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Abstract

We define coined Quantum Walks on the infinite rooted binary tree given by unitary
operators U(C') on an associated infinite dimensional Hilbert space, depending on a unitary
coin matrix C' € U(3), and study their spectral properties. For circulant unitary coin matrices
C, we derive an equation for the Carathéodory function associated to the spectral measure of
a cyclic vector for U(C'). This allows us to show that for all circulant unitary coin matrices,
the spectrum of the Quantum Walk has no singular continuous component. Furthermore, for
coin matrices C' which are orthogonal circulant matrices, we show that the spectrum of the
Quantum Walk is absolutely continuous, except for four coin matrices for which the spectrum
of U(C) is pure point.

1 Introduction

Simple or coined Quantum Walks are defined as the discrete dynamics of a particle with an
internal degree of freedom, called coin state, on a graph. The dynamics of a simple Quantum
Walk, QW for short, consist in the repeated action of the composition of a unitary coin matrix
on the internal degree of freedom followed by a finite range shift on the graph, conditioned
on the coin state. In other words, the shift makes the particle propagate on the graph,
whereas the coin state somehow selects the direction of the motion. QWs of this sort are
sometimes considered as quantum analogs of classical random walks on the underlying graph,
see e.g. [2, 22, 24, 31]. Consequently, QWs play an important role in computer science, in
particular in the development of search algorithms by the quantum computing community,
see [1, 27, 25]. QWs have also been introduced to provide effective dynamics of physical
quantum systems in certain asymptotic regimes. For example, quantum lattice gases, or the
dynamics of an electron in a two dimensional random background potential submitted to a
large perpendicular magnetic field can be described in terms of QWs. Also, the dynamics
of atoms trapped in time dependent optical lattices, that of ions caught in suitably tuned
magnetic Paul traps or the propagation of polarized photons in networks of waveguides are
experimentally well captured by deterministic or random QWs e.g. [26, 8, 23, 28, 32]. These
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models naturally led to the study of random QWs, [21, 5, 18, 19, 15]. Further generalizations
have been proposed, notably extensions from the unitary framework to completely positive
maps [1, 13, 6] defining open QWs, and from stationary to time-dependent QWs [4, 17, 14].
The popularity of QWs in different fields illustrated by this non exhaustive list is certainly due
to their flexibility in modeling and to the tractable, yet non trivial, mathematical analyses
of their transport and spectral properties that their structure allows.

In this paper, we construct QWs on rooted binary trees and we address their spectral
properties in a stationary, deterministic and homogeneous setup:

On the one hand, we provide a general definition of coined QWs on the infinite rooted
binary tree, which, despite the interest of this particular infinite graph for many applications,
does not seem to appear in the literature. Informally, the QW describes the dynamics of
a particle with coin state in C3 on the binary tree, with certain boundary conditions at
the root. The shift makes the particle jump from a site of the rooted binary tree to the
nearest neighbors of this site, and the coin state update is performed by a matrix C' € U(3).
The resulting QW is denoted here by the unitary operator U(C) on the associated Hilbert
space, where the coin matrix C' appears as a parameter. The precise construction of U(C) is
provided in Section 2, see Definition 2.5, together with some of its symmetry properties.

On the other hand, we address the spectral properties of the QW when the coin matrix
C belongs to U(3) N Circ(3), the set of circulant unitary matrices introduced in Section 3.
We make use of the structure of the tree to derive an equation for the Carathéodory function
of the spectral measure of a cyclic vector for U(C') in Section 4, Theorem 4.2.

This technical result allows us discuss some spectral features of the corresponding QWs,
as stated in Corollary 4.4 and Theorem 4.5. In particular, we prove the absence of singular
continuous spectrum for U(C'), when C € U(3)NCirc(3). Moreover, when C' € O(3)NCirc(3),
the set of orthogonal circulant matrices, we prove that U(C') has purely absolutely continuous
spectrum, unless C' is a permutation matrix, up to the sign, distinct from the identity. In
the latter cases the spectrum of U(C') consists in six infinitely degenerate eigenvalues.

Let us note that there exist constructions of QWs on binary trees, [12], which, however,
do not have the simple structure of coined QWs, and therefore lack the quantum mechanical
interpretation of discrete dynamics of a particle with internal degree of freedom (or spin). Our
definition is based on [15] which considers random coined QWs on the full homogeneous tree
of coordination number 3, with different families of boundary conditions that are discussed
below. An analogous special symmetric QW on the homogeneous tree was constructed [10],
with the main difference that the repeated action of the coin state conditioned shift alone
does not induce propagation on the tree.

The study of spectral measures by means of their associated Carathéodory function is
quite natural for unitary operators of all sorts, see e.g. the textbooks [29], [30]. In par-
ticular, the spectral analysis of several inhomogeneous deterministic QWs defined on the
one-dimensional lattice is successfully based on the same technical tool, see the review [9]
and references therein.

While the results of [15] concern the localization-delocalization spectral transition in a
random framework, they don’t address the deterministic homogeneous QW on the tree. In
the analogous self-adjoint setup where the operator of interest is the Laplacian on the tree,
the spectral analysis is performed either by explicit diagonalization via the Fourier-Helgason



transform, by reduction to an infinite direct sum of one-dimensional Jacobi matrices, or by
computation of the resolvent operator, making use of the symmetries of the Laplacian, see
e.g. [11], [30]. We follow the last mentioned route in our analysis of U(C). Even though
we cannot prove it, we expect the spectrum of U(C) to be absolutely continuous for any
C € U(3) that is not a permutation matrix, up to phases, distinct from the identity.

Acknowledgements A.J. wishes to thank Eman Hamza for many useful discussions at
an early stage of this project.

2  Quantum Walks on the Binary Tree

We recall here the part of the general framework developed in [15] which is relevant for the
definition of QWSs on binary trees. We start with the definition of QWs on the homogeneous
tree T3, of coordination number equal to 3.

2.1 Homogeneous Tree

Let 73 be the tree corresponding to the free group generated by
Az ={a,b,c} with a®>=0>=c®>=e, e the neutral element. (1)

Choose a vertex of T3 to be the root of the tree, denoted by e. Each vertex x = x1x2... 2y,
n € Nof T3 is a reduced word made of finitely many letters from the alphabet As. Accordingly,
an edge of T3 consists in a pair of vertices (x,%) such that xy~! € As. This last relation
defines nearest neighbors in 73 and any vertex has thus 3 nearest neighbors. Any pair of
vertices z and y can be joined by a unique set of edges, or path of 73. The distance ||
of a vertex x = 129 ... 2, to the root is n and we denote by d(z,y) the distance between
two arbitrary vertices. Given the order Az = {a,b,c}, the sequence xa, xb, zc of nearest
neighbors of any x, is ordered around x in the positive orientation. By iteration, this provides
a unique numbering of the vertices of 73, which we identity with 73, see Figure 1.

