ®lc @ 1p)H) € B(Hc @ Hp), (6.3)

T

H'® = trB(H(HA ® I ®TB)) = tI“B((I[A ® Io ®TB)H) S B(HA ®Hc) (6.4)

and making use of tryp[H, 74 ® P] ® 7] = 0, a straightforward computation yields

1

[H, Ly ([H,ma © P{ @ m5])] =

- DA 1y gy o B o)) - 2204

,HTB,T ® Pl ® 1]
va+7B va+ 7B [ A®Fl@ms]

Then we note using the cyclicity of the trace that
tr{(Ia®P] @ 1) ([H, [H,74 ® P{ @ 78]])} (6.6)
= 2((5jktl'(H(’7'A ® P]z & TB)H) - tI‘((HA & PJT ®HB)H(TA X Plz ® TB)H))
where the operator in the first trace reads

(ry?* @ Pl @ myf)H)" (ry* © P} @ 7 )H > 0, (6.7)

while the second trace yields the jj element of its partial tr 45. Hence,

tI‘{(HA®P]T ®HB)([H,[H,TA®P]§®TBH)} (68)

5 —trap(H(TAa ® Pl @ 78)H);; <0 lfj#k'
ZliktrAB(H(TAQ@Pg@TB)H)” >0 ifj=k

Similar considerations can be made for the traces of the other two operators in (6.5):
tr{(]IA ® PJT ® ]IB)([H, [HTB,TA ® P];r] ® TB])} = tr{(]IA ® P].T)([ﬁTB7 [FTB,TA ® P]z]])}
=2(0tr(H " (ra@ PLYH ") —tr((la ® PTYH " (ta@ PL)H ™))

_ 2{ —tea(H P (ra @ POH ), <0 i 4k

3 _ rITE 6.9
Dok tra(H (ra®@PH ")y >0 ifj=k (6.9)

and
tr{(Ia ® P} @ Ip)([H,7a® [H ", P{ @ 75]])} = te{(P] @ Ip)([H ", [H ", Pf @ 78]])}
=2(0tr(H ™ (Pf @ mp)H ™) — tr(P] @ Ia)H (P @ 75)H "))

_2{ —trp(H N (Pf@rp)H *);; <0 ifj#k

T =7 oo . 6.10
> ik trB(H “(Preorp)H ")u>0 ifj=k (6.10)
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Defining for 1 < k < ne the non negative operator h(k) € B(H¢) by

2
h(k) =———tr H(ta® Pl @ T3)H 6.11
() =2 twan(H(ra & Ff © 7)) (6.1

2 T —=T 2 =T —=T
20408 TP @) B + DB A G T (s PO,
A-I-’YB A+7B

we eventually obtain

(®p)jk

{ —h(k);; >0 ifj#k (6.12)

Jrzl;ék (k)” 0 ifj=k

where ®p is viewed as a matrix on C"¢, and any dia;gonal matrix r = Y ¢, Py €
Diag, B(Hc¢) is viewed as a vector (r1 ro - rnc) of C"e.

We provide a necessary and sufficient condition on the coupling Hamiltonian H in
terms of the diagonal matrix elements of h(k), 1 < k < n¢ for assumption Coup to
hold, i.e. that ®p restricted to diagonal traceless matrices is invertible.

Proposition 6.1 Assume Lo = D, L1 = —i[H,-] and consider the non negative op-
erators {h(k)}1<p<ne defined by (6.11). Assumption Coup holds if and only if there
exists j € {1,...,nc} such that hj;(k) >0 for all1 <k # j < nc.

Remark 6.2 i) Since h(k) is a sum of non negative operators, it is sufficient to check
the condition on any of its constituants.

it) Explicit computations show that for dim He = 2, assumption Coup holds as soon
as ®p # 0, while for dimHeo = 3 it is true if h(j)hs(k) > 0 for some 1 < j #k <3,
r# . s # k and (r,s) # (k. J).

Proof. Within the framework introduced above we identify ®p with its matrix
(®p)jx- We need to show it admits zero as a simple eigenvalue, which amounts to
showing that Rank ®p = ng — 1.

We use the short hand notations hj(k) = h(k);; > 0 for j # k and h;(j) =
>k h(d) = 0 to express the matrix elements of —®p. The proof follows once we
establish the following Lemma

Lemma 6.3 Consider h € M, (R) given by

5, 29~

—h2 2 —h2(n hi(k) >0 for j £k

h= f ; , where { EJ)):Z (J)ZO (6.13)
—hn(1) —hu(2) -+ hup(n)

Then, Rank h =n—1 if and only if 31 <j <n such that h;(k) >0,V 1<k#j<n.

