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Abstract

We study non—adiabatic transitions in scattering theory for the time dependent
molecular Schrédinger equation in the Born—Oppenheimer limit. We assume the elec-
tron Hamiltonian has finitely many levels and consider the propagation of coherent
states with high enough total energy.

When two of the electronic levels are isolated from the rest of the electron Hamil-
tonian’s spectrum and display an avoided crossing, we compute the component of
the nuclear wave function associated with the non—adiabatic transition that is gener-
ated by propagation through the avoided crossing. This component is shown to be
exponentially small in the square of the Born—-Oppenheimer parameter, due to the
Landau-Zener mechanism. It propagates asymptotically as a free Gaussian in the nu-
clear variables, and its momentum is shifted. The total transition probability for this
transition and the momentum shift are both larger than what one would expect from
a naive approximation and energy conservation.

*Partially Supported by National Science Foundation Grants DMS-0071692 and DMS-0303586.



1 Introduction

We study scattering theory for the time-dependent molecular Schrédinger equation
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i€ %w(az, t,e) = <— % % + h(x)) W(x,t,€) in L*(IR, ©™), (1.1)
where the electronic hamiltonian h(x) is an m x m self-adjoint matrix that depends on the
nuclear position variable x € IR. The Born-Oppenheimer parameter € > 0 denotes the fourth
root of the electron mass divided by the mean nuclear mass.

We compute the leading order asymptotics of nuclear wave functions associated with
certain non—adiabatic transitions of the electrons. The Landau-Zener mechanism responsible
for these makes them exponentially small in 1/e? as € — 0.

Our most general result can be found in Theorem 5.1. Describing the most general
situation requires the development of a significant amount of notation and some technical
hypotheses. So, in this introduction, we describe two physically interesting special cases that
illustrate the main consequences of our analysis in a simple situation. Theorems 6.1 and 6.2
give precise statements of our results for these special cases.

Suppose h(x) is a real 2 x 2 self-adjoint matrix that depends analytically on = and has
limits h(+o0) as * — oo that are approached sufficiently rapidly. Denote the eigenvalues
of h(x) by e;(x), and assume that es(z) > e1(x) + 0 for all z € IR, where § > 0. Near z = 0,
assume e; and ey have an avoided crossing, i.e., es(x) — e1(x) ~ a2 + 62 close to ©z = 0,
with 0 small but positive. Such an avoided crossing corresponds to complex crossing points
2o and Zy, where the analytic continuations of e; and ey satisfy e1(zy) = ea(20), and 2 is
close to the real axis, with zop = O(0).

Let ¢1(x) and ¢o(z) denote normalized, real eigenvectors associated with eq(z) and eq(z).

Figure 1. A plot of typical electron energy levels involved in an avoided crossing. Energy
is plotted vertically. Position is plotted horizontally, and the avoided crossing occurs in the
middle of the plot where the difference between the energy levels is a minimum.



Among the nuclear wave functions we can accommodate are Gaussian coherent states
that are defined by

1 B (z — a)? _
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where the complex numbers A and B satisfy the normalization condition Re BA = 1. These
states are localized in position near x = a, and in momentum near p = 7. Their position
uncertainty is €|A| and their momentum uncertainty is €|B|. For a thorough discussion of
these wave packets, see [9].

Choose E > sup,_jp ea(z). For a state incoming from the left on the upper electonic level,
choose n_ > 0. We assume 7)_ is large enough so that the classical energy 7% /2+¢e5(—o0) > E.
There exists a solution to (1.1) whose large negative ¢ asymptotics are given by

ei(ﬂz/Q—ez(—OO))t/GQ 900<A_ +iB_t, B_, 62, a._ +77_t, n_, l‘) ng(ZL‘), (12)

where the nuclear part is a free Gaussian. Since the electronic levels are isolated from
one another, the large positive ¢ asymptotics of this solution are multiples of ¢o(z), up
to exponentially small errors in 1/e2. They have the leading behavior determined by the
standard time-dependent Born-Oppenheimer approximation as € — 0, see [8]:

ei01(9 ¢ilni/2=ea(oo))t/e? wo(Ay +iBit, By, €8, a1 +mt, m1, ) ¢a(z),

where ¢?1(9) is some explicit phase, and the parameters Ay, By, a1, m are determined by the

scattering properties of the classical Hamiltonian p?/2 + ey(x).

Our interest lies with the leading order asymptotics of the non-adiabatic component of
the wave function for large positive t and ¢ — 0. We prove in Theorem 6.1 that these have
the form

¢ ="/ gib1(€) i(n} /2—e1(00))t/€? oo(A, +iByt, By, 62, ay + 14t 0, ) (),

and we specify how the phase 6, (¢), the e-independent amplitude ¢y > 0, the exponential
decay rate o* > 0, and the parameters of the free Gaussian part A,, By, ay, and ny > 0
are determined. As a corollary, the leading term of the transition amplitude A(e) (whose
absolute square is the transition probability) is given by the quantity

Ale) = co D e /¢ as € — 0. (1.3)

Let us describe the main features of this exponentially small transmitted part of the wave
function. One may naively expect 1, to be determined by the energy conservation condition

2 2
=y ep(—o0) = & 4 e(00),

2 2

but this yields the wrong value. The correct value is larger. Intuitively, this is due to the
faster parts of the wave function behaving less adiabatically than the slower parts. Because
this dependence on the speed appears in an exponent, it leads to an O(1) change in the final
momentum 7,. In other words, the higher momentum components of the incoming state
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are much more likely to make a transition than the lower momentum components. Hence,
after the transition, there are more fast pieces of the wave function, and the final average
mometum is greater than one would naively expect from an energy conservation calulation
based solely on the average incoming momentum.

This also affects the transition amplitude which is larger than what is naively expected.
It is asymptotically composed of an e-independent prefactor ¢y times an exponentially small
quantity e*"/<*, whose decay rate o is related to that of the Landau-Zener decay rate for
purely adiabatic problems. Actually, a* consists of the sum of the imaginary part of some
action integral around the complex electronic eigenvalue crossing point zy and a contribu-
tion that depends explicitly on the nuclear part of initial incoming state (1.2). The action

integral depends only on the electronic levels and reads [, \/2(E — ex(z)dz where ( is a loop
in the complex plane based at the origin encircling zy. The contribution from the nuclear
part of the wave packet depends on the shape of its momentum/energy density. It is that
last contribution that makes the obvious candidate given by the imaginary part of the action
integral taken at the classical energy E, miss the actual value of the decay rate a*. In that
sense, (1.3), which we could call a molecular Landau-Zener formula, cannot be determined
from the usual adiabatic Landau-Zener formula with just the knowledge of the electronic
levels and the classical nuclear momentum close to the avoided crossing. Indeed, our anal-
ysis shows that we also need to take into account the details of the incoming wave packet
to determine (1.3). This is why we resort to coherent states to get such accurate asymptotics.

The way we obtain all our results is by employing a time—independent scattering theory
approach that uses generalized eigenfunctions of the full Hamiltonian. We expand the wave
function in terms of the generalized eigenfunctions and calculate the large |t| asymptotics.
For every incoming momentum k there is classical energy conservation, but a different proba-
bility of making the non—adiabatic transition. We obtain the correct a* and 7, by computing
the averages over k rather than by doing one calculation based on the average incoming mo-
mentum 7)_.

Remarks

1. We obtain the analogous results when the incoming state is associated with the lower
electronic level ey, provided that we keep the average total energy above both the levels.

2. There are other components of the scattered wave function. For example, one should
expect a reflected wave on the e,y electronic level and also a reflected wave on the e; level.
We prove that if the avoided crossing has a sufficiently small gap, then the other components
are exponentially even smaller in 1/¢* than the transmitted non—adiabatic term we compute.

The second situation we describe in this introduction involves the same set—up as above,
but with the Gaussian incoming states replaced by more general incoming coherent states.
This example illustrates the second key feature that our analysis demonstrates: even if
the incoming state is not Gaussian, but is any polynomial times a Gaussian, the outgoing
non—adiabatic transition state is Gaussian to leading order in e.

Form =1, 2, ..., we define



om(A, B, €, a,n, x) = (1.4)

2 A AP (D) (A, B o)
€
where H,, is the m"™ order Hermite polynomial.
We now replace (1.2) by
ei(ﬂ%/Z—ez(—OO))t/GQ @m(A_ +iB_t, B_, 62, a_ +n_t, n_, l‘) ¢2(x) (15)

Again, up to exponentially small errors, the large positive ¢ asymptotics of the solution
are multiples of ¢5(x). Their leading behavior is determined by the standard time-dependent
Born-Oppenheimer approximation,

€i91(6) ei(n%/2_e2(oo))t/€2 @W(Al + iBlta Bla 627 a + 771t7 m, JZ) ¢2(x)7

where Ay, By, aj, 11, and 6;(€) are the same as in our first example. However, our Theorem
6.2 shows that the leading order asymptotics of the non—-adiabatic component of the wave
function for large positive ¢t again have the form of a freely propagating Gaussian

€™ 6—&*/62 o0+ (e) 6i(77‘2*'/2_61(00))t/62 SDO(A-i- +iB.t, By, 62, ay + 1oty e :L‘) gbl(x),

and display a pre-exponential factor of order e=. The values of a*, A,, B, a,, and n, are
the same as in our first example, and we determine the prefactor ¢,,. The numerics presented
below clearly illustrate these features.