The Hilbert space K3 of the QW on the homogeneous ternary tree 73 consists in two
parts. The configuration part of the Hilbert space of the QW is defined by

B(Ts) = {w =Y wule) st v, € C Y laf? < oo}, (2)

z€T3 z€T3

where |2) denotes the element of the canonical basis of [?(73) sitting at vertex z. The internal
degree of freedom of the quantum walker, aka spin or coin state, lives in C3, the coin Hilbert
space, so that the total Hilbert space of the walker is

Ks =Tz ® C>. (3)

The canonical basis of the coin Hilbert space is labelled by the same symbols and is thus
given by the ordered set {|a), |b),|c)}. Finally, we denote the corresponding canonical basis
of K3 by

{zr@a=|z)®]a), €T3 ac As}. (4)



Figure 1: Construction of 7.

The dynamics of the quantum walker we consider, dubbed a coined QW, is given by the
composition of a unitary update of the coin variables in C? followed by a coin state dependent
shift on the tree.

Let C' € U(3) be a unitary matrix. The unitary update operator defined by I ® C' which
acts on the canonical basis of I3 as

I[eCxeT=|r)x|CT) = Z Corz® o0, (5)
g€A3
where {Cor} (5 r)c Az denotes the matrix C' in the ordered canonical basis of C? above. In

order to express the coin state -dependent shift S on K3 = 73 ® C3, three shifts on [?(73)
are introduced. Let z., respectively x,, denote vertices at even, respectively odd distance of
the root. Such vertices will be called odd sites, respectiveley even sites in the sequel. For

a # b€ Az, we define S, on I12(73) by
Sab = Z |zea)(ze| + Z |ob) (@ol- (6)
re€Ty To€Ty

The operator Sy, is unitary and such that S, = S&)l =5 The following immediate
property justifies the name shift for S,,. For each = € 7T, consider H%b the Sy p-cyclic
subspace generated by |z),

H = span {S|x), n € Z} C 1*(Ts). (7)
Lemma 2.1 The subspace H2 is isomorphic to 1*(Z) and Sy is unitarily equivalent to the
shift on 12(Z).

With Sp. and S, defined similarly on I2(73), the coin state dependent shift on K3 is defined
as

S = Spe @ |a){a| + Sea @ [B) (D] + Sap @ |c) Zsb®! (8)



where O indicates that all circular permutations the ordered set {a, b, ¢} appear. The unitary
operator U(C') describing the coined QW on K3 is defined as U(C) = S(I® C), where the
coin matrix C' € U(3) is viewed as a parameter of the QW. More explicitly, the action of
U(C) reads with (6),

U©) =Y | D lzea)(zel @ [)elC + Y |zob){wo| ® |e)(clC | - (9)

O 33667:1 1'067:1

Remark 2.2 For coined QWs defined on general homogeneous trees Ty, with ¢ > 3 and more
properties, see [15]

Let us note here one symmetry property of the model. Other symmetries are expressed
in Proposition 2.7. For z € T3, let T, be the isometric simply transitive map 73 — T3 defined
by T.x = zz. Using the same notation for the corresponding operator acting on [2(73), we
have that T, ! =T, = T on I?(T3). For a,b € A3

TrSawT, = Sap if |2] is even, T ST = Spa if |2] is odd. (10)
Similar results hold for the other shifts. In particular, extending T, to K3, we have
[S, T, ®1] =0, if |z| is even. (11)

Remark 2.3 The notation (9) allows us to consider that each site x of the tree carries a
coin matriz C(z) € U(3), which, in this case, is identical on each site C(x) = C for all
x € Ts. For later purposes, following [20], [18], [14], we consider C = {C(x) € U(3),z € T3}
a collection of coin matrices and consider

UE) =3[ > lwea)ze| @ |e)(clClae) + Y lwob)(wo| @ e)(c|Cl0) | - (12)

O Te 67:1 Zo 67:1

This is a well defined unitary operator on Ks, for any collection C.

2.2 Rooted Binary Trees

Making use of definition (12), boundary conditions which preserve unitarity and restrain the
configuration space of the motion of the walker can be defined, see [15]. In particular, the
motion of the walker can be confined to the rooted binary tree 7p, with associated Hilbert
space Kp we now describe.

Denote by &3 the set of all permutations of the labels of A3 and let 7 = (acb) € S3 be
the anti-cylic permutation. Consider the corresponding permutation matrix in the ordered

basis {|a), |b), |c)}

010
C,=[0 o0 1. (13)
100



Let C' € U(3) be given and let e € T3 be the root. We define a site-dependent collection of
matrices C. = {C(z) € U(3)}ze7; by

Cla) = {gw ot}ililjv’isi.l (14)
and consider U(C,) defined by (12). As observed in [15], the subspace
He =span {e®a,a @ c,e @b,bRa,e®c,c® b}, (15)
is invariant under U (C.) and (U (C¢)|3.) = {1,e/3,- -, ¢7/3}. Moreover, the three infinite
dimensional subspaces H%, H’ and H¢ given by
H® = span {a ® a,a ® b} U {ay ® a,ay @ b,ay @ c}jay|>|y/>1 (16)

and by circular permutation of the indices for #* and H¢, are all invariant under U (C,). This
is due to the fact that the QW couples nearest neighbors on 73 only, and that the subspaces
H?, # € {a,b,c}, are separated by H. which is invariant. Actually, each of the subspaces
H# is a direct sum of two infinite dimensional subspaces invariant under U(C,), as easily
checked.

Lemma 2.4 The following decomposition holds
H = Hawa D Hawp, (17)
where the subspaces Hoga and Hagpy invariant under U(C.) and given
Hawa = span {a®@a}U{aby ® a,aby @ b, aby @ c}|apy|>|y|+2>2
Hagy = span {a @b} U{acy ® a,acy @ b, acy @ c}aey|>|y|+2>2- (18)
Permutation of indices yield similar invariant decompositions for H® and HE.

Let us focus on the index a. We denote by U,(C) the restriction U(C.)|ye that we view
as a QW on a binary tree 75 with root a going forward in the direction a, with coin space
of dimension 3 over each site of this rooted tree, except over the root a where the coin space
is of dimension 2. In other words

Tlg - {a} U|ay|>‘y|21 {ay} (19)

with corresponding Hilbert space l2(7'§) and K4 = H® which depend on a, as subsets of
I2(T3) and K3. See figure 2. By definition, the coin matrix at each site of 72 is given by C,
except at the root which carries a two-dimensional coin state, where the boundary condition
states that the update of the two basis coin states |a), |b) is carried out by means of Cj:

UsC)a®a=ab®c and U,(C)a®b=ac®a, (20)

where
Kg = (C?L @yeTg\{a} (Cg. (21)
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Figure 2: The binary tree T, with sites indicated as black dots.
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Figure 3: The rooted tree T2°, with sites indicated as black dots.