Remark 6.4 It is possible that Rank h = n — 1 and one diagonal element h;(j) = 0,
i which case he; = 0, where e; is the jth canonical basis vector of C™.
We can associate to by a stochastic matriz p the elements of which are

he(d) (a
Pk = {2hj<j> it hy @ >0 (6.14)

5jk if hj(j) =0

such that x € C™ satisfies hx = 0 iff pty = y, where y = Diag(h)z € C", if hg(k) > 0
for all k. Hence, if Rank h = n — 1, the components of x can all be chosen to be non
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negative, by Perron Frobenius theorem.

However p is not necessarily irreducible as one sees from the ezampleh = [ -1 1 -1

with o(y) = {0,1,2} that admits the non strictly positive eigenvector (0 1 l)T in its
kernel

Proof. We know 0 € o(h) and by Jacobi’s formula,

d i .
e det(h — 2)|.=o = tr com’(h) = Zldet b, (6.15)
j=

where com(A) is the comatrix of A and fljk is obtained by deleting the j* row and k™"
column of A. In our case

M) e mmG=1) —hGED) e )
b= | Pt b =) =i+ —hj-1(n) (6.16)
T —hia (D) —hj1(G—1)  hja(i+1) —hji1(n)
—h, (1) —hn(j —1) —hn(j+1) hin(n)
is real valued so that a(ﬁjj) = J(ﬁjj). Moreover, by definition, for all k # j
hak) = S (k) = 3 huh), (6.17)
I£k 1k
1#3
so that by Gershgorin Theorem
a(b;) | {26C||z—hk(k)| gZhl(k)} =G (6.18)
ktj Lk ey

17

where the circle Gy, centered at hy (k) of radius > 1xx hy(k) intersects the imaginary axis
1%

if and only if h;(k) = 0, in which case the intersection reduces to the origin. Since the
determinant of f;; is the product of its complex conjugate eigenvalues, (6.18) yields

deth;; > 0, with equality iff 3 k # j s.t. hj(k) = 0. (6.19)
Therefore
> deth;; >0, with equality iff V 1 < j <n, 3k #jst. h(k)=0. (6.20)
j=1
O
This ends the proof of the Proposition. O

6.1 Emergence of a classical Markov process

Coming back to Corollary 4.{7, we know that for times s.t. 0 <t < F#Jré\ In(g)|/g?, the
evolution semigroup e'(P()=lH-]) can be approximated by

PERLE Diag, B(H¢) — Diag . B(Hc). (6.21)
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In the case at hand, ®p is expressed in the orthonormal basis {|¢7)(¢]|}1<j<nc as the
matrix (6.12) denoted by b in Lemma 6.3. The negative of the transpose b7 of b is thus
a transition rate matrix or Q-matriz, associated to a classical continuous time Markov
chain with finitely many states, see [23]. Therefore we can associate to our quantum
problem p = D(p) — ig[H, p] a classical continuous time Markov chain (X;);>¢ on the
state space {|¢])(¢]|}1<j<nc identified with {1,2,...,n} with n = nc, as follows.

Let us recall the general framework. The Markov process (X;):>o is characterised
by the probability to find the process in state j at time ¢ > 0, given the process at time
0 is in state 4, is denoted by

These transition probabilities P(t) = (pi;(t))1<i j<n are solutions to the matrix form
forward and backward equations

P(t)=Pt)Q, P0)=1 < P =Q"P'{1t), P() =T, (6.23)

where @@ = (¢ij)1<ij<n 1S a transition rate matrix such that ¢; < 0, ¢;; > 0 and
Z?:l ¢;; = 0. Hence, with the identification @ = —hT we get the following interpreta-
tion

Theorem 6.5 Consider Ly(-) = D(-) — ig[H,-| under assumptions Spec(H ) and

Coup. Then, the operator ets’ o arising in the approzimation of e*“s provided in
(4.44), describes a (rescaled) continuous time Markov process (X;)i>0 on the state space
Ui @ hi<j<ne ={1,...,n} such that for all T > 0,

P(X, = j|Xo = i) = tre {10 ) (@] 1e** P (le]) (@] ) }- (6.24)
Remark 6.6 Therefore, for any s > 0, the transpose of e*®P is a stochastic matriz.

Let us note that appearance of a classical Markov process on the eigenstates of the
leading order driving Hamiltonian within the derivation of Lindblad generators for open
quantum systems is well known. By contrast, in absence of leading order driving Hamil-
tonian, the state space of the Markov process into play is determined by the eigenstates
of the averaged first order Hamiltonian H , which takes into account the effects of the
reset matrices.