The presence of the factor of €™ can be understood as follows: In momentum space,
the Hermite polynomial in the wave function does not get the extra shift that the Gaussian
does. For small ¢, the scaling in these two factors causes the Hermite polynomial to behave
like a constant times e~ p™ where the Gaussian is large. Since the Gaussian is highly
localized, a zeroth order Taylor approximation can be used to see that the wave function is
asymptotically a multiple of the Gaussian times e~

Our most general result, Theorem 5.1, extends these results in several ways. First, we can
handle electron Hamiltonians h(x) that are m x m complex hermitian matrices which have
two levels of interest that have an avoided crossing. These levels must stay well separated
from the rest of the spectrum of h(z). Second, we can handle situations in which several
levels display certain patterns of avoided crossings. For example, when two levels have an
avoided crossing for one value of x, and one of those levels has another avoided crossing
with a third level for some other value of x. However, in such cases, we can only study the
non—adiabatic components for certain levels. The ones we can handle depend on the order in
which the levels have the avoided crossings. Third, we can consider more general incoming
states that do not have the form of the ¢,’s considered above. They are characterized by an
energy (or momentum) distribution which is sharply peaked around some fixed energy, so
that a semiclassical analysis can be performed. In such general cases also, the nuclear part
of the non—adiabatic wave function is Gaussian and exponentially small, with a decay rate
sharing the properties described above.



The paper is organized as follows: In the rest of the Introduction, we review the rele-
vant literature and present numerical results for the above examples. They show excellent
agreement with our analysis. (For the first example with € = 0.2, our formulas give a tran-
sition probability of 1.215 x 1072 and a momentum expectation after transition of 2.0516.
The corresponding values from the numerical simulations are 1.217 x 1072 and 2.0543. This
agreement is remarkable, given how large our € is.) In Section 2, we set up the general
problem we study. We state most of our hypotheses here and make precise the notion of
avoided crossing. In Section 3, we study generalized eigenvectors of the full Hamiltonian. In
particular, their WKB-type analysis in the complex plane is performed here. We superim-
pose the generalized eigenvectors to generate solutions to the time-dependent Schrodinger
equation and construct asymptotic scattering states in Section 4. Non-adiabatic transition
asymptotics are studied in Section 5, where our most general result is stated as Theorem 5.1.
Further properties and estimates on the energy and momentum shifts are provided in Section
5. Section 6 is devoted to the special case of interest where the nuclear part of the incoming
state is a Gaussian or a Gaussian times a Hermite polynomial as in (1.5). Finally, Section 7
contains the proofs of several technical results that are stated in the earlier sections.

From this outline, one can see that our results depend crucially on the properties of
generalized eigenvectors of the full Hamiltonian. We prove these properties by revisiting
ideas and results of Joye [14], [15] that provide exponentially accurate WKB—type results in
a generic avoided—crossing regime, generalizing earlier two—level adiabatic techniques from
[17], [18], [19]. This step is necessary in order to control the dependence of the relevant
quantities in the energy parameter. See also [21], [25] for stationary results of the same kind,
obtained at fixed energy and, essentially, for two-level systems. That a complex WKB-type
analysis plays an important role here should be no surprize. Indeed, in the ODE context
of adiabatic-like problems dealt with in the references above, the complex WKB approach
proved to be the most efficient method providing a quantitative analysis of the exponentially
small leading order term of the Landau-Zener mechanism. See, however, [13] and [2] for
a different successful approach of such problems, based on optimal truncation techniques.
Nevertheless, the understanding of the stationary scattering process is of course not enough
to get control on the time-dependent propagation of states: as our main result demonstrates,
even the decay rate of the transition amplitude cannot be determined by the stationary data
only.

There are mathematical results on the exponentially small size of non—adiabatic transi-
tions in the Born-Oppenheimer approximation, and for related problems. See, e.g., [12], [23],
[1], [24], However, to the best of our knowledge, there are no rigorous results on this topic
in the literature that actually compute the leading asymptotics of non—adiabatic transitions
in our time—dependent PDE setting. We have recently learned that Betz and Teufel, [3], are
adapting techniques from [2] to the Born-Oppenheimer setup. They have formal and numer-
ical results for specific electronic hamiltonians in agreement with ours. Also, rigorous results
on the propagation of wave packets through avoided crossings, representing first attempts to
unravel the molecular Landau-Zener mechanism, are obtained in [10], [11]. (See also [26].) In
those papers, the gap ¢ shrinks to zero with € in such a way that the transitions are of order
one, so that they can be computed by perturbation theory. This is in contrast to the present
situation, in which ¢ is small but fixed as ¢ — 0, and the transitions are exponentially small.



Because of the importance of the Landau-Zener mechanism to molecular physics, there
are relevant papers in the physics and chemistry literature. See, e.g., [4], [27], [28].

1.1 Nwumerical Simulations for a Gaussian Initial State

We now present graphical results of a numerical simulation in which the initial state is a
Gaussian function associated with the upper energy level for a two level system. These plots
are in very good agreement with the results of our analysis.

We have numerically integrated equation (1.1) with ¢ = 0.2 for the Hamiltonian function

h(z) = % (tan111($) tan_hl(iv)>_

1
The energy levels are £+ — /1 + tanh(z)?, and there is an avoided crossing at x = 0 with

a minimum gap of 1. The initial state is the eigenvector associated with the upper energy
level times the Gaussian ¢o(Ag + it Bo, By, €2, nt,n, 1), where Ay = By = n = 1, with the
initial time ¢ = —10. The following two figures show the initial position and momentum
probability densities, respectively. In both plots, the probablity of being on the lower energy
level is zero.

—=20 —15 —10 —5 o s 10 is 20 25

Figure 2. Position space plot at time ¢ = —10 of the probability density for being on the
upper energy level (solid line), and 3 x 108 times the probability density for being on the
lower energy level (dotted line). The dotted line cannot be seen because it coincides with
the horizontal axis.
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Figure 3. Momentum space plot at time ¢t = —10 of the probability density for being on
the upper energy level (solid line), and 3 x 10® times the probabilty density for being on the
lower energy level (dotted line). As in Figure 2, the dotted line cannot be seen.

The following two plots show the position and momentum probability densities at ¢ = 9
after the wave function has interacted with the avoided crossing. The component associated
with the lower energy level has mean momentum 2.05. It is evident from the plot that it is
greater than 2.

The naive energy conservation calculation predicts the following: The total energy is
E = n*/2 +1/2 \/1 + tanh(—10)2 = 1.2071. After the transition to the lower surface,

the kinetic energy should be this value plus v/2/2, so ?/2 = 1.9142. This predicts a final
momentum after the transition of 7, = 1.9566.

—=20 —15 —10 —5 o s 10 is 20 25

Figure 4. Position space plot at time ¢t = 9 of the probability density for being on the
upper energy level (solid line), and 3 x 10® times the probabilty density for being on the
lower energy level (dotted line).



Figure 5. Momentum space plot at time ¢t = 9 of the probability density for being on the
upper energy level (solid line), and 3 x 10® times the probabilty density for being on the
lower energy level (dotted line).

1.2 Numerical Simulations for More General Initial States

We next present the results for the same system as above, but where the initial Gaussian
¢o has been replaced by ¢3. See (1.4). Note that the transition amplitude is significantly
larger than in the example above, and that the component of the wave function that makes
the transition to the lower level is approximately a Gaussian. The value of epsilon € = 0.2 is
not particularly small, so the component of the final state that does not make a transition is
only approximately a ¢3 wave packet. We have chosen this relatively large value of epsilon
to avoid numerical difficulties in integrating equation (1.1).

We should also note that the naive energy conservation calculation again predicts that
the component of the wave function on the lower level should have mean momentum 1.9566.
Since initial wave function has a greater momentum uncertainty than in the Gaussian exam-
ple above, we see an even greater discrepancy between this prediction and the correct value.
Our simulation yields a value of roughly 2.25.

o0.04 — —

o.0z2 - —

—=20 —15 —10 —5 o s 10 1s 20 25

Figure 6. Position space plot at time ¢ = —10 of the probability density for being on the
upper energy level (solid line), and 107 times the probabilty density for being on the lower
energy level (dotted line). As in Figures 2 and 3, the dotted line cannot be seen.
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Figure 7. Momentum space plot at time ¢t = —10 of the probability densityfor being on the
upper energy level (solid line), and 107 times the probabilty density for being on the lower
energy level (dotted line). As in Figure 2, 3, and 6, the dotted line cannot be seen.
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Figure 8. Position space plot at time ¢ = 9 of the probability density for being on the upper
energy level (solid line), and 107 times the probabilty density for being on the lower energy
level (dotted line).
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Figure 9. Momentum space plot at time ¢ = 9 of the probability density for being on the
upper energy level (solid line), and 107 times the probabilty density for being on the lower
energy level (dotted line).
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2 Hypotheses for the Electron Hamiltonian

We begin with three general assumptions about the electron Hamiltonian h. We then impose
two more assumptions that make precise the avoided crossing situations we can handle.