Taking into account the finer decomposition (17), we define

75" = {a} Ulaby|>yl+2>2 1aby } (22)

the tree rooted at a such that a has coordination number one to ab, and all other sites have
coordination number 3, see Figure 3. The corresponding configuration and total Hilbert
spaces are [2(T2") and K% = Haga respectively, where

,COBb — (Ca @yGTgb\{a} (Cg, (23)

which are subsets of [?(73) and K3. The tree T4¢ and Hilbert spaces (?(T5¢) and K% = Hasb
are defined similarly. We view Uy (C) = U(Ce)|31,5, and Uue(C) = U(Ce)|#,,, as QWs on
K“Bb and K%', such that

Ua(C) = Up(C) ® Upe(C) on Kf = K¥ © K% (24)
The boundary condition at the root a of T2” and T2¢ then read
Unp(Cla®@a=ab®@c, Usp(Cla®b=ac® a. (25)
This yields the

Definition 2.5 A coined QW on the rooted tree T is defined by Uyy(C) on KY, whereas
a QW on the binary tree Tg is defined by U,(C) on K%.

Remarks 2.6

i) The QW defined by U,(C) is a direct sum of independent QWs on IC”]_‘;b and K% , according
to (24). We discuss ways to couple them at the root in section 2.3.

ii) Similar interpretations hold for the restrictions Uy(C) = U(Cp)|yp and Uo(C) = U(Ce)|pe-
i11) While we will not consider such generalizations, it is possible to decorate the entries of
the matriz C; which define the boundary conditions by independent phases.

The QWs Ux(C') defined on Kﬁ for # € {a,b,c} are related to one another as the
following proposition shows.

Proposition 2.7 Let o = (abc) € &3 and C, € U(3) the corresponding permutation matriz.
There exists a unitary operator V. on K3 such that V3 =1 and

V(IC?) = ICUB(#), for all # € {a,b,c},
Ug(C) = V', (CoCCTMV. (26)

In particular, we have on K3,
ue)=v1tuc,cohv. (27)
Also, with V, = T, 'VT,, one has Vo (K¥) = K% and

Unp(C) =V, WU (C,COT V. (28)



Corollary 2.8 For any C € U(3)

o(U(C)) = o(U(CoCCY)), a(Ug(C) = 0(Us(yp (C,CCF)),
o(Ua(C)) = U(UaC(COCCa_l))- (29)

Remarks 2.9

i) All statements remains true if o is replaced by w, due to the relation o = 7.

i1) This symmetry shows that on the homogeneous tree, coin matrices that are unitarily
equivalent by means of C, or Cr give rise to QWs with identical spectrum. On the binary
tree, this property remains true provided the QW takes place on a different binary tree.

Proof: Let ¥ : 73 — T3 be defined by X(xi29---x,) = o(z1)o(z2)---o(xy,), for any
reduced word z1x9 -z, € T3, where x; € As. The inverse of ¥ is II s.t. I(zyxe---2y) =
m(xy)m(xg) - w(xy,). We keep the same notation for the corresponding unitary operator on
12(T3) defined by

Y|z xy) = |o(x1)o(z2) -+ o(xy)), (30)
for any basis vector |z1z2 - ,). The equivalent definition holds for II : 1?(73) — 1*(73).

Then, by construction, ETgE = 7};(#), for all # € {a,b,c}. Consider Sy,. By looking at the
action of the basis vectors |z) € [?(73), one gets SypY = YSr(ayr(vy and similarly for circular
permutations of indices. Define now the unitary operator on Kg

Restricting attention to vectors in B3 = span {z®7 | » € T3, |x| > 2,7 € A3} where all coin
matrices Uy (C') are equal to C, we have

(Sap @ [)(c|CW gy = SanX @ [e)(c|CChslgs+ = ESr(ayr(v) @ lo(m(e))) (o (m(c))|CCh g

= (@ Co)Sa(aym(r) @ Im(€))(m(c)|Co CCol g (32)
Summing over all permutations of the labels {a, b, c}, we obtain
ST C)E® Co)lgps = (E@CJ)S(H®C;ICCJ)|%2+. (33)
This argument actually shows that for U(C') on K3 , we have
vee)=v-1tuc,cchy, (34)
and that
U#(C)\B;rmcg = V_an(#)(CaCC(;l)V\B;rmcg- (35)
Consider now the action of Ux(C) on the root of IC , 1 on the vector # ® 7, with

# € {a,b,c} and coin state 7 € {#,0(#)}. Let us Compute U ) (C)V(# @ 7). Since the
coin matrix on the root is C, we have
(Sap @ ) {c|Cr)V (# ©7) = (Sap @ [e)(c|Cr)(0(#) @ 0 (7)) = o (#)b @ |c) {¢|Cro(T))
= (ESx@rm#) © (lo(x(e)){o(7(c)|Cro(r))
= V(Sa(aynp) @ m(0))(m(c)|C5 CxCo)(# @ 7). (36)

9



Summing over the permutations of {a,b,c}, and noting that C;'C,C, = C, we have
Uy (CYVV(# @ T) = VU(C")(# ® 7). (37)
Hence, for any # € {a,b,c}, and any C € U(3),
Uy(C) =V W, (C,CCHV (38)

on Kﬁ, with V(Kﬁ) = ICOB#. The proof of the statement about Up,,(C') is quite similar. [

2.3 Boundary Conditions

For illustration purposes, we introduce here a one-parameter families of boundary conditions
at the root of the binary tree 75 showing how to couple the two invariant subtrees ICaBb and
K% . There are of course other possibilities.

Consider
sin(f) cos(d) 0 0 cos(f) —sin(@) 0 1 0
Y = 0 0 1,00 =10 sin(@) cos(d) |,C%=|—sin(d) 0 cos(d)
cos(f) —sin(f) 0 1 0 0 cos(f) 0 sin(6)

and let C? = C’e(x)xeﬁ given by

Cr ifr=ce
Clz) =4 C? if 2] =1 (40)
C  otherwise.

Direct computations establish the following.