Finally, let us address the computation of the order g2 corrections (4.32) of the
simple eigenvalues Ajx(g) of L4(-) = D(-) —ig[H, ] given by

AR = te{ (M @ o) (]| @ Te) [H. L5 (. 7a @ |9 el @ Ta])] . (6.25)

We prove in Appendix that

Proposition 6.7 Consider L,(-) = D(:) — ig[H,-] under assumptions Spec(H ") and
Coup. Then, the eigenvalues \;i(g) of Ly, see Proposition 4.5, satisfy

2 2
YA+ YAYB+ VB, + .
R(g) < —g* BT (] — o)+ O(g") (6.26)

Remark 6.8 Actually, we show that %Xﬁ) 1s upper bounded by a sum of non positive
explicit contributions. Hence one can decrease the contributions stemming from these
eigenvalues in the approzimations of the dynamics shown in Corollary 4.7 by assuming
the coupling Hamiltonian H makes the lower bounds of Lemma 9.1 below large enough.
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7 Example on C?> ® CY @ C?

We present here an example where the two parts of the Hilbert space on which the
dissipator acts non trivially are both C? = H 4 = H g, while the central part Ho = CV,
with N arbitrary. The orthonormal bases of H 4, Hp and Hc are denoted respectively
by {lg),le)}, {| ), 1)} and {(pj . The reset states associated with rates y4,vp > 0
are

Ta =talg)(gl + (1 —ta)le){el, 78 =tp[ L){ [+ (A —tB)[ )T, (7.1)
where 0 < ta,tp < 1. We consider again a case without leading order Hamiltonian
drive, that is H4 = Hg = Ho = 0, while the order ¢ Hamiltonian reads

H=H,®Ip+14® Hg, where (7.2)
N
a—za 9@ )9 ® @il +ai7le® ;) (e ® @l + 3 anlg ® 1) (e ® pi| + hec.
k=1
N N
Hs =Y 0100 D@ L |+ ]00 Dg;e 1+ Y Belon® Dipp® | + e
j=1 k=1

In other words,
= |g)(gl © HY + |e)(e| @ H + |g)(e| ® [1)(@a] + €){g] ® |Pa) (1] (7.3)
Hy=| D @HP + |10 1@ B + | (@ lon) (@] + | 1| @ [@s)(en] (7.4)

with H#) = Z;V 1 g#)|<pj><g0]| # € {g,e}, P, = Zk 1 a4k, and similarly for Hg,
introducing Hy* = 23, 0|0, (. # € (1.1}, and @5 = T30, B

On the one hand, this example shows our hypotheses can be checked for arbitrary
N and, on the other hand, it can lead to physically relevant models under additional
assumptions, see for instance Section 8 where we deal with qubits (N = 2) subject to
inter-qubit Coulomb interaction and flip-flop type interaction Hamiltonian.

With these definitions we compute

H =t HY + (1—t)H +tpHY + (1 —tg)HD

N
=D (taaf? + (1= ta)af” +isb + (1=t )lei)psl, (75)
j=1
which yields
i =p; and e = (tAa(g) +(1- tA)a(e) + tBbgi) +(1- tB)bg.T)). (7.6)

We can choose the real parameters a§ ), ;e) bgi bm

Spec H' holds for any choice of 0 < ta,tp < 1.

so that the generic assumption

7.1 Leading order term

The next step consists in determining the diagonal elements of the nonnegative operators
h(k) defined in (6.11), 1 < k < N; more precisely h;(k) := (p;|h(k)p;), for j # k. We
first compute

H™ =Hg+ (taHY + (1 —t)H?) 21p (7.7)

H™ = Hy+14® (tgHY + (1 —t5)H). (7.8)
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Since we do not need the elements (@i |h(k)pr), we do not make explicit their con-
tribution, that we generically denote below by ¢;(k) Py, where ¢;(k) > 0, i = 1,2,3,4.
With this convention, we get for the different elements h(k) is made of

trap(H(ta @ Pf @ T5)H) = c1(k)Pi + (1 — ta)|arl*[e1) (@1] + Ok,1t 4] Pa) (o]
+(1—t)|Brlen) (o] + Ountr|Ps)(Psl
tra(H " (ra@ POH™)) = ca(k)Pe+ (1 — ta)|awl?|o1) (1] + k.1ta|Pa) (P4
trp(H " (Pf @ 1p)H ")) = cs3(k)Pe+ (1—1t5)|Brl*lon) (on]| + okntn|®s)(Ps].
(7.9)
Eventually,
9
Mk) = {0 = ta)lanysle1) (1] + Ohata75]a) (@0 (7.10)
YAYB

0k NtBYA|Ps) (Pp] + (1 — tB)|,3k|27A\<PN><<PN\} + ca(k) Py,
The offdiagonal elements h;(k), j # k, of the matrix —®p immediately follow: let