H1: We assume z +— h(z) is a m X m matrix—valued analytic function that is analytic in
z2€pa=4{2=x+1y : |y| < a}, where a > 0. We assume h(z) is self-adjoint for z € IR.

Since we work in a scattering framework, we further assume:

H2: There exist v > 1/2, ¢, and two matrices h(400), such that for all z € IR,

sup ||h(z + iy) — h(£o0)|| < —

2+’
ly|<a <z >

where < x > denotes (1 + 22)'/2.

The rate of convergence in this assumption can certainly be weakened. However, general
scattering theory is not the main point of the present study.

H3: We assume the spectrum o(h(x)) of h(x) consists of m non-degenerate eigenvalues

a(h(z)) = {e;(®)}j=1,m.

for any x € IR U {£o0}.

We let ¢;(z), j = 1,---,m, denote the corresponding eigenvectors, characterized up to
constant phases by the following conditions
||§b]($)|| = 17 and <¢J(x)7 ¢;($)> = 07 vj = 17 T, m, (21)

where the the prime denotes the derivative with respect to x. The eigenvectors are analytic
in some narrow open strip containing the real axis [20].
By using the Cauchy formula, it is easy to check that our hypotheses imply for any n € N

dn

B ()~ efo0)) = O(< 2> 22)
and
dd% (¢j(z) — dj(£00)) = O(<z>"F), (2:3)

for any n € N*.

We now make specific assumptions concerning avoided crossings for h.
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The idea is to assume h(z) belongs to a smooth family of electron Hamiltonians h(zx, d).
When § = 0, we assume there are actual crossings. When ¢ # 0, we assume there are no
crossings for real values of x. The electron Hamiltonians we actually use have the form
h(zx, ) for some small, but fixed value of 4.

Our precise assumption is the following:

H4: For each fixed § € [0,d], the matrix h(z,d) satisfies H1 in a strip p, independent of
§, and h(z,d) is C? as a function of the two variables (z,8) € p, x [0,d]. Moreover, h(-)
satisfies H2 uniformly for ¢ € [0, d], with limiting values h(+o00,d) that are C? functions of
d € 10,d].

Again, some of our results hold under weaker smoothness assumptions.

We can deal with multiple avoided crossings, but cannot deal with all possible patterns of
avoided crossings. The following assumption describes the ones we allow. This assumption
is complicated, and we recommend the reader look at the picture on page 686 of [15] to get
some intuition about its meaning.

H5: For each x € IR and each 0 € [0,d], o(h(z,0)) consists of m real eigenvalues
o(h(x,0)) = {ei(x,9), ea(x,9), -+, em(z,0)} C IR. (2.4)
When § > 0 we assume these are distinct for € [—o0, +00] and are labeled by
e1(x,0) < eg(z,9) < -+ < epm(x,0).

When § = 0, the eigenvalues are m analytic functions that have finitely many real crossings
at v < xp < --- < 7, with p > 1. We assume the eigenvalues have m distinct limits as
r — —oo and as x — oo. We label these eigenvalues e;(z,0) in a way that is discontinuous
in 6 near 9 = 0. This labeling is determined by the following conditions:
i) For all = <

e1(z,0) < ez(x,0) < -+ < ep(x,0).

ii) For all j <l € {1,2,---,n}, there exists at most one z, with
ej(z,,0) — ef(z,,0) = 0,

and if such an z, exists, we have

0
o (ej(x,,0) —efz,,0)) > 0. (2.5)
iii) For all j € {1,2,---,n}, the eigenvalue e;(x,0) crosses eigenvalues whose indices are all

superior to j or all inferior to j.

Remarks:

i) The parameter § can be understood as a coupling constant that controls the strength of
the perturbation that lifts the degeneracies of h(x,0) on the real axis.

ii) Because h(zx,0) is self-adjoint, the eigenvalues e;(x,0) cannot have branch points on the
real axis, and they are analytic in a neighborhood of the real axis.

12



iii) The crossings are assumed to be generic in the sense that the derivatives of e; — e, are
non-zero at the crossing x,. This ensures that when § > 0 is small, the generic behavior
(3.19) holds at the corresponding complex crossing points.

iv) When m = 2, H5 requires that the two eigenvalues have exactly one generic crossings
when § = 0.

v) The crossing points {x1,xs,---,2,} need not be distinct, which is important when the
Hamiltonian possesses symmetries. However, for each j = 1,---,n, the eigenvalue e;(z, )
experiences avoided crossings with e;;1(z,d) and/or e;_1(x, ) at a subset of distinct points

{<TT‘17”'7CCTJ’} g {x17x27‘..’xp}'

For certain results, we also impose the condition that these avoided crossings be generic
in the sense of [7] and [14]. This condition essentially says that the low order Taylor series
coefficients of certain quantities do not vanish at the crossing when ¢ = 0.

H6: Near an avoided crossing of e;(z,0) and e, (x,§), there exist a > 0, b > 0, and ¢ € IR,
such that

en(x,0) — ej(z,0) = * \/a:pz + 2cxd + b%6% + Rs(x,0), (2.6)
where ¢? < a?b? and R3(z,0) is a remainder of order 3 in (z,d) close to (0,0).

Our final hypothesis involves both the electron Hamiltonian and an interval of energies,
A. We ultimately consider states of the full Hamiltonian whose energy is concentrated in
A, with A high enough that scattering onto all the electron energy levels is possible. An
energy range that satisfies this condition can always be chosen for some strip p,, provided
the minimum value in A is large enough.

H7: The interval A € IR is compact and has non-empty interior. Furthermore, it is chosen
so that
inf |E —ej(z,0)] > 0.

z2€pPa
5€[0,9]

3 Generalized Eigenvectors

For energies E € A, we construct generalized eigenvectors for the full Hamiltonian. For the
time being, the parameter § > 0 is fixed and we drop it in the notation. The generalized
eigenvectors are solutions W(x, E, €) € €™ to the time-independent Schrédinger equation

4 32
For each E € A, the set of such solutions is 2m-dimensional, and individual solutions can
be characterized by their asymptotics at x = —oo (or at = = 00).
Let
q@ Z; q}(a% Z;7€) 4727n
B9 ={iesgupag) €0
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Then (3.1) is equivalent to

ie? ai@(x,E,e) = H(z,E)®(z, E,¢), (3.2)
where
Q /4
H(z,E) = <2(El[— W) @) € Mo, (T) and
EIl— h(z) > 0, forall xe€ RU{+oo}. (3.3)

Here, Il denotes the identity matrix in €. Note that the matrix H(x, F) is not self-adjoint,
but satisfies the relation

(3.4)

H(x,E) = J H'(z,E) J,  where J=— (G) H).

n @
The small € asymptotics of solutions to (3.2) are studied in [15]. Of particular importance
to us is Section 7 of [15], which is devoted to the computation of exponentially small elements
of the related S-matrix that we describe below. We apply the results of [15] to (3.2), keeping
track of the dependence on F.
By our hypotheses on E and h(z), the spectrum of H(E, z) consists of 2m distinct real
eigenvalues

o(H(z,B)) = {kj(z,E)}j="

,m?

with

K (v, E) = 7kij(v,E) = 7/2(E —ej(x)) € R (3.5)

Note that the k7’s correspond to the classical momenta associated with the classical poten-
tials e;(x).
A set of corresponding eigenvectors { xj(x, £) } is given (in block notation) by

9;(z) 2
Xi(z, E) = ( . e . (3.6)
’ ki (z, E) ¢ ()
From these we produce new eigenvectors
1
QOT(LE,E) = X7'-<x7E) T, (37)
’ ’ 2k;(x, E)

that satisfy the normalization convention (3.10) below, that wasadopted in [15]. This nor-
malization is motivated by the following: We can write

H(z,E) = Z kK (v, E) Pj(x, E),

where { P (z, E) } denotes a set of non-orthogonal projections onto the eigenspaces of H (x, E).
If we define

1

07(x.E) = 5 ( #it) ) (3.8)

m ;(x)

14



then it is easy to check that
Pz, E) = |xj(z,E)) (0] (z, E)|, (3.9)

where we have used the bra-ket notation relative to the scalar product in €*™. We use the
same notation for scalar products in €™ and €*™, since no confusion should arise.
We now see that the eigenvectors (3.7) satisfy the normalization conditions

{ Pj(x, E) %gp;(x,E) = 0, and
(

(3.10)
©i(0,E), Joi(0,E)) = 7 € {~1,1}.

We note that H, k7, x7, P/, and @] are analytic functions of z and E when these
variables are in a neighborhood of IR x A. More precisely, if A = [Ey, Es|, we define
Dg={z € : dist(z, A) < (8}, and these functions are analytic in p, X Dg, for a and 3
small enough. Here ov must be chosen small enough so that e; and ¢; are analytic in p,, (see
[20]), and [ must be small enough so that |E — e;(x)| > 0 in p, x Dg.