Lemma 2.10 The subspaces H, (15) and H* = K% (16) are invariant under U(C?), for all
0 € T. Moreover, with
Ua(C) =U(C)lks,. (41)

the boundary conditions at the root a € K% read

UlC)a®a = cos(f)ab® ¢+ sin(f)ac ®a
UC)a®b = —sin(f)ab® c+ cos(f)ac @ a. (42)

Finally,
CoCYCt = Clyy, # € {a,b,c}, (43)

so that for any C € U(3), we have V(/Cg) = IC%(#)
UL(C) = VU2 4 (CoCCTMV on K. (44)

Remark 2.11 By construction, U(C) is a rank two perturbation of U,(C).
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Let us finally mention that Uf#(C' ) is continuous in C' € U(3) in the following sense. For
all C,C" e U(3)
IUZ(C) = UL < I1C = |es. (45)

In order to study the spectral properties of U, (C) = Ugp(C) @ Uye(C) on the binary tree
K% = IC“BbEBIC“C, we can restrict attention to the spectral measure of cyclic vectors generating
K“Bb and K%. Such a vector exists when all matrix elements of C' are all different from zero.
This is true in particular for the circulant matrices we study below.

Lemma 2.12 If C' € U(3) is such that C, # 0 for all 0,7, the vector a ® a at the root of
K¢ is cyclic for Uy (C) and a ® b is cyclic for Uye(C).

Proof: Consider Uy (C). It is enough to show that for all z@7 € IC‘]Bb, there exists j € Z s.t.
(x® T’Uib(C)a ® a) # 0. Since all matrix elements of Uy, (C') are non-zero, |z| — 1 iterations
of Ugy(C) on a x a allow to reach the site z € T2° along a specific edge which determines
the coin state above this site. Two more iterations allow to reach z again along the other
two edges connected to x, which yield non zero components along the other two coin states
above the same site . |

3 Circulant Unitary and Orthogonal Matrices

We shall restrict attention to the set of circulant coin matrices on C3, Circ(3), which allows
for some simplifications in the analysis of the resolvent of Uy (C). Circulant coin matrices
are such that the three QWs Uy (C) defined on Kﬁ are unitarily equivalent and admit a
convenient parametrization.

We denote the set of 3 x 3 unitary, respectively orthogonal, matrices by U(3), respectively
O(3). Also, Circ(3) denotes the set of 3 x 3 circulant matrices in M3(C),

Co C2 €1
Circ(3) = c1 ¢ ¢ | =circ(cp,c1,¢2), ¢; €C,j=0,1,2. 5. (46)
Ccy C1 (O

Let us recall some properties of circulant unitary or orthogonal matrices to be used later.

Lemma 3.1 We have
{C € M3(C) | C =C,CC;1} = Cire(3) (47)

For all C € Circ(3) NU(3) with 0(C) = {€%};_0.1.9, it holds with ¢ = ">™/3,

C = §c1rc(e”9° + e 4 iz ¢l 4 (20000 | geil2 100 4 el 4 (26102 (48)
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Moreover, if c; = 0 for some j = 0,1,2, then C € eI, Cy,Cr}, for some o € R.

Circe(3) NO(3) := COL(3) UCO_(3) =
1+ sin(t) + v/3 cos(t)

(t)
circ(cg, c1,¢2), s.t. |ci(t) | = é 1 +sin(t) —v/3cos(t) | t € [0,2m) p U
ca(t) 1 — 2sin(t)
co(t) ik sin(t) + /3 cos(t)
circ(cg, c1,¢2), s.t. |e1(t) | = 3 —1 +sin(t) — V3cos(t) | t € [0,2m) 3. (49)
co(t) —1 — 2sin(t)

Remark 3.2 The two disjoint pieces of Circ(3)NO(3) are related by the identities c;(t+m) =
—cj(t), j =1,2,3, so that one case can be deduced from the other.

Proof: The first statement is a computation. The second follows from the well known
fact that all circulant matrices can be diagonalized by the same unitary change of basis.

1 1 1
Explicitly here, with W = % 1 e €| ande=e?"/3,
1 & ¢

wt circ(cg, 1, )W = diag(co + ¢1 + ¢2,¢0 + €c1 + ey, co + €21 + €co). (50)

Hence these matrices are parameterized by their eigenvalues. Imposing three eigenvalues on
the unit circle yields the result. The following property is straightforward whereas the last
statement can be obtained by expressing the orthogonality condition on circ(co, c1, c2) into
geometric conditions on the real vector ¢ = (cg,c1,c2)’: ||| = 1 and ¢ - Ry(47/3)c = 0,
where n = %(17 1,17, and Ry,(0) is the rotation of angle 6 of axis n. Hence c belongs to

the intersection of the unit sphere with two planes orthogonal to n, and passing through the
points £ (1,1,1).

3.1 Special Cases

If C € {C,,|w € 63} N Circ(3) = {I,C,,Cr}, § € R, we have full understanding of the
spectrum of UY(C) on the binary tree K%:

Proposition 3.3 For all 0 € T,

a(U, (MS]I)) = UGC(UG( ZBH))_S
o(UL(e”Cr)) = {15 Uoa(UL(°Cr))
o(UL(”Cy)) = {e™ }1,.5U0a(UL(Cy))
RO 15 = Oess(UL(Ch)) = 00ss(UL (7 C,y))
If=6=0,
0a(Ug(£Cy)) =0, # € {o,7}. (51)

12



Remarks 3.4

0) This proves the last statements of Theorem 4.5 below.

i) If C = C,, on top of the siz-dimensional invariant subspaces by Hr,q, |2| even and
s.t. za € TS, the following subspaces are invariant under Uq(Cy): span{a ® a,ab ® ¢} and
spanf{a @ b,ac ® a}.

ii) The discrete spectrum o4(U(eCy)), # € {m, o} consist in twelve distinct eigenvalues at
most and depends on 6 in general.

Proof:

We start with 6 = 0. In case C' = I, U,(I) acts as S on sites z ® 7 € K} with |z| > 2.
Therefore, all cyclic subspaces ’Hfg(#) of the form (7), with # € {a,b,c}, y € TS are
invariant under U, (I), provided a ® 7 ¢ Hy# 7(#)  The restrictions of U, (I) to these subspaces
are all unitarily equivalent to a shift, so that o(U,(I)) = S. Let Hqg, be the cyclic subspace
generated by a ® 7, 7 € {a,b}. One has

Hawa = Span{:--abcb ® a,abc® a,ab® a,a ® a,ab® c,aba ® c¢,abab® ¢, - -}
Hagp = Span{---acac® b,aca @ b,ac® b,a ®b,ac® a,ach @ a,acbc@a,---}, (52)

where the vectors are listed according to their image by U,(I). Hence, the corresponding re-
strictions also give rise to shifts. Therefore, all restrictions to cyclic subspaces are absolutely
continuous as well, which yields the result.