Sk =vp(1 —ta)|ax?, Uy = vBtalag|? for 2<k<N
T = va(l —tg)|Be|?, Vi = vats|Bel?, for 1<j<N-—1. (7.11)

Therefore the matrix form (8.17) of the operator ®p reads

bp = —2
YAYB
hl(l) ~_SQ —53 —54 s —SN,1 —SN — V1
U, he(2) 0 0o ... 0 —Va
—Us 0 hs(3) 0 ... 0 Vs
x . . . b)
: : . 3 0 :
~Un_1 0 0 ... 0 hya(N—1) —Vn
—Uy-Ty -To, T3 -T5 -- —Tn_1 hy(N)
(7.12)

where the diagonal elements h;(j) = T; +S;, 0 < j < N, hy(1) = E;VZQ U; + Ty and

hn(N) = Y00,V + S
Note that o #0 < S; # 0 and U; # 0, while 8; # 0 & T # 0 and Vj; # 0. Hence,
looking at the first row of (7.12), one sees that Coup holds for this model when

asaz...ay_1 #0 and |61\2—|—|ozg\;|27é07 (7.13)
or, looking at the last row, when
BafBs...Bn-1#0 and |Bi|* + |an|? # 0. (7.14)

In either cases, this validates the conclusions of Theorem 5.2 on the invariant state and

the way to compute it. From now on, we assume that either (7.13) or (7.14) holds.
The leading term of the invariant state is determined by the one dimensional kernel

of ®p which turns out to be computable explicitly. We have, noting that S; + 7} > 0
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for2<j<N-1,

x N-1 V;5,
x; —SN+Z]25+T +V

Ker®p =C | . |, where xN—UN—i—Z] 5 S+T + T . (7.15)
: 7U£L‘1+VIN
Ty U= e, 0 2sis N

The corresponding faithful leading order pg, i.e. pp > 0, of the invariant state of the
QRM thus reads

N N

1
Po=ZTA® > wilei) el © 78, where Z =" . (7.16)
j=1 k=1

Actually, the following more explicit expressions are true. With

N-1

J:2 (1—ta VB|%|2 (1- tB)7A|5j|2’
we can write
T = (1 — tA)laNP’YB + y(N)tB(l — tA) + tB|51|2’yA (7.18)
zy = talan*ve +y(N)ta(l —tp) + (1 —tp)[B1*7a (7.19)
zj = talan*ve +talB1*ya + y(N)tatp (7.20)

yavs(lanPta2tp — 1)|B517 + |1t (2ta — 1)|a;]?)

+ )
(1 —ta)ysloy|* + (1 — tg)yalB;l?

for2<j < N.
Note in particular the generic nontrivial dependence on j of the populations of (the
reduced) leading order pg of the invariant state. Further remarks are in order:

e For non zero coefficients a; and 3;, x; is independent of 2 < j < N — 1 if

(2ta — 1tp (2t5 —1)ta
(1—ta) (1—tg)

e In case we consider thermal states for 74 on C?, # € {A, B}, such that ty =
m, with excitation energy Fyx > 0. We get that ¢4 — 1 when Sy —
0o, while ¢4 — 1/2 when B4 — 0, which shows that at high temperature, the
populations tend to be constant.

ValBr? = velan|?. (7.21)

8 Example on C?® C? @ C?

With the previous example considering Ho € CV, we could derive the exact expressions
of the map ®p and of the leading order solution. However, going to first order correction
and beyond requires considerable effort and would not be enlightening for the reader.
This motivates this second example, where we restrict Ho to be in C? and consider an
interaction Hamiltonian H that is appropriate to describe effective physical systems.
The goal of this section is twofold. First, we derive explicitly higher order corrections
illustrating the theorems of Sec. 5, showing that we can capture the main features of
the dynamics with relatively little effort as compared to the complexity of the system.
Second, we make a clear connection between a tri-partite quantum reset model and
models suitable to describe realistic physical systems.
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8.1 Model

Explicitly, we consider here a chain of three qubits characterized by their bare energies
ea,ep,ec entering Hy. They are interacting through H. The two Hamiltonians are
given by

Hy ealN1 @1 @I +Ia®ec|l)(1| @1+ 14 @1c @ ep|l)(1], (8.1)
H = U(1)ac(1l|®lp+ 14 ® ([11)cp(11])
+(Ja|01) 4c (10| @ I + 14 ® J5|01)cp (10| + h.c). (8.2)

Without loss of generality, we assume the interaction strengths U, J,, Jg to be real.
This model could be effective for instance for three qubits subject to nearest-neighbour
interactions: a Coulomb interaction (set by U) whenever two adjacent qubits are oc-
cupied and to a flip-flop interaction term of the form |01)(10| + h.c. that conserves the
number of excitations (set by Jy, Jg with J, # Jg). In the ordered computational basis
of the three qubits