We later make use of larger values of « in order to take advantage of the generic multi-

valuedness of e; and ¢; as functions of .

From [15], we now see that any solution to (3.2) can be written as
O(x,B.e) = Y (e, B¢’ o BB Wl or oy E), (3.11)
2T

where the scalar coefficients ¢} € €' satisfy the equation

0 R
%c;(LE,e) = Y dij(z,E)e Jo (ki (v, B)—oki(y, E)) dy/ o (z, E,€), (3.12)
l,o
with ,
(ITo-(Qf E) — <90‘7]—('T7E)’ P]T(x7E)%<10?(x7E)>
e 5 (2, E) |I?
We can rewrite (3.12) as an integral equation
ci(v,Be) = ci(xo, E,€)
+ / Y af (2, E) € Jo TRy, B)=oku(y, E)) dy/<* o (a',E,e€) da'. (3.13)

o o

As we shall soon see, our hypotheses imply the existence of the limits lim, cJT(:z:, Eje) =
cj(£o0, I, €), so that with the notation

ci(z, E,e)
ch(x, B e

c’(z,Ee) = 2( . ) e qQm,
cr (z, E€)
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we can define an associated S-matrix, S € My, (C), by the identity

T(—o0, F + E
S(E7 6) C_( w? 76) — C_<+w7 76) . (3'14)
¢ (—o0, Ee) c (400, E¢)
This S-matrix naturally takes the block form
StH(E,e) ST (E,¢)
S(E,e) = . (3.15)
S H(E,e) S (E)e)

Due to the symmetry (3.4), it also satisfies the relation (see [15]),

SYE,&) = RS"(E,e) R, where R — (” ‘D>.

o I
Its elements describe transmission and reflection coefficients at fixed energy E which play key
roles in our analysis. The off-diagonal elements are exponentially small and their asymptotics

are determined in [15].
With this notation, the generalized eigenvectors are given by
1

U(x,Ee) = Z m@(m) (3.16)

X (Cj_(x, E, 6) e_i fom k;j(yaE) dy/52 + Cj_ (.T, ‘Eﬁ7 E) 67; fOT’ k:j(y,E) dy/52 ) .

Since [y ki(y, E)dy ~ xkj(+oo,E) = z \/2 (E —ej(£00)) as * — £o0, the component
of (3.16) that describes a wave traveling from the left to the right is labeled by —, and the
component that describes a wave traveling from the right to the left is labeled by +. Note
also that (3.16) is simply a WKB decomposition of the generalized eigenvectors.

We now state some of the general properties of the coefficients ¢7(z, F,€) and of the

J
i[5 kj(y.B)dy/e

phases e that allow us to justify the scattering results described above.

Lemma 3.1 Our hypotheses on h(x) imply the following, uniformly for E € A and all
n € N:

0 < Ci(n) < %@@,E) < Cy(n) < oo, and (3.17)
86E” (Kf(z, E) — ki (£o0, E)) = O(< x>, as x — +00. (3.18)

Thus, if we define wi(+oo, E) = ke (kS (y, E) — k§ (£o0, E)) dy, we further have

/0 K (y,E)dy = xkI(xo0,E) + wi(+o0,E) + ri(+,2,E)

where, uniformly in E and for all n € N,

mn

OF™ T?(:I:,x,E) = O(<z >_(1+”)), as r — +oo0.
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Moreover, the limits c§ (o0, E,€) as v — +oo ewist, and as |r| — oo,

o,
SE" cj(z,E,e) = O(1), for n=0,1,

uniformly for E € A. Also, as v — +o0o and uniformly for E € A,
cj(z,E,e) — cf(+oo,Ee) = O(<x >~y and

a g g —V
oF (¢(z, B e) = f(+00,E,€)) = O(<z>7").
Remarks:

1. This lemma is proved in Section 7.

2. The error terms in the lemma do not depend on € as € — 0.

3.1 Complex WKB Analysis

All the information about transmissions and transitions among the asymptotic eigenstates of
the electronic Hamiltonian is contained in the asymptotic values of the coefficients c?(x, E,+0)
defined by (3.13), and hence, in the matrix S(F,€). We extract this information by mimick-
ing the complex WKB method of [15], while keeping track of the E dependence.

The complex WKB method requires hypotheses on the behavior in the complex plane of
the so-called Stokes lines for the equation (3.2) in order to provide the required asymptotics.
These hypotheses are global in nature, and in general, are extremely difficult to check.
However, in the physically interesting situation of “avoided crossings,” they can be easily
checked. We restrict our attention to these avoided crossing situations that are described
below.

We consider the coefficients ¢; that are uniquely defined by the conditions

ci(—oo,Eye) = 1, and cf(—o0,E,¢) = 0, foral (k, o) # (4, 7).

J

The key to the complex WKB method lies in the multivaluedness of the eigenvalues and
eigenvectors of the analytic generator H(z, F) of (3.2) in the complex z plane. For any fixed
E € A, H(-, E) is analytic in p,, and the solutions (3.11) to (3.2) are analytic in x as well.
However, the eigenvalues and eigenvectors may have branch points in p, whose properties
are inherited from those of the eigenvalues and eigenvectors of h(-).

Analytic perturbation theory as described in [20] states that the eigenvalues and eigen-
projections of h(z) for real z are analytic on the real axis and admit analytic multivalued
extensions to p,. The analytic continuations of the eigenvalues have branch points that are
located on a set of crossing points

Q={2€pa\ R : ej(z) = ex(20) for some j, k and some analytic continuations}.

Recall that for § = 0, the eigenvalues are analytic at any crossing points on the real axis.
This follows from the self-adjointness of i(-) on the real axis. Note also that Q = Q by the
Schwarz reflection principle.
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Generically, at a complex crossing point 2z, € €2, we have the following local behavior,
where ¢ € €' is some constant

e;(2) — en(z) =~ c(z—20)"? (1+0(z — 2)). (3.19)

The eigenprojectors of h(z) also admit multivalued extensions in p, \ §2, but they diverge at
generic eigenvalue crossing points. We only have to deal with generic crossing points.

To see what happens to a multivalued function f in p, \ €2 when we turn around a crossing
point, we adopt the following convention: We denote by f(z) the analytic continuation of f
defined in a neighborhood of the origin along some path from 0 to z. Then we perform the
analytic continuation of f(z) along a negatively oriented loop that surrounds only one point
20 € Q. We denote by f(z) the function we get by coming back to the original point z.

We define (y to be a negatively oriented loop, based at the origin, that encircles only zq
when Im z5 > 0. When Im 2y < 0, we choose (; to be positively oriented.

We now fix 2o with Im 2 > 0. If we analytically continue the set of eigenvalues {e;(2)}7.,,
along a negatively oriented loop around zq € €2, we get the set {€;(z)}7., with

éj(Z') = eﬂo(j)(z), for j=1,---,m,
where
7o - {172,"‘,m}—>{1727...7m} (320)

is a permutation that depends on z,. As a consequence, the eigenvectors (2.1) possess
multivalued analytic extensions in p,\{2. The analytic continuation ¢;(z) of ¢,(z) along
a negatively oriented loop around z, € €2, must be proportional to ¢, ;y(2). Thus, for
Jj=1,2,---,m, there exists 0;({y) € €, such that

Gi(z) = e g i (2). (3.21)

We now turn from h(z) to H(z, E).

From Hypothesis H7, (3.5), and (3.7), we see that the set of crossing points for the
eigenvalues +k;(z, E) of H(x, E) is independent of E and coincides with €.

Moreover, for j = 1,---,m, we have

K (2,BE) = K, ;(2,E),  §5(z,B) = e @l (2, E),

where the prefactor e=%(%) is independent of F.

The above implies a key identity for the analytic extensions of the coefficients c}(z, I, €),
z € pa\§2. Since the solutions to (3.2) are analytic for all 2 € p,, the coefficients ¢} must
also be multi-valued. In our setting, Lemma 3.1 of [15] implies the following lemma.

Lemma 3.2 Forany j=1,---,m and 7 = +, —, we have
—1 (u u/e? i 0
(2, E.€) e oy ¥ (w,B) du/ e 10i(G) — c;o(j)(z,E,e) (3.22)

where (o, 0;(Co) and mo(j) are defined as above and are independent of E € A.
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Remark: Since (2 is finite, it is straightforward to generalize the study of the analytic
continuations around one crossing point to analytic continuations around several crossing
points. The loop (y can be rewritten as a concatenation of finitely many individual loops, each
encircling only one point of 2. The permutation 7 is given by the composition of associated
permutations. The factors e~ (%) in (3.21) are given by the product of the factors associated
with the individual loops. The same is true for the factors exp (—i Jey Kj(z, B)dz/ €2> in
Lemma 3.2.

We now describe how we use the above properties. The details may be found in [15].