Consider now U?(I). This operator differs from U,(I) by a rank two perturbation which
couples the two shifts induced by U, (I) in Hega and Hegp. Each of these shifts is unitarily
equivalent to a multiplication by e on L?(T), in Fourier space, where e* admits an analytic
continuation in a complex neighborhood of T. We can thus apply the argument of the proof
of Theorem 6.2 in [7] to deduce that for any 6 € T, os.(U%(I)) = (.

Finally, a direct argument proves the absence of eigenvalues. Namely, mapping Hqxq, re-
spectively Hqgp, to Span{|2j),j € Z}, respectively span{|2j + 1),j € Z}, with |[0) = a® a
and [1) = a ® b, the restriction U? = UY(I)|4, . 0H,q, reads

U%25) =125 +2), U%2j4+1) =125 +3),Vj #0
U%10) = cos(9)|2) + sin(0)|3), UY|1) = —sin(#)[2) + cos(6)|3). (53)

The eigenvalue equation U%) = A\ with |[A\| = 1 has no non trivial > solution, whereas the

restrictions of Ug(]l) to the cyclic subspaces Hy# o(#) yields absolutely continuous shifts.

We address now C' € {Cy,C,}. The essential spectrum of U?(Cy), U%(C,) is dealt with as
in [15]. The discrete spectrum comes from the restrictions to the 12 dimensional invariant
subspaces generated by vectors at the root. We consider U?(Cy) only, the other case being
similar, and simply check that

Haga = span{a ® a,ab ® ¢, abc ® b, ab ® a,aba & c,ab @ b, (54)
ac® a,aca ® c,ac @ b,ach ® a,ac® c,a @ b}

is invariant. When ¢ # 0, we note that
e OUp(e?C) = Uyp(C)+ (7% = 1)Uyu(C)|a ® a){a @ al
e UL (€PC) = Uye(C) + (679 = 1)Upue(C)|a @ b)(a @ b| (55)
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which together with (24), Remark 2.11 shows that e=U,(e”C) is a rank two perturbation
of both U?(C) for any value of § and «, such that the range of the perturbation is spanned
by {ab® c,ac ® a}. This is enough to get the result. [

4 Spectral Analysis

4.1 Spectral Measure

The spectral properties of a unitary operator U on a Hilbert space H admitting a normalized
cyclic vector ¢ can be read off the spectral measure of this vector, du(-), on the circle T. We
recall the properties of such probability measures we shall use below. For proofs, see e.g.

[30].

Consider the decomposition of the measure into its absolutely continous and singular part
with respect to the Lebesgue measure on T

du(6) = %d@ + dpis(0). (56)

The Carathéodory function of du is defined for all D = {z | |z2| < 1} € C by

ew z
FG) = [ S dulo) (57)

T

and satisfies F(0) = 1,ReF(z) > 0. The boundary values of F' allow us to recover the
measure according to

lim F(re?) = F(0) exists 2 ae. (58)
r—1-
w(f) = ReF(0) (59)
dps is supported on {¢?| lim ReF(re) = oo} (60)
r—1-
1—7r

F(re'). (61)

p({6o}) = lim

The Carathéodory function is related to the resolvent of U, G(z) = (U — 2z)~!, and to
H(z)=UU —2)~! for €D by
F(z) = 14 22(p|G(2)p) = 2(p|H(2)p) — 1. (62)
Remark 4.1 Iflim,_,,- (| H(re®)y) is bounded for 0y € T, then 0y & supp dyss.
The main technical result of the paper leading to Theorem 4.5 below, reads as follows:

Theorem 4.2 Let C € Circ(3) NU(3) and write the Carathéodory function of the spectral
measure diag, as F(z) = 2g(z) — 1, for z € D. Then, there exists a polynomial in (g,z) of
the form

®(g,2) = c5(2)g” + ca()g’ + - + co() (63)
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with cj of degree < 3 for j =1,...,5, and co of degree <2, and

M(g) = mag® +m1g+1 (64)
with constant coefficients ma, my such that g(z) satisfies
®(g(2),2%) =0, forall zeD s.t. M(g(z)) #0. (65)
With the parametrization
C = circ(a, vy, + 1), (66)
M and c5 read
M(g) = (B°—ay)g* +26g+1, (67)

e5(z) = —a*{(5 — an)?
+2%y(8% — ay)(2(0” + 87 + 7% = 3apy) + 3(5° — ay))
+z(af +a—77)(a’ + 57 +7° = 3afy + 52 — av) x
x(a® 4+ 5% +7° = 3afy +3(8 — 7))
Ha+B+y+ D+ 4+ —By—ay—af—a—v+26+1)x
x(a® 4+ 3% +7° = 3apy + 52— a)’}.  (68)

Remarks 4.3

i) This is actually a result on Ugy(C) on K“Bb generated by a ® a. Proposition 2.7 shows that
it is enough to consider this case to study U,(C). We stick to the simpler notation U,(C).
ii) The Carathéodory function F(z) depends on 22, which implies a symmetry of the spectrum
stated in Theorem 4.5.

i11) The set of points in D such that M(g(z)) = 0 can only accumulate on S.

iv) The artificial +1 in the parametrization (66) is introduced so that the matrizc C — Cy
which appears in the proof takes a simpler form.

v) The explicit form of the other polynomials c;’s is provided in Propositions 5.12 and 5.13.
vi) The equation satisfied by the Carathéodory function comes from an implicit equation for
the restriction of the resolvent to a finite dimensional subspace expressed as Corollary 5.4.

This result yields a criterion for absolutely continuous spectrum.

Corollary 4.4 For any C € Circ(3) N U(3), if the leading term polynomial coefficient in
(63) has no root on the unit circle, then Uy (C) has purely absolutely continuous spectrum.

Proof: By continuity of the roots of polynomials in the coefficients, all roots of ®(g, z?),
in g, are bounded for z in a neighborhood of S. Hence, for any €, Rg(re?) cannot tend to
400 as r — 17, even if M (re®?) = 0 for infinitely many r’s. Therefore, supp dps = 0. |

The strategy of the proof of Theorem 4.2, which can be found in Appendix, consists in
making use of the properties of the binary tree and of the symmetries provided by the choice
C € Cire(3) NU(3), to obtain an implicit equation for the matrix element (a ® a|(Uy(C) —
z)~ta ® a) of the resolvent. Due to the complexity introduced by the coin space ensuring
unitarity of the QW, the computations are more involved than in the self adjoint case, where
the same strategy yields a matrix element of the resolvent of the Laplacian in a few lines.