{|000), |001), |010), |011), |100), |101), |110), |111)}, (8.3)

the total Hamiltonian H;,; = Hy + gH reads

Htot = (84)
0 0 0 0 0 0 0
0 es gJs 0 0 0 0 0
0 gJs ec 0 gJa 0 0 0
0 0 0 ep+ec+gU O gJa 0 0
0 0 gJa 0 eA 0 0 0
0 O 0 gJa 0 eg+tep 9Js 0
0 0 0 0 0 g9J3 es+ec+gU 0
0 0 0 0 0 0 0 ea+ep+ec+29U

This model corresponds exactly to the previous example with N = 2 and setting;:

a1 =By =a) =al? =al? =Y =D =M = (8.5)
age) - bg“ =U, ag=Jo, B1=Js, (8.6)

The ground state for the three qubits is now simply given by |000) and corresponds to
|g ® p2® 1) in the previous example with N = 2. For clarity, we provide the expression
of Hyp in the form introduced in (7.2)

Ho =Ule®p1)(e® @1] + Jalg @ p1){e ® @2| +h.c. (8.7)
Hg =Ulp1 @ 1){p1 @ I+ Jslp2® L) (1@ T [+ hoc.
The two ends (A and B) of the 3-qubit chain are weakly coupled to their own thermal
baths at inverse temperatures S, and Sp with coupling strengths v4 and yp respec-
tively. Dissipation takes place following QRM . The reset states are assumed to be

thermal states defined by the Maxwell-Boltzmann distribution with their respective
inverse temperature Sx = 1/T% (kg = 1 in the following) in the basis {|0), |1)}:

1 (1 0 [ty 0
T#_Z#(O e—ﬂ#e#)_< 0 1_t#>7 #E{AuB} (88)

Note that since the ground state |0) in the C part of the Hilbert space corresponds to
| 1), the substitution tg — (1 — tp) is in order to use the results of Section 7.
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Let us remark that this model for a tri-partite open quantum system differs from
previous works on reset models in the context of quantum thermodynamics, studiying in
particular quantum absorption refrigerators and entanglement engines, Refs. [4,29,31].
These models consist of a chain of 2, 3 or N qubits, each of them being coupled to
its own thermal bath. Dissipation due to the presence of environments is captured
through QRM . In Ref. [29], the steady-state solution for 3 qubits with three different
environments is derived analytically, whereas the case of two qubits is fully solved in
Ref. [4]. In contrast, in this work, we derive the steady-state solution considering an
arbitrary system C only coupled to the two ends A and B of the chain, as long as Hgo
satisfies generic assumptions.

8.2 Generic assumptions

We first check the assumptions for Ho and H. The condition Spec(H¢), is trivially
satisfied in this case as the spectrum o(H¢) = {0, ec} is simple with ec # 0. We can

then verify Spec(H ) with
H =trap(Hra®loc@71p)=U((2—ta—tp)|1)(1], (8.9)

as defined by Eq. (4.13). The spectrum o(HT) = {0,U(2 — ta — t5)} with associated
eigenvectors {|0), |1)} is simple whenever U # 0 and t4 + tp # 2 where t4,tp stand
for the ground state populations of the reset states 74,7p. The identity t4 + tg = 2
is only satisfied for zero temperature reservoirs, t4 = tg = 1. Hence we stay in the
generic case, t4,tp < 1. The condition U # 0 also tells us that a flip-flop interaction
Hamiltonian of the form (]01)(10| 4 h.c.) is not sufficient to ensure the required non-
degeneracy conditions in the O-subspace of L£y. We easily verify that the kernel of Lg
has dimension n% =4if Ho =0and nc =2 if Hg #0.

In the following, we will restrict the derivation of the steady-state solution up to the
second order correction assuming no drive, i.e. Hy = Hg = Ho = 0. Let us note that
in two dimensions, there is no loss of generality to consider the reset states 74 and 75
defined as thermal states with respect to H4 and Hp.

8.3 Leading order solution, no drive

Under Spec(}_IT) and Lemma 4.1, the first-order-correction projector Qoﬁl C~20 in the 0-
eigenvalue subspace is fully characterized by the map ® acting onto Hc¢, see Eq. (4.25)
and Theorem 4.3

®(-) == trap([H, Ly " ([H,7a ® Diag(-) ® 78])]) : B(Hc) — B(Hc) N{pc |trpc = 0}.

(8.10)
In contrast to the previous example, we can compute explicitly here the map ¢ and
not only ®p. To this end, we consider pc to be initially in an arbitrary diagonal state
(with respect to the eigenbasis of H )

0
ree 0 )
po = : 8.11
(% 2 811
Defining the linear form on C?