The idea is to integrate the integral equation corresponding to (3.13) along paths that
go above (or below) one or several crossing points, and then to compare the result with the
integration performed along the real axis. As z — —o0 in p, these paths become parallel
to the real axis so that the coefficients take the same asymptotic value ¢} (—oo, F, €) along
the real axis and the integration paths. Since the solutions to (3.2) are analytic, the results
of these integrations must agree as Re z — oo. Therefore, (3.22) taken at z = oo yields
the asymptotics of ¢ (])(oo, E.¢), provided we can control ¢;(z, E, €) in the complex plane.
We argue below that this can be done in the so-called dissipative domains (See [6], [5]), as
proven in [15]. We do not go into the details of these notions because another result of [15]
will enable us to get sufficicient control on ¢ (2, E,€) in the avoided crossing situation, to
which we restrict our attention.

We define -
T@B) = [ (K.E) - K.E) dy.
By explicit computation, using formula (7.3) in (3.13), we check that (3.13) can be extended

to pa \ €. We next integrate by parts in (3.13), to see that (3.13) with o = —oo can be
rewritten as

NTO' E ~
ez, Ee) = i b — Z€2Z — (Z’~) B EEE @ (2 B ) (3.23)
o kn(z, E) =k (2, E)
a, U(Z/ E) ~Z‘ra / 2
+ i€ / miAT o BB w0 (B e d2
Z <8z kT (= E)—k;’(z’,E)) i )
E)ap (<, E) iATO (2 E) /€2 0 /
Z@/ i k(’E)e (2, E e)d?
7p70— l Y

as long as the chosen path of 1ntegrat10n does not meet 2. Here, = denotes the analytic
continuation along the chosen path of integration of the corresponding function defined
originally on the real axis. This distinguishes ¢7, (00, E, €) from ¢] (oo, F, €) computed along
the real axis as © — oo. These quantities may differ since the integration path may pass
above (or below) points of €.

If the exponentials in (3.23) are all uniformly bounded, as it is the case when the inte-
gration path coincides with the real axis, it is straighforward to get bounds of the type

& (2,E,€) = 0jmd,— + Op(e). (3.24)

In our context, all quantities depend on F € A. However, by mimicking the proof of
Proposition 4.1 of [15], it is not difficult to check that the estimate (3.24) is uniform for
EcA.
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For later purposes, we note that by differentiating (3.23), g—EEZ%(Z,E, €) is uniformly
bounded for 0 < € < ¢y and E € A for any fixed ¢y. See the proof of Lemma 3.1 for this
property on the real axis.

Again, as is well known, the existence of paths from —oco to +oo along which the expo-
nentials do not blow up and which pass above (or below) points in € is difficult to check in
general. Tt is linked to the global behavior of the Stokes lines of the problem. See e.g., [6],
[5]. This property goes under the name “existence of dissipative domains” in [15].

We avoid these complications by restricting attention to avoided crossing situations where
the existence has been proven [15].

When dissipative domains exist, (3.22) and (3.24) imply

Ty (00 Bre) = ¢ e RIS —i6i60) (1 4 0,5(e), (3.25)

™

where the Og(e?) estimate is uniform for F € A. This is the main result of Proposition 4.1
in [15] in our context, under the assumption that dissipative domains exist.

3.2 Avoided Crossings

We now explore the avoided crossing situation, alluded to above, that allows us to avoid
considerations of the dissipative domains. We now assume that h(x) has the form h(z,?)
and satisfies Hypotheses H4 and H5.

We first check that the allowed pattern of avoided crossings for o(h(x,d)) can be trans-
fered to the eigenvalues of H(x, E, ), obtained from h(z,d) by (3.3).

From the explicit formulae (3.5), we see immediately that x. € IR is a real crossing point
for the eigenvalues e;(z,0) and e;(x,0) of h(z,0) if and only if it is a real crossing point for
the analytic eigenvalues k7 (z, E/,0) and k] (z, E,0) of H(z, E,0), for 7 = +, —. Moreover,

= (K5, B) ~ K (. B))

T %(6[(.73,0) - ej(x,O))
r=wc \/2 (£ —ej(z,0))

Y

T=xc

so that the real crossings for H(z, E,0) are also generic, in the sense of (2.5).

Remark: Our assumption H7 on the parameter E forbids real crossings between eigenval-
ues k7 (v, £,0) and k7 (z, E,0), with o # 7.

Regarding the ordering of the eigenvalues of H(z, E, ¢), if those of h(z,J) are ordered as
in (2.4), we have

—ki(x, E,0) <+ < =kp(z, E,0) <0< kp(x,E,6) <--- <ki(z,E,0). (3.26)

This means that the pattern of the crossings for the group of eigenvalues { —k;(z, £,0)};=1,...m
is the same as that for the eigenvalues {e;(z,0)},=1 ...n. The pattern of the crossings for the
group {k;(x, E,0)};=1,..m is the reflection with respect to the horizontal axis of the one for
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{e;j(x,0)};=1,...n. Therefore, assumptions H5, 1), ii), iii) are also satisfied for the eigenvalues
of H(x, F,0), for a relabeling from 1 to 2m of (3.26) with § = 0, and z close to —o0.

To any given pattern of real crossings for the eigenvalues {e;(z,0)};=1....., of h(x,0), we
associate a permutation m of {1,2,---,m} as follows. Assume the eigenvalues are labeled
in ascending order at z = —o0, as in property i) of H5. If e;(0c0,0) is the k™ eigenvalue in
ascending order at x = oo, the permutation 7 is defined by

m(j) = k. (3.27)

We call 7 the permutation associated with o(h(z,0)). For small § > 0, the real crossings
turn into avoided crossings on the real axis and conjugate complex crossing points appear
close to the real axis. Then 7 corresponds to the permutation 7y (3.20) for a loop (p that
surrounds all complex crossing points in the upper half plane that are associated with the
avoided crossings.

These properties of corresponding patterns of real crossings of the spectra of h(zx,d) and
H(z, F,0) immediately yield the following convenient relation between the permutation 7
associated with o(h(z,0)) and the permutation I associated with o(H (x, £,0)). If we denote
IT by the obvious notation

@G, m) = (ko)

then we have

(5, 7) = (n(jy),7), forall — (j,7) € {1,---,m} x {—,+}.

We can now restate the main result of [15] that describes the asymptotics of the coef-
ficients defined in (3.13), adapted to our scattering framework for incoming states entering
from the left. (See (3.16).) Intuitively, this result says that for small § > 0, dissipative do-
mains exist, provided the pattern of real crossings satisfies H5. Therefore, estimates of the
type (3.25) are true for certain indices j and n, determined by the permutation (3.27). It is
not difficult to see that the permutation 7 describes the successive exchanges of eigenvalues
one gets by following a path in the complex plane that goes above or below all complex
crossing points of the eigenvalues e;(x,d) that are associated with the avoided crossings.

Theorem 3.1 Let h(x,d) satisfy H4 and H5. If § > 0 is small enough, the w(j),j elements
of the matrix S~ (E,€) in (3.15), with w(j) defined in (3.27), have small € asymptotics for
all j =1,---,m, given by

() F1

_ i i [ ki(z,E,8)dz/e , >
S (e = [ e @D M MEBIEE (o) () {<j
l=j

where, for w(j) > j (respectively w(j) < j), ¢, L=7, -, 7(j)—1 (resp. L =j,---,7w(j)+1),
denotes a negatively (resp. positively) oriented loop based at the origin which encircles the
complex crossing point z. only (resp. Z;) corresponding to the avoided crossing between
ei(z,0) and ej1(x,0) (resp. ej1(x,9)) at x,. The [, ki(z, E,6) dz denotes the integral along
(i of the analytic continuation of k;(0, E,6), and 6,((;) is the corresponding factor defined by
(3.21).
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Remarks:
i) Revisiting the proof of this theorem in [15], we see that we can choose § > 0 small enough
so that dissipative domains can be constructed uniformly for £ € A. This stems from the
formula

2(ey(,0) —ej(x,0))
kj(xz, E,0) 4 ki(z, E,0)’

whose denominator can be controlled, close to the real axis, uniformly for £ € A.
ii) When there is only one avoided crossing between level j and j + 1 stemming from a real
crossing at x = xo, we have j + 1 = 7(j). The theorem says

k?j(l‘,E,O) - kl(x7E70) =

L —i0;(Ci.6 zf kj(2,E,0)dz/€?
S, (E.e) = e iG0) ¢ e (1+OE,6(€2))a

where the negatively oriented loop (; encircles the corresponding complex crossing point

29, with Im 2y > 0. Similarly, interchanging the roles of j and j + 1, it yields with ¢; the

conjugate of the loop (j,

—_— —30.(Cs 0 | = k( 7E76)d / 2
S](]+1)<E7 6) = e ’59]((]15) GZ fg]— A z/e (1 i OE,é(EQ)) ,
iii) Since the eigenvalues are continuous at the complex crossings, we have

%irr(l) Im ki(z,E,6)dz = 0, forall j=1,---,p.
—> Cj

It is shown in [14] that

(lsir% Im 60;(¢;,0) = 0 forall j=1,---,p.

iv) The Og s(€) errors in Theorem 3.1 depend on 6, but it should be possible to get estimates
which are valid as both € and § tend to zero, in the spirit of [14], [21], and [25].

v) This result shows that at least one off-diagonal element per column of the S-matrix can
be computed asymptotically. However, it is often possible to get more elements by making
use of symmetries of the S-matrix. See [15] and [16].