The spectral consequences of Theorem 4.2 of the QWs we consider are the following:
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Theorem 4.5 For any C € Circ(3) NU(3),
05c(Ua(C)) =0, and o(Uy(C)) = —a(Uy(C)). (69)
If C € Circ(3) N O(3) \ {£C,, £Cr},

0(Ua(C)) = 04c(Ua(C)), and oUa(C)) = —0(Ua(C)) = o(Ua(C)), (70)
whereas
o(Ua(£D)) = 04c(Uy(£D)) =S, |
U(Ua(ic#)) = O'ess(Ua(j:C#)) = {elk2ﬂ/6}k10,17---75’ # € {0',7'('}. (71)
Remarks 4.6

i) For matrices C € U(3) such that |C —I||cs < €, with e > 0, o(U(C)) = 04.(U(C)), as
shown in [15]. The argument carries over to QWs U,(C).

ii) The proofs of the statements about C' € U(3) N Circ(3) are given in the present section,
whereas those concerning C € O(3) N Circ(3) are given in Appendiz A.

Proof of Theorem 4.5: Consider C' € Circ(3) NU(3) \ {£l, £Cs, £Cr}. By Theorem 4.2,
the Carathéodory function is determined for z € ID by one of the roots of the polynomial
®(g,2?) of degree 5 in g, with polynomial coefficients ¢;(2%), j = 0,--- ,5. This implies that
g(z) = g(—2) so that Rg(re'?) = Rg(re’®+™)). In the limit r — 1~, we get du(h) = du(0+7),
which proves the symmetry of the spectrum expressed in (69). Since the ¢;’s are polynomials
in 2, the roots of ®(g,2%) are continuous in z and remain bounded as long as z belongs
to C\ Zs, Zs C C being the set of roots of c5(z?). By the argument used in the proof of
Corollary 4.4, dus is supported on the finite set Z5 NS, so that it can consist of atoms only.
This shows that 0.(U,(C)) = () and the same result holds for U,(C) and U.(C). The proof
of the statements regarding C' € O(3) N Circ(3) requires more detailed informations about
®(g,2%) and is given as Proposition 5.14 in Appendix A. |

Remark 4.7 By construction, U(C) = U(C.) + F', where F' is finite rank, hence trace class,
and U(C.) is the direct sum of the Ux(C') and U(Cy)|y.. Therefore, by Birman-Krein theo-
rem, for any C,

0ac(U(C)) = 04c(U(Ce)) and U(C)|ae = U(Ce)lac, (72)

where Ulqe is the restriction of the unitary operator U to its absolutely continuous subspace
and ~ denotes unitary equivalence.

5 Appendix

5.1 Proof of Theorem 4.2

Our goal is to find a closed equation for the restriction of the resolvent U,(C) to a finite
dimensional subspace, making use of the symmetries of the operator and of the self similar
structure of the tree. The strategy is to relate U, (C') and U, (C™) defined by U(C™)|q, where
C™ is given by

[ Cx if 2] <3
Clz) = {C otherwise, (73)
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to be compared with (14) defining U, (C).

For any element x @ 7 of K%, we denote the projection on the site x @ 7 by P]. We also
write P2* = P2 + P! (and O) and P, = P* 4+ Pt + P¢.

We set:
Pf=P! PC=P, PF=PX' P =P +P},
— b b , — b
P2 :Ptzcba+Pabc’ P;:Pgba_{_P(;bZ’ P3 = acbab+Pgbac+Pabca+Pacbcb
P =Py +P+P;, Pi=P+P;. (74)

The index gives the distance of the site to the root a ® a and P, is the projection on a
6-dimensional invariant subspace of U,(C™), which is orthogonal to P;.

Lemma 5.1 U,(C) —Uy(C™) = S(I® (C — Cr))(P1 + P») satisfies
SI® (C—Cx))Pe = (P + P )SI® (C — Cx)) Py, k=1,2. (75)
Proof: We compute S(I® (C — Cr))ab® 7 = Aa ® a + A2abc @ b+ Azaba @ ¢, where the
Aj are constant depending on 7 and C. Each vector on the right hand side belongs to POJr or
P,". The same computation on ac ® 7 yields the same conclusion and the case k = 2 is dealt
with similarly. [
We use the shorthands U = U, (C), Uy = U,(C™), G* = (U — 2)7 %, GZ = (Uy — 2)"! and
Sr=5(1® (C—Cr)) (P + P») and consider the resolvent equation for z € D,
G* - G: =-G*S,GL. (76)
Making use of Lemma 5.1 and of the invariance of P,K% under GZ, we get
PG*P, = PGP, — PLG*PS: PGP, — PG*P; S; P, G} P,. (77)
We want to compute F;G* P, so the term P,G*P; needs to be transformed. Assuming for
now that the restriction (I 4+ P; SWP;GfTP?:)_HPa_Ka exists, (76) further yields
B
PG*P; = —PG*P; S, Py GEP; (1+ Py S Py GzPy )~ L. (78)
We eventually get
PG*P, = PGP, x A(G) + PGZP, (79)
where
AG3) = Pl SePfGLPy (I+ Py Sp Py GLPy ) Py S Py GLP;
— P S:PIGZP, — P Sy Py GEP, — Py S PGZP,. (80)
The term P,GZ P, which appears in A(GZ) can be made explicit:
Lemma 5.2 In the basis {a ® a,ab ® c,abc ® b,ab ® a,aba @ ¢,ab ® b, } we have

1 2 23 4

25 z oz z
A 21 2 22 23
1 B2t 51z 22
z _ -1 _
PlGW‘Pl - ‘PZ(UW - Z) -Pl - 1_ 26 22 23 Z4 25 1 >
2z 22 0B 4 0
1 2z 22 23 24 55
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In order to obtain an implicit equation for P,G*P;, we show that the factor PQ‘L GZP; which
cannot be computed explicitly, can be expressed in terms of the restricted resolvent P,G*P;:

Proposition 5.3 We have
PrGiPy = (a®alG%ab® c) <|aba ® a){abab ® c| + |aba @ b)(abac ® al (81)
+|abe & ¢){abca ® b| + |abe @ a){abcb @ C|)

Proof: We view P, GZP; as a 4 x 4 matrix from Py K% to P,fK% in the bases defined
according to the order given in the definition of the projectors (74). By definition,

PGPy = (82)
(aba ® a|GZabab ® ¢) (aba ® a|GZabac ® a) (aba ® a|GZabca ® by (aba ® a|GZabch & c)

~
-
<
—~

(aba @ b|GZabab @ ¢)  (aba ® b|GZabac ® a) (aba ® b|GZabca @ b) (aba ® b|GZabch ® c)
(abc @ c|GZabab ® ¢)  (abc ® c¢|GZabac ® a)  (abc ® ¢|GZabca @ by (abc ® ¢|GZabch @ c)
(abe ® a|GZabab @ ¢)  (abc ® a|GZabac ® a) (abc ® a|GZabca @ b)  (abc ® a|GZabcb ® c)