X(reore) = —re(J3(1 —te)ya+ JA(L = ta)ye) +re(Jteyva + Jatays),  (8.12)
we find the matrix ®(pc) € B(Hc) to be given by (with respect to the eigenbasis of

—=T

H)

(o) = — (X(TOC’@ 0 1)). (8.13)
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Note that ®(p¢) is diagonal, so that for this example we have ®(-) = ®p(-). In particular

'YAtBJg +vptad? 0
Ker & p(-) = 14
er®o() C( 0 (L~ 18)J2 4 sl — ta)J2 (8:14)

is one dimensional, so that Assumption Coup is satisfied. Then Ker ®p provides the
(0)

leading order steady-state solution pg = 74 ® p’ ® 78 with
vateJ5+vptaJl 0
) _ yaJj+yBJ2
pPc = 0 ya(l—tp)Ji+vp(1—ta)J2 (8'15)
yaJ5+yBJ2

Interestingly, the zeroth order solution is the exact solution in the equilibrium situ-
ation, i.e. when 74 = 75 = 7, the state pp = 7 ® 7 ® 7 satisfies for any g € R (or C)
L4(po) = 0, an instance of Remark ii) 5.3.

Remark 8.1 In this example, the matrizx ®p can also be derived directly from the
previous example with N = 2, starting from the positive operator h(k):

2
YAYB

(k) ( lanl(1 = ta)yp 11 + |8elt57410)(0]
478000 + (1= t5)7al (1] ) + ca(B)P(k).  (8.16)

In the basis {]0)(0], |1)(1]}, given (8.5), the substitution tg — 1 —tp, and according to
(7.12), the matriz ®p reads

®p > . (8.17)

_ -2 ’YAJE(l*tB)+'YBJO2((1*tA) 7’}/,4(]51537’)/3(]02(1514
ave \ —vadi(l —tg) —vpJi(1 —ta) vatjts +vBJ5ta

whose kernel in this same basis is generated by the two-dimensional vector
Ker ®p = C(vadjts +vpJota, vadj(1 —tg) + v Jo(1 —ta))". (8.18)
Let us note that ®p, when written as a superoperator acting onto diagonal matrices,

takes a diagonal form, see Eq. (8.13).

8.4 Underlying Markov process

We have enough information here to determine the natural two-state classical continuous
Markov process associated to the model, according to Theorem 6.5. The state space is
denoted by {0, 1} = {|0)(0], |1)(1]}, and by (6.24) we need to compute e**? to determine
the transition probabilities of the process

P(X, = j|Xo = k) = tr{[k) (kle*®2 (1) (G])} = (€**P)ng, 0<jik <1 (8.19)

The spectral decomposition of ®p in the matrix form (8.17) is easily obtained. Intro-
ducing
or =vadjts +yBJota, - =vaJ5(1—tp) +vpJL(1 — ta), (8.20)

we have

o(®p) = {0, ~2(¢+ +¢-)/(vavs)} = {0, ~2(vaJ5 +78J2)/(vayB)}, (8.21)
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with eigenvector associated to the non zero eigenvalue proportional to ( 1 fl)T. Hence,

-2 + o
YAYB
with spectral projectors
(E)XE] X))
- 1 —1 —py
Qo = ; = . 8.23
o +or i o +or (8:23)
Therefore, with § = 23(p+F¢=)
YAYB
e — e T3Q L+ Q= L (90—5- + 67680— P+ - 6%<P+> _ (8.24)
P Fop \p-—e TP p_teCpy

In turn this eventually yields the sought for transition probabilities

Prte - px,— Xy =1)= L=t Pt

P(Xs; =0|Xo=0) = ,
Y-+t P— t P4

p-(1—e™) pr(l—e)
P(X, = 1|Xo = 0) = , P(X,=0[Xo=1) = . (8.25)
’ -+ o4 ’ ’ -+ o4

We stress that in absence of leading order driving Hamiltonian, the state space of the
Markov process into play is determined by the eigenstates of H ", that takes into account
the effects of the reset matrices.

8.5 Higer-order corrections, no drive

We now illustrate Theorem 5.2 by deriving the converging expansion of the unique
invariant state of £,

po(g) = po+gpi+ g p2t ... with, po=7A®pY @75, (8.26)
and
ijRj—I—TA@Tg)@TB Vi>1. (8.27)
We recall the definitions for convenience
R; = ily'([H,pj-1]),
Offdiag,r) = —i[H ", (Ofidiag,tran([H, L5 ([H, p;1])])),
Diag,r) = —&3!(Diag, trap([H, Ly (i[H, R; + T4 @ Offdiag, r¥ @ m5])])) .