In our avoided crossings context, transitions of the coefficients between states that cor-
respond to electronic levels that do not display avoided crossings, i.e., that are separated
by a gap of order 1 as § — 0, are expected to be exponentially smaller than the transitions
we control by means of Theorem 3.1, as § shrinks to zero. Since the coefficients in the ex-
ponential decay rates given by the theorem vanish in the limit § — 0, it is enough to show
that the decay rates of the exponentially small transitions between well separated levels are
independent of 9.

That is the meaning of the following proposition, which draws heavily upon [18] and [15]
and is proven in Section 7.

Proposition 3.1 Let F(x,0) be a n x n matriz that satisfies H4, except for the condition
that F(-,9) be self-adjoint. Suppose its eigenvalues { f;j(x,8)}j=1,..m that satisfy H5. Further
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assume that the eigenvalues can be separated into two groups o1(x,d) and oo(x,0) that display
no avoided crossing, i.e., such that

inf dist(oy(z,9), o2(x,d)) > g > 0.

z€paU{toc}

Let P(z,9) and Q(z,0) =II— P(x,0) be the projectors onto the spectral subspaces corre-
sponding to o1(z,0) and o9(x,0) respectively, and let Uc(x,xo,0) be the evolution operator
corresponding to the equation

ie? di Ue(z,x0,0) = F(2,0) Uz, x0,0), with Ue(xg, x0,6) =1L (3.28)
x

Then, for any 6 > 0, there exists €3(0), C'(d) > 0 depending on §, and I" > 0 independent of
d, such that for all € < €(9),

lim || P(x,8) U.(x, 20,8) Q(x0,0) | < C(8) e/,

T(H——00

Remark: This proposition implies that reflections, i.e., the transitions from wave pack-
ets traveling to the right to wave packets traveling to the left, on any electronic level, are
exponentially smaller than transitions associated with the avoided crossings in which the
propagation direction is not changed. This is a consequence of Hypothesis H7 which implies
that complex crossings between k;“ and k; , are far from the real axis for any 7,1 € {1,---,m}.

Let us investigate more closely the analytic structure of k;(z, £, ¢) in our avoided crossing
regime characterized by H4 and H5, in order to deduce the properties of the exponential
decay rates Im fgj ki(z, E,6)dz. We do so for the k;’s that correspond to electronic eigen-
values e;(z,d) and e, (z, ) that experience only one avoided crossing, i.e., we take n = j £ 1.
We can thus drop the index j in ¢; in the notation. We follow [14] where a similar analysis
is performed, sometimes refering to results proven there. The general case is dealt with by
adding the corresponding contributions stemming from each individual avoided crossing.

We can assume that the avoided crossing takes place at x = 0, i.e.,
e;(0,0) = €,(0,0) = e,

where e, is the electronic eigenvalue at the crossing. We also define the momentum k.(E) at
the crossing point by

k(E) = J2(E —e,.)
and the quantity I'¢(0) by

Ty(5) = ‘Im /4 e;(z,6)dz|. (3.29)

This quantity is the exponential decay rate given by the Landau-Zener Formula for a (time
dependent) adiabatic problem with hamiltonian h(¢,6). See [14]. In Section 7 we prove
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Lemma 3.3 With the above notation, we have the following as 6 — 0, uniformly for E € A,

Im /< V2(E —e(2,0))dz = Lol0) 0(8%),

ke(E)

__ To(9) 3
— [m / \/Z(E—ej(z,é))dz = () + 0(6), and
8E2 Im / \/2 —ej(z,0))dz = k;?o(%)) + O(8%),

where 0 < To(6) = O(6%).

Remarks:

i) This implies that Im [ \/ 2(E —ej(z,0)) dz is a positive, decreasing, convex function of
E on A. This remains true when the transition is mediated by several avoided crossings.

ii) The first relation can be interpreted as saying that in our Born—Oppenheimer context, the
(time dependent adiabatic) Landau-Zener decay rate at fixed energy E has to be modified
in order to take into account the classical velocity k.(E) at the crossing.

iii) More precise estimates will be derived below, further assuming H6.

4 Exact Solutions to the Time—Dependent Schrodinger
Equation

We now construct solutions to (1.1) by taking time-dependent superpositions of the gen-
eralized eigenvectors W(x, F, €), where E € A. These superpositions depend on an energy
density Q(F,¢) that can be complex and may or may not depend on e. We always assume
that the following condition holds:

CO : The density Q(E,¢€) is C! as a function of F € A, for fixed € > 0.

In this Section, the parameter § > 0 is kept fixed and plays no role. We therefore drop
it from the notation and work under hypotheses H1, H2, and H3.

We define

Wzt = /A Q(E, ) U(z, B, ) e/ 4

/ zfo k" (y,E) dy/e —’LtE/62 dE
j=1,-m, o= :I: \/2]{3

Z w;’(x,t,e). (4.1)

j=1,-m o==%x

Here 97 asymptotically describes the piece of the solution that lives on the electronic state
¢; and propagates in the direction characterized by o. Since the integrand is smooth and A
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is compact, ¥ (z,t,€) is an exact solution to the time-dependent Schrodinger equation (1.1).
Note that this solution is not necessarily normalized.

The following lemma, whose proof can be found in Section 7, gives a bound that we use
to understand the large ¢ behavior of 7 (z,t,¢€). It is a simple corollary that the state (4.1)
belongs to L*(IR).

Lemma 4.1 Assume H1, H2, H3 and CO. Let

K, = sup kj(ooo, E) < o0
j=1,-m E€EA, o=%

and
K = inf kj(ooo, E) > 0.
j=1,-m E€EA, o=%

Fiz a € (0, 1). Then, for eithert =0, or for any x # 0 and t # 0, such that
[z/t] > Ky/(1—a)  or  z/t] < K_/(1+a),
we have
H V7 (2, t,€) H < C./lx|, with C, independent of t,

where the estimate is in the norm on C™.

We now introduce freely propagating states ¢ (z,t, e, +) € L?(IR, €™) that describe the
asymptotics of the solutions ¢ (x,t,€) as t — £oo. We use these asymptotic states when we
study the scattering matrix for (1.1). We let

Vo (z,t, €, +) (4.2)

= 2 () / Q((Ee)) eTHEIE 7 (oo, B, €) k] (koo P) e (oo )/ g g
j=tmm A\ /2k;(+o0, E

= Z %’(%t, €, j:)
Jj=1,-m

These states are linear combinations of products of free scalar wave packets in constant
scalar potentials times eigenvectors of the electronic Hamiltonian. Their propagation is thus
governed by the various channel Hamiltonians.

Proposition 4.1 Assume H1, H2, H3 and CO0. In L*(IR) norm as t — 400, we have for
any 0 < B <1/2

(@t e) — (0 (2. toe, £) + ¥ (@t e, F) | = O(1/]t]). (4.3)

Remarks:
i) The estimate (4.3) depends on e.
ii) By a change of variables, we immediately obtain the following corollary.
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Corollary 4.1 The density of the component of the asymptotic momentum space wave func-
tion on the j" electronic level as t — 00 is

\/7 Q (:l:OO E(k’) )efzw 7 (doo,E(k))/€?

Here E(k) = k*/2 + ej(+00) and 0 = —/+ for waves traveling in the positive/negative
direction, respectively.

iii) Consider a solution ¥ (x,t,€) traveling in the positive direction and associated with the
electronic eigenstate ¢; in the remote past. It is characterized by ¢ (—o0, E,€) = ;. 05—,
and as t — —oo, for negative z, it is asymptotic to

Ve = o) |, m

As t — 400, the component of this state that has made the transition from state j to state
n is asymptotic to the vector ¢, (z,t,¢,+). It is given in terms of the matrix S by

0 | e

iv) Proposition 4.1 is proven in the Section 7.

—ztE/e2 6i(xkj(—oo,E)—wj_(—oo,E))/ez dE. (44)

—ztE/e2 ng— (E, 6) 6+i(mkn(+OO,E)—w;(+oo,E))/62 dE. (45>

5 Non—adiabatic Transition Asymptotics

5.1 The Transition Integral

From now on, we assume we are in the avoided crossing situation, but we still do not make
explicit the dependence in the variable d > 0 in the notation.

Section 3 gave us the semiclassical asymptotics of the elements of the S-matrix S(E, ).
We now compute the small € asymptotics of the integrals that describe the asymptotic states
Y9 (x,t, ¢, £) given by (4.2) as [t| — oo, for the different channels.