The presence of C; on the site ab decouples paths starting from this point on and thus entries
with both aba and abc are equal to zero. Thus,

PGPy = (83)
(aba ® a|GZabab @ ¢) (aba ® a|GZabac @ a) 0 0
(aba ® b|GZabab ® ¢)  (aba ® b|GZabac ® a) 0 0
0 0 (abc ® ¢|GZabca @ b)  (abc ® c|GZabch & c)
0 0 (abc ® a|GZabca @ b)  (abc ® a|GZabch & c)

Now, using the general property for |z| even T, 'U(C)T, = U(C.) where the configuration
C, is defined from C = {C(z)}zer; by C. = {C(zx)}ze7;, which follows from (11), we can
identify the upper left block with

—2)"la c a®a —2)lac®a
P — 2P = <<a®a|(Ua )lab®c) (a®al(Uy —2)"lac® >> (84)

(a@b|(Uy—2)"tab®c) (a®b|(U, — 2)"tac @ a)

by the translation by ab. The lower right block is also identified by this translation to the
matrix
(c@c|(Us—2)"teca®b) {(c@c|(Us—2)"teb®c)
((c ®al(U. —2)"tea®@b) (c®al|(U,—2)"tcb® c>>
which, in turn, is identified to P; (U, — z)’lPl_ thanks to Proposition 2.7. The non-diagonal
term in the block Py (U, — 2)"!P; are decoupled by the coin matrix C, on the vertex a.
Finally, (a ® b|(U, — 2)"tac ® a) is equal to (a ® a|G*ab ® ¢), thanks to the last part of
Propostion 2.7. |
Hence, (79) yields the sought for implicit equation for the restricted resolvent P,G*P;:

Corollary 5.4 For all |z| < 1 such that (I + P;SWP;G§P3_)|P37K% is invertible, P,G* P,
satisfies

PG*P, = RG*P, x A(RG*R) + RGZF, (85)

slightly abusing notations.
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We now compute the operator A(P,G*P,;) explictely. This will allow us to derive an implicit
equation for the Carathéodory function associated with the spectral measure dpggq-

Let us denote by Gf 5 = (a®a|G*|ab®c) the entry (1,2) in the 6 x 6 matrix P,G* P} we want
to compute. We use the parametrization (66) for C' and start with the invertibility condition
in Corollary 5.4. All computations below assume z € D and all matrices are expressed in
the bases ordered according to definition (74). According to this convention, Proposition 5.3

reads
PfGiP; = (a®a|G*ab @ o)LL (86)

Explicit computations yield the following expressions for the first part of (5.3):

Lemma 5.5 The 4 x 4 matriz (1 + Py S, Py GZP; ) is inversible whenever
M(Gip) = (B = an)(Gip)* + 28GT 5 + 1 #0 (87)

and is bloc diagonal with identical 2 X 2 blocs given by

M(Gi,y) \ —aGi, BGIy+1

Consequently,

K(G) 0
p;sﬂp;c:ﬂp3<n+psswp;awpg>IP?,SWPQ=( e K( ﬁ)) (89)

with K(G7 5) = 207G 5 + (2a8y — v —a®)( i2)2-
In turn, one checks that this implies that the matrix A(P,G*P)) in (5.4) reads

Proposition 5.6 Assume z € D and M(G5 5) # 0 and set D(G5 5) = 8 — % Then,

A(RGR) = ——— (90)
B+az2+vy2t Bz+ad+925 BPHat+y BB +ad+yz Br4a+v22 B4 ar+q28
0 0 0 0 0 0
a+722 4624 az+v2 +825 a2+ 48 a4+ 4+ 62 at+y+ 822 ad x4+ B8
D( {72)23 D( f,2)24 D( 5,2)25 D( iQ) D(GT,Q)Z D( 5,2)22
Y4+ B2 +azt vz 4B Fard 4248t a vR 4B far v+ B4 a? P+ B+ ald
D(G7 5)z D( fz)zz D( 5,2)23 D( 5,2)24 D( fz)""5 D(Gi5)

From this expression, we relate entries of FG*P, to G{ 5 to derive an equation for G7 5.

Lemma 5.7 For 0 < |z| <1 such that M(G7,) # 0,

1 1
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Proof: Setting a(z) = —(1 — 25)A(P,G*P,), we get

z z z 1 z z
—(1-2%Gj, = Z Gira(2)y —(1=2°Gz,, = > Z Gira(2)re — (1 —2°G%
%

k
1 zZ z z z
= > Z(Gl,ka(z)k,Q - (1- ZG)GW,I,z) +(1— 26)G7r,1,2/2 - (1~ Z6)G7r,l,1
k

1
= _;(1 — 2% 2+ (- ZG)G;,IQ/Z - (1~ 26)Gfr,l,1-

Thus, Gil = %Glzg — Gfr,l,Z/Z + anl’l and replacing GZ by its values proves the result. [

Remark 5.8 The link between G5 | and G 5 together with (62) yields
F(z) =2G1 5 —1=2g(2) — 1 (92)
where F' is the Carathéodory function of djagae, and
9(2) = (a ® a|U,(C)(U,(C) — 2) ta® a) (93)
appears in Theorem 4.2.

Similar considerations on the other matrix elements immediately yield

Lemma 5.9 For all z € D such that M(G7 5) # 0, we have
112=Gio— 1, Gi4(1+D(Giy)) =2Gi3, Gig(l+D(Gi,))=2Gi5 (94)

a [B+1 v i1 2Gi
¥ a [B+1 is]=12Gia2]- (95)
B+1 v a is 2G7 g

Remark 5.10 Since the resolvent G* is analytic in D, there are only finitely many z such
that M (G5 5) = 0 or D(G5 5) +1 =0 in any compact set of D.

Expressing G7 g, G 4, G7 1 in terms of Gf 5,G{ 3,G7 5 in (95), one deduces an equation for
g9(z) = G7 5 by elimination of G 5, G 5 via appropriate linear combinations of the resulting
equations. The result, which implies Theorem 4.2 directly, reads as follows. Let

Plg) = (@®+ B8+ =3aBy+ B —ay)g” +2(B(B+1) —ay)g+ (B+1)  (96)
so that D(g) + 1= P(g)/M(g).

Proposition 5.11 Let z € D be such that M(g(z)) # 0. Then g(z) satisfies ®(g(z),z) =0,
where

(g9,2) = Plg){alez?+ (g - D((B+1)? = al((B+1)* = ar)P(g) + aM(g)]  (97)
+H(B+DIB+1)2" + (9= (o = (B+1)7)] x
x[(0® = (84 1)7)P(g) + 22(8 + 1)M(9)]}

(
—((z> =g +N(e® = (B+1)7)P(g) + 2*(B+ 1) M(g)] x
x[((B+1)* —an)P(g) + 2> aM (g)].
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We spell out the detail, for the record.