For the first-order correction, we start computing Ry = iLy([H, 74 ® p(CO) ® 7p]) which

can be expressed with F; = i(|01)(10| — |10)(01]) (acting on H4 ® Hc or He @ Hp
depending on the context) as
@A-—tB)JaJﬁ

R =——%—""— (gl Ja F
1 VAJ%‘+'VBJ3 ( sF ®71B+ JouTa ® )
AKtA"tB)J@JB . .
R T (7 2(101)(10] = [10)(01]) @ 7 + JaTa @ i(|01){10] ~ 10)(01])).
(8.28)
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We first note that since ® = ®p, the expression for OffdiagT?“(C1 ) reduces to zero:

Offdiag, rl)) = —i[H ", ]~ (Offdiachb(p(C?))> —0. (8.29)

Then, it remains to determine DiagTrg ) to get the first order correction in g. Thanks

to (8.29) and using (8.28) for Ry, we compute
Diag, 7y = @}, (Diag, trag([H, L5 (i[H, R1])])) = 0. (8.30)

Hence, the first order correction is simply given by R, p1 = R; and we obtain

polg) =74 ® p) ® 7 + gR1 + O(g?). (8.31)

We proceed with the second-order correction and compute Ry = ily ' ([H, R1]).

The matrix Ry is rather complex and we provide the expressions for its diagonal and

off-diagonal elements separately. Its 8 diagonal elements in the ordered basis (8.3) are
proportional to by

. )
Diag(R) = %WZ <tAtB(7A —vB), —ta(tpya +v8(1 —tg)),
taya(l—tg) —tpyp(1 —ta), (1 —tp)(taya —yB(1 —ta)),

te(vBta +va(l —ta)),vata(l —tg) — yatp(l —ta),

(1 —ta)(vpte +7a(l —tp)), (1 —ta)(L —tp)(vB —7a) > (8.32)

For its off-diagonal elements, we introduce Fp = |01)(10| 4 |10)(01| and the coefficient
matrices

YA 0 B 0
Iy = ; I'p= . (8.33
2= (8 seemtazi ) 5 = (8 e ) 6
The matrix Ry can then be written in a compact form
2JaJ5(tA . tB) . 1
R —{Dla Ry) + —— 8.34
? Jiva+ J2vs 8(Rz) YA+ B (8:34)
—J Ul —t JgU(1 —t
X(—( A)TAFA®F2+7’6 ( B)F2®7'BFB
2vp 294

— %(JﬁtA — J3t)[001)(100] + %(Ji(l —ta) — J5(1— tB))\11o><011|)} .

For Offdiagr(cg), we find that it is equal to 0. This leads us to:

X® 0 )

Diagrg>< 0 _x® (8.35)

- 72 72
@ _ QZJaJﬁ(tA—tB) 3.36
- 2 A2 2 2 ( . )
Yave(va +v8)(J5va + J37VB)

X{(VA +7v8)(J574(2v4 — vB) — J2vB(2vB — 74))

+UA((1 =t (v + (1= ta)va) = (1= tB)7d(va — (1= t5)7m)) |
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The solution up to the second-order correction is then given by

p0(9) =74 ® (P + *rE) @ 75 + g Ry + ¢*Ra + O(g%) . (8.37)

We note that coulomb-interaction term like in U starts playing a role when considering
the second-order correction.

9 Appendix

We provide here the proof of Proposition 6.7.
Proof. By computations similar to those performed in the determination of ®p, we
have with P]; = |<p§><gp;|,

1
—1 T T
(H,£5 (Hy 7 ® Pl © 7)) =~ ——— [H. [H.74.® Pj @] (0.1
VB/VA —+TB VA/’YB —=TA
——[H,[H ", 74 P ] ® ——— " [H,m4®[H ",P.®
YA +7B[ [ T ]k} 3] YA +7B[ gl ik 2]

2 2
7A+FYA’YB+’YB T T T

— el —er)|H, 74 ® P, ® 8]
'YA’YB(’YA‘F'YB) ( k)[ jk B]

J

(1)

The last term in (9.1) yields the following contribution to A jk > using cyclicity of the

g7 T — T T
trace and H ¢} = el 7,

YitarB+B

el —el)? <0. 9.2
vave(va +7B) ( ) (9:2)

J

Then, using cyclicity of the trace and P, Pj, = Py, we have

tI‘(HA ®P;;rj ®HB[H, [H,TA ®Pfk ®TB]]> = 72tI‘(HA ®P;;rj RIpHTx ®P]Tk ®TBH)
+tr(H(TA ®P]Tj ®TB)H) +tI‘(H(TA ®P]z]€ ®TB)H)
=tr(H(tAa ® Pj; @ Tp)H) + tr(H (14 ® Ppj, @ 7)H) — 2(trap(H (14 ® Pj), @ 75)H)) ji-
9.3)

Here Ajj. denotes the jk of the matrix A € B(H¢) with respect to the basis {7 }. Note
that the operators in the full traces are non negative, whereas the last term is a priori
complex valued.