We choose our energy density Q(F, €) to be more and more sharply peaked near a specific
value Fy € A\ 0A as e — 0. As a result, we obtain semiclassical Born-Oppenheimer states
that are well localized in phase space. This choice is physically reasonable, and it allows us
to relate the quantum scattering process to classical quantities.

More precisely we consider,

QE,€) = e W/ /IS p(E ), (5.1)
where

C1 : The real-valued function G' > 0 is in C®(A), and has a unique non-degenerate absolute
minimum value of 0 at Ej in the interior of A. This implies that

G(E) = g(E - Ey?/2 + O(E — Ey)®, where ¢>0.
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C2 : The real-valued function J is in C3(A).
C3 : The complex-valued function P(E,¢) is in C'(A) and satisfies

n

OE™

sup
EecA
e>0

P(E ¢)

< Cp, for n =0, 1. (5.2)

Remark: Typical interesting choices of Q have G = ¢(E — Ey)?, J = 0, and P an
e-dependent multiple of a smooth function with at most polynomial growth in (£ — Ey)/e.

In our avoided crossing situation, we have already proved the following: A wave packet
incoming from the left in the remote past produces reflected waves (i.e., components that
travel to the left in the remote future) that are exponentially smaller than the components
that travel to the right in the remote future. We have also proved that the non-trivial
transitions to electronic states that are not involved in the avoided crossing are exponentially
smaller than those to electronic states that are involved in the avoided crossing.

Thus, the leading non-adiabatic transitions are described by the asymptotics of those
coefficients ¢f (+00, E, €) that satisfy

CZ(_OO>E76) = 5j,k 50,— (53)
¢ (+00,E,e) = e i) eifc kj(z.B)dz/€? (14 Og(e)), (5.4)

where n = 7(j) = j & 1. We recall that the error term Og(e®) depends analytically on the
energy F in a neighborhood of the compact set A. We have already noted in the comments
after (3.24) that the term Op(€?) satisfies (5.2).

The form chosen for the energy densities should make it clear that Gaussian wave packets
will play a particular role in the asymptotic analysis of (4.5). Therefore we use the specific
notation introduced in (1.2) for them.

Recall that a normalized free Gaussian state propagating in the constant potential e(+00)
is characterized by the classical quantities

A(t) = A, +itB,,

By(t) = By,

ar(t) = ay + et

n+(t) = n4, and
S.0) = [ (B2~ elho0)) ds,

with Re (A, B;) =1 (see [9]). The associated nuclear wave packet has the form

Gis+(t)/62 900(A+(t), B+(t)7 627 a4 (t)7 N+ (t)7 5‘3) <5~5)
it(n?/2—e(c0)) /€2 _ )28 — t
_ e ox {_(x 2(a++77-.i- ) +} exp {Z.m(:r (a2++77+ ))}
7r1/4 e(A_,’_ —+ 2tB+) s (A+ + ZtB+) €

We now have everything to state our main result:
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Theorem 5.1 Let i(x,t,€) be a solution of the Schridinger equation (1.1) with electronic
Hamiltonian h(x,d) that satisfies hypotheses H4, H5, HT. Assume that the solution is
characterized asymptotically in the past for negatives x’s by

tgr_noo H ¢(x,t,€) - wj_(xvta €, _) HLQ(R_) = 0’
with

V(b6 =) = ¢ / =i/ gilahy(~o0.B)—wj (~o0.B))/e 111
\/2k;(—o0, E

where the energy density is supported on the interval A, and
Q(E,E) _ G—G(E)/e2 e—z‘J(E)/e2 P(E, E)
satisfies C1, C2, and C3. Let n = m(j) be given by (3.27), and let
a(B) = G(E) + In ([ k(= B)d2), (5.6)
¢

K(E) = J(E) — Re( /C ki(z, B)dz) + w (0o, E). (5.7)

Assume E* is the unique absolute minimum of a(-) in Int A.
Then, there exist 8o > 0, p > 0 arbitrarily close to 5/2, and a function € : (0,8) — IR*,
such that for all0 < < 1/2; 5 < § and € < €y(9), the following asymptotics hold ast — oo:

¢7:(£E,t,€,+) = ¢n(m) GZS+( (A-i-() (t)7€2’a+(t)7n+(t)7x)

x P(E*,¢) [lr o E7)/€ —i(k(E*)—k*2x/(E¥)) /e + O(efa(E*)/EQEP) +0, (1/tﬁ) :

where g 15 parametrized by

1
Ny =k = 2B —en(00),  ay =K R(EY), By = ,

& a(B(k))|

Al = (dd—;a(E(k)) - +i%/€ )/\/ 0 and  (5.8)

All error terms are estimated in the L2(IR) norm, and the estimate O(e~* /< eP) s uniform
in t, whereas O (1/t°) may depend on e.

Remarks:

0) The L% norm on IR~ is introduced to get rid of the /™ (z,t, €, +) asymptotic component
as t — —o00.

i) All quantities computed from the electronic Hamiltonian h(x,d) depend on ¢, even
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though that dependencs is not specified in the notation.

ii) The function o has a unique absolute minimum if |A] and § are small enough. See
Proposition 5.1. However, in the case of several absolute minima, one simply adds the con-
tributions associated with each of them.

iii) The transitions to states that travel to the left in the future are excluded from our anal-
ysis because of the lack of uniformity in F in the semiclassical asymptotics of the relevant
elements of the matrix S(E,€). At the price of some more technicalities, it should also be
possible to accommodate this situation by our methods.

iv)  When several avoided-crossings are taken into account and meet the requirements of
Theorem 3.1, ¢, (00, E, €) with n = m(j) is given by a product of exponentials of the same
form as those in (5.4). The analysis of this situation is essentially identical to the single
avoided crossing situation, mutatis mutandis.

v) Further properties of 1, (x,t,¢,+) are given below. In particular, the characteristics of
the average momentum k* and its behavior as a function of § are detailed in Section 5.2.
The energy densities corresponding to specific incoming states are studied in Section 6.

vi) The asymptotics of the incoming wave with the electrons in the state ¢; in the remote
past are described by the same integral, with the replacements

Y 07
w;(oov'> = w'i(_oov')v

- en \/2 - e] ))7
9]' — 0.

(5.9)

Proof of Theorem 5.1:
Apart from the E-independent factor given by

Pn () e 1050,
V2
the asymptotics of (4.5) are determined by the integral

B P(E,¢)
Teat) = | GE— oo

% e—G(E)/e2 e—i(tE-ﬁ-J(E))/E2 6i'yj(E)/62 ei(:c 2(E—en(c0))—w;, (00,E)) /€2 dE
where P(E,¢) = P(E,€) (14 Og(e?)) satisfies (5.2),

vi(E) = /ij(Z,E)dZ, and

w, (00, E) = —/OOO (\/Q(E—en \/2 —en(0c0 )dy

The (1 + Og(e?)) factor in P(E, €) comes from Theorem 3.1. Recall that ; and w; (oo, ")
are analytic in a complex neighborhood of A, and that Im ~;(E) is a positive, decreasing,
convex function of F, for § sufficiently small.
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In terms of the C? functions (5.6) and (5.7) we can write T'(¢, x,t) as

T(E’l’,t) = / P<E7 6) 1/4 G—Oé(E)/EQ e—i(tE'i‘I‘i )/6 \/Q(E eoo /6 dE
A (2(E —e(0))

where we have dropped the index in the asymptotic eigenvalue e(c0) = e,(00). In Section 7
we analyze the small e asymptotics of T essentially by Laplace’s method. The result is

k‘2
Lemma 5.1 Let k(F) = /2(FE — e()), or equivalently, E(k) = b + e(00), and assume

that a(-) has a unique absolute minimum E*. For sufficiently small 0, this minimum is
non-degenerate and satisfies E* € Int A. With k* = k(E*), there exists p > 0 arbitrarily
close to 5/2, such that as € — 0,

exp {—i (tE*-l—fc(g*)—:vk*) }

(Grza(B(R)) | +i(t + (B (R))
y {_ (x — k(L + K (E"))?

exp d2 . d2
262 (deO[(EUf)) k* + Z(t + WH(E(]C))

where the error estimate is in the L?(IR) norm, uniformly in t.

T(e,x,t) = € V2rk* P(E*,¢) e @E/<

e )12

+ O(e” ")/ er),
)

Remarks:

i) If there are several absolute minima, one simply adds their contributions to get the
asymptotics of T'.

ii) If T is associated with the incoming wave as ¢ — —oo, the formula holds with Ej in
place of E*, kg = \/2 Ey — e(—o0)) in place of k*, and the changes (5.9).

iii) If P satisfies C3 and P(E* €) = O(e?) for some d > 3, then the above analysis yields
no information.

To relate the integral 7" to standard Born-Oppenheimer states involving normalized free
Gaussian states, we must identify (5.10) with (5.5), making use of (5.8). That is the content
of the next lemma which completes the proof of Theorem 5.1.

With the identifications (5.8), we have

Lemma 5.2 For small € and 0 < p < 5/2, we have in the L? norm, for small ¢ and large
I,

T(e,x,t) = 3/ 912 p3/4 P(E*€) VEk* o E) /€ —i(k(E*)=k*2K/ (%)) /e

9 —~1/4
w  iS(®)/e wo(AL(t), B4 (t), €2 yap(t),n.(t),x) (%OK(EU“)) k*)

+ O(e @ EE ey,

where the error term is uniform in t.
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Remarks:

i) We note that the quantities a(+), k*, and B, depend only on the index j, while (-), and
hence, A, depend on both j and n.

ii) More detailed computations are carried out in the next section, which is devoted to
specific incoming states.

5.2 Energy and Momentum Shifts

When there is a single avoided crossing, we can be more precise about the energy and
momentum shifts revealed by our general analysis.

For the rest of this section, we assume h(x,d) satisfies Hypothesis H6.

Under this hypothesis, it is known [14] that the decay rate in the Landau—Zener formula
(3.29) has the form

e

T
Lo(0) = 6~ [ —— = §) = 6D 5
) = &7 (4 5) + o) + o).
and that

Im 0,(¢;,6) = 0(6).
We use these formulas to get more information on E*, the typical energy of the outgoing
wave packet, that is determined by the relation

o (E) = G'(E) + Im 75(E*) = 0, (5.10)

where the primes denote derivatives with respect to E.

In the next proposition, we consider two cases:

In the first case, we choose the exponent G(FE) in the energy density to be independent
of . This yields less interesting momentum and energy shifts since they vanish to leading
order in ¢ as § — 0, in keeping with [10].

In the second case, we choose G(F) to depend on § in such a way that the incoming wave
packet contains a sufficiently wide spectrum of energies as 6 — 0. This implies non-trivial
behavior of the relevant quantities to leading order in §. For obvious reasons, we restore §
in the notation of this discussion.

Proposition 5.1 Let

G(E) = g(E— E)?/2 + O(E - Ey)’,
Ty (5) D2
ke(E) ke(E)
) + Im v;(E,9),

Im ~;(E,d) = + O(8%) = + 0(8%), and

a(E,5) = G(E

31



as above.
i) Assume G is independent of §. Then, for E* defined by (5.10), we have

. [o(d) 3
E*(§) = Eo + BEy 0(6%),
as 6 — 0. In this case,
a(E*(6)) = krzgg) + 08 > a(Ey),  and

a"(E*(9)) = g+ O(5).
IfG(E) = g(E— E)?/2 + gi(E — Ey)?/6 + O(E — Ey)*, then

Lo(6) I'o(6)
k3 (Ey) T ()

[

a"(E*(0)) = g+ ¢ + 0(8%).

ii) Assume G(E,d) = L(6(E — Ey)), for some function L, such that
G(E.8) = g00° (E — Ep)*/2 + O(&°),
for some go > 0, uniformly for E € A. Then
E*(§) = E; + 0O(9),
where 0 < Ey = E1(D/go) is the unique solution to the equation

(El - Eo) = D/(gokg(El))u

and is independent of 6. In this case,

MF@>=$(—2—+ma—%Wﬂ+ow>

ko(E))
= 0% (D*Pgy*(By — E)'* + go( By — E0)?/2) + O(6%)
> a(Ey), and

Q(E*(8)) = 6%go + 3 kﬂzgg) + 0(5%).

Proof: Both statements follow from application of the Implicit Function Theorem and the
observation that « is a strictly convex function of £ on A. |

Remarks:

a) The first result shows no effect to leading order in ¢ in the exponential decay rate of
transition probability. The value of E*(§) and the width of the outgoing wave packet can
be computed. Their variations with respect to the corresponding quantities in the incoming
wave packet are of order 4%, and hence, are rather small.
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b) In case ii) of the proposition, the equation that determines E* can be rewritten as the
quintic equation
ko(E) — kX(E)k(Eo) — 2D/go = 0.

c) In the case ii), the variation of exponential decay rate in the transition probability is
given by

oL (E)) ~ o) = & <D <kc(1El) N kzc(lEo)> + go(£) —Eo)2/2> + 0(5%)
= 500 k;c((;’l)zk(:(Eo) (290kc(E1)5 (/{ZC(EO)—]CC(El)) + ch(Eo)) + 0(53)

d) The results above hold provided one knows E* is the unique absolute minimum of G in
the set A, which is generically true. Again, if there are several minima, one simply adds the
corresponding contributions.

6 Energy Densities and Transitions when the Incoming
State has the form ¢,,

In this section we study the special case in which the incoming state is asymptotically in the
past on electronic level j with the nuclear wave function given by one of the functions ¢,,.
For simplicity, we restrict attention to wave packets that are incoming from the left.

In the simplest situation, the incoming wave packet is asmyptotic to

62‘(773/276]'(700))1?/6 SOU(A* + itB*? B,, 627 a_ + 777157 n-, .Z') ¢j<$>7 (61)

as t — —oo. Here we choose n_ > 0 and the set A, so that n? /2 + e;(—o0) is in the interior
of A, and that the minimum of A lies strictly above the spectrum of h(x) for all .

We choose a smooth cut—off function F(E) whose support is a subset of the interior of
A, which takes the value 1 on an interval whose interior contains n% /2 +e;(—00), and whose
length is almost as large as that of A.

From our assumptions on A, there is a one-to-one correspondence between E € A and
positive k, such that k?/2+e;(—o0) = E. For E € A, we make the change of variables from
k to E at t = 0 in the (rescaled) Fourier transform of the Gaussian in (6.1) (see [9]). Taking
into account the normalization (3.7) of the generalized eigenvectors, this leads to the energy
density

F(E) eiwj_(E,—oo)/eQ )
Q(E,e) = o(B_,A_,e",n_,—a_,k(E 6.2
(E.¢ e mll . (B)) (62)
eir.u;(E,foo)/e2
_ _FE) oo (B AL 0 \R(E = ei(—o0) )
: \/w V2(E = ej(—o)

that we use in (4.2).
Since 1? /2+e€;(—00) is in the interior of the set where F'(E) = 1, the wave functions (6.1)
and ¥ (z,t,€,—) defined by (4.2) with the energy density defined by (6.2) differ in L?(IR)
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norm by an O(e~¢/ E2) error. To be sure that this error is smaller than the non-adiabatic
effect we are studying, we assume any one of the following conditions:

1. Take the avoided crossing gap 0 to be small enough that the non—adiabatic effect is
larger than the error we make here.

2. Choose |B_| to be sufficiently small. That increases the value of C'in this error estimate.
3. Fix the minimum of A, but then choose n_ large enough so that the cut off is farther
out in the tail of the Gaussian in momentum space. This also makes the non-adiabatic effect
larger since 7)_ is larger.

With Q(E, €) chosen by (6.2), we have in the notation of (5.1),

(2 (E - ¢j(—00)) = n_)?

G(E) = (Re (A 5 (6.3)
g WREGCx) -y
2
2E—ej —0)) —n_)?
1B = (maypy VX (2 =) (6.4)

+ a- \/2 _6] )_77—) - wj_(Ev_oo>a

P(E,e) = n 3% e BTV (2(E — ¢j(—0)))"V* F(E). (6.5)

Also, conditions C1, and C2 are satisfied, and provided we remove the trivial normalization
factor of €73/2 from P(FE,¢), then condition C3 is also satisfied.

We already know that asymptotically in the past, the interacting wave function deter-
mined by (6.2) agrees with (6.1) up to an O(e~¢/<") error, and we observe that the density
Q(E, ¢) is sharply peaked around the energy

Ey, = % + ej(—o0) corresponding to - = \/Q(Eo—ej(—oo)).

Thus from (6.3), we see that

(B =By 1

CE) = Soqpye + OWE B den g =4

n-|B_|)?*

We are not particularly interested in the main component of the wave function for large
time that has not made a non—adiabatic transition. However, by a similar analysis, it could
be determined by our techniques. Of course, it is what one would expect from the standard
time-dependent Born-Oppenheimer approximation.

Our focus is on the dominant non—adiabatic component, which is determined to leading
order in € by Theorem 5.1. From the above calculations and Theorem 5.1, we immediately
get our main result for Gaussian incoming states:
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Theorem 6.1 Assume Hypotheses H4, H5, and H7, and assume A, A_, B_, a_, n_, 0,
and the levels j and n have been chosen to satisfy the requirements above. Let VU(x,€,t) be
the solution to the Schréodinger equation that is asymptotic ast — —oo to

i /2—e;j(—00))t/e? wo(A_ +itB_,B_, e a_ + n_t,n_,x) é;(x).

The leading non—adiabatic component of V(w,€,t) ast — oo and € — 0 in L* norm is on
electronic level ¢, () and is given by

"4"]'(6) ei(ni/Qfen(oo))t/@ (100(‘4+ + itB+, B+> 627 a4 + 77+t7 N+, 3:) ¢n(x)>

where the values of Ay, By, ay, ny = k* are those given by (5.8) as in Theorem 5.1. The
amplitude for making this transition from level j to level n is given by

Api(e) = e9(0) gmalB)/e B_t o ils(B) K ay) /e

In particular
~1/2
B = ((G"(E") + Im~