Proposition 5.12 We have ®(g,z) = Z?:O ¢’ c;(2%) with

cs(w) = —2°{(8° —an)? (98)
+27y(8% — o) (2(a” + B° + 77 = 3aBy) + 3(8° — ay))
+z(af + a— ) (a® + B2 + 4% = 3aBy + B% — ay) x
x(a® + 8% + 7% = 3apy +3(8° — a))
Ha+ Bty + 1)+ +77 =y —ay—af —a—v+20+1) x
x(a® + 5° +9° = 3aby + 52 — an)*}.
c(z) = 234B(ay — B?) (99)
+22y (423 + T8 + 4038 — 18083y — 12087 + 372a? +12833)
+2(7” —a(B+ 1)) (ay' =778 = 47’8 =302 (B + 1) + a'y
+6a8y + 4o’y + 18087y — B° — o®B* — 78" — 68° — 4a°B))
—(a+B+7+ D)@+ +Y —By—ay—aB—a—y+2B+1) x
x(0® + 6%+ 77 = 3afy = 36% + 3ay — 4B)(o” + 7 +9° = Bafy + 57 — 7).
cs(x) = 232(ay —38%) + 222v(a® + 483 +~4* — 6afy + 967 — 3ay)
+22(7* — (B4 1))(=29* + 9B+ 3ay(1 — %) + 128y
—982 + B + B — 86 — 20°) (100)
+2a+B+y+ 1)@+ B+ —By—ay—aB—a—v+28+1) X
x(0® +48% +4° — ay + 38% — 6afy — B — ®B + 3087y — By* — 28°
—2a33? 4 8a 3y + 20ty — 6025~ — 29382 + 20n?).
er(x) = —aMB+ 222768 + B2 — an) (101)
+22(7* — a(B+ 1))(a® +48° + 47 + 20y — 6afBy — 287 — 6)
“2a+B+v+ 1)@+ B+ —By—ay—aB—a—7+28+1) X
(o +48% + 7% + ay — B2 = 28 — 6afy — Taf?y + 38" + a*B + B7° + 20%77).
ci(z) = —23+229(3-26) —2(y* —a(B+1))(3 + 4oy — 48 — 75?) (102)
+(1 4+ B)(a+ B+~ +1)(1 +day — 38 — 48%) x
x(@+ B2+ =By —av—af—a—-v+28+1),
co(z) = —2®y+228+ 1D —aB+1)+ 1+ B)*(a+B+v+1)x (103)
@+ +7 —py—ay—aB—a—y+28+1).
These formulae simplify substantially in case C' € O(3) N Circ(3), by repeated application of
the following identities that hold in CO4(3), see (49)

a+B+y=0, ay—BB+1)=0, ®+5°+7"+28=0
V¥ -aB+1)—y=0, o'+ +7° = 3aby=0. (104)

Altogether, this yields
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Proposition 5.13 IfC € CO,(3), we have M(g) = —pg> + 289 + 1, and

cs(z) = —B(x—1)(="+x(1-3y)+1)

cq(x) = ﬁ2(4x3 - 97x2 + 6yx — 1)

cs(z) = 28((1—28)2" +3y(8—1)a” +3yz — (B+1))

co(xr) = —26(22% —5yz? +y(38 +4)x — (B +1))

c(x) = —2®+7(3-28)2" =3y(1 -z + (B+1)

co(z) = —ya®+29(B+ Dz — (B+1)% (105)

The implicit equation satisfied by g(z),
®(g(2),2%) = ¢ (2)e;(z*) =0, z€eD, (106)

yields enough information to rule out point spectrum in the orthogonal case.

Proposition 5.14 For C € Circ(3) N O(3) \ {+C,, £Cr},
opp(Ua(C)) =0, and  o(Ua(C)) = 0(Ua(C)) = =0 (Ua(C))- (107)

Proof: Consider the symmetry first. Since the polynomials ¢; have real valued coefficients,

they satisfy ¢;(2?) = ¢;(22). Hence g(z) = g(2), Vz € D, so that Rg(re?) = Rg(re~?). This
yields the supplementary symmetry du(6) = du(—60), in the limit r — 1.

Consider now the point spectrum for C' € CO4(3)\ {C,,Cr}. Recall that g(z) = (F(z)+
1)/2 is analytic in D and such that the weight of a point of the spectral measure dyu located
at 0y € T is given by

1({60}) = lim (1 —r)g(re'®) >0, (108)
r—1-
according to (61). Assume that 6y € supp dus € T, i.e. Rg(re’®) — oo as r — 17. This
implies that c;(e?®) = 0 and that M (g(re’0)) is bounded away from zero for r close to 1.
For 0y € T fixed and all z € D, let

Hoo(2) = e Pg(2) (€™ —2), st lim. 1 (re™) = p({6o}). (109)
Thus, (106) reads
b ()

First observe that +1 is always a simple root of c5(22) and that c5(z?) admits two pairs of
conjugated simple zeros +2q(7), £25(7) on S for —1/3 < v < 1 only. Moreover, c4(2?) # 0
at these simple roots on S. Then, for v = —1/3, c5(2?) admits double zeros at 44 which are
simultaneously simple zeros of c4(22) and c3(22). The case v = 1 is excluded by assumption.
Hence two cases occur:

i) €% is a simple zero of c5(2?), so that (110) is equivalent to

— 13, (2)e? 5 (¥P) (140 (2 =€) + 115, (2)ea(€¥P) (14O (2 — ™)) + O (2 —€™) = 0, (111)
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ii) €% is a double zero of c5(2?) and a simple zero of c4(2?) and c3(22), so that (110) is
equivalent to

115 (2)E2 00 (290) (140 (2 = €90)) — il (2)4 (4% (14 O(z— ) + O(z— ™) = 0. (112)
For z = e’ we get for the two cases in the limit r — 1~

i)t ({00})(u({fo})e* 0 cf(e2™) — ea(e?™)) = 0
ii) ({0 }) (u({fo})e* g (e2%0) — ¢ (%)) = 0. (113)

It is a matter of computation to check that the non-zero solutions to (113) for the different
values €% of interest are all strictly negative, which implies that u({fy}) = 0.

The case C' € CO_(3) \ {—C,,—Cr} is dealt with analogously, making use of Remark
3.2. The change of variables a — —a, 8 — —f8 — 2,v +— —~ in Proposition 5.13 yields the
corresponding polynomial cj(zQ) for this case. These polynomials have the same properties
as in the previous case, so that the same conclusions hold.
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