Similarly,
tr(la ® P @ Ip[H,7a @ [H ", P, ® 78]]) = (9.4)
trac(H (Pl @ m5)H ) + trac(H " (Pl @ mp)H ") = 2(trp(H " P, @ T5H ")) i,

and the analogous formula holds for the term involving H ”. These expressions allow
us to bound below their real part by a non negative quantity, as the next lemma shows.
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Lemma 9.1 Under the hypotheses above, we compute

Rur{ (s © P, © 1) [H, [H,74 @ P}, @ 75]]}
> tr{(HA ® (Ic — Pj;) @ Ip)H (1A ® PJ; @ T3)H(I4 ® (Ic — P;) ® HB)}
+ same with k < j. (9.5)
mr{h ® Py @Ig[H,ra® [H™*, P} ® TB]]}
> tr{((ﬂc — P} @Iz H ™ (P, @ m5)H ™ ((lc — P) @ I[B)}
+ same with k < j. (9.6)
éRtr{HA ® Pl @lIp)[H,[H™", 74 ® Pj| ® 5] }
> tr{(Ls @ (lo = P[))H ™ (ra @ PR ™ (La @ (Ic — P})) }
+ same with k < j. (9.7)

Remark 9.2 Since

(Ia® (Ic = Pj;) @ Ip)H (14 ® Pj; @ T5) H(I4 ® (Ic — PJ;) ® Ip) = (9.8)
(ry/* ® P @ 7)) H(ly ® (Ic — P};) ©15))*
x (14> © PL @ ry/ ) H(14 ® (Ic — PJ;) ©15))

is a non negative operator, we get from (9.1), (9.2) and the Lemma that

2 2
v +vavB + 7
Al < 74 B (eT _¢T)2 <0, 9.9

ik = ,VA,YB(,YA_’_,VB) ( J k:) ( )

which proves Proposition 6.7.
Proof. We prove the first inequality, the others are similar. Let G = H (Ti/ *®@Ic ®
T;/z), so that the real part we need to consider reads, see (9.3),

r(G(La®PL@lp)G*) +tr(G(La® Py ©lp)G*) —2tr(1a® P, 1) G(1a® PL ®15)G").

(9.10)
Spelling out the traces we get
T * T T 2
tr(GIa@ P, @1p)G*) = > > et @ef @ ol|Goi @] @ )| (9.11)
n,m,r,s 1
tr((Ly @ PG, @ 15)G(I4 ® P, @ 15)G*) (9.12)
= Y (P el @ePIGel @ 0F ® pE)efh ® 9] ® PEIG o ® 0] ® pP),

n,m,r,s

and we observe that the complex conjugate of (9.12) is obtained by exchanging j and
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k. Hence we can express the real part of (9.10) as

T T 2 T T 2

D et @] @ 0PIG oft ® 0] @ 9B)|” + |(0f ® 0F ® 0P |G i © of © VB
— {7 ® 0f ® VPG 0l ® % ® BN ® 0] ® LG ® ] ® pP)
— (o ® 0] ® PP 1G fy ® ] ® Ph ) ® 0f ® LG i @ vF ® PP)

2 2
+ {0 ® 0 ® ©PIG ol @ o7 ® O2)” + [(0f @ ¢] @ PG pi @ of ® 5]

+ 3 N [t el @BlG et ® ¢l @B + (v ® o] ® 9P|G v ® of ® ¢B)|%.

n,m,r,s 1Z{j,k}
(9.13)

With a = (07 ® ¢] @ 0Z|G vt © 0] @ pf) and b= (v @ ¢} @ VZ|G vt @ ¥} @ Vh),
we rewrite the first four terms of the summand as

jaf? -+ [bf? — ba — ab= ( (Z) | (11 ‘11) <‘bl) ) >0, (9.14)

. 1 -1 - .
since (_1 1 ) > 0. The remaining terms can reorganised as follows,

S [t el ®ePlGet @Bl + > (v @ el ® 9P|Geh @ o] ® pB)|?
n,m,r,s 1Z{j,k}
= 3 STt 0o @ oPIG o © ¢T @ B)[?

n,m,r,s l#£j

_ tr{(]I —14® P, ®1)G(a & P, ®15)G*(I-14® P}, ® HB)}, (9.15)

and similarly for the terms with second index equal to k, which yields the result. O
And the proof of Proposition 6.7 is finished.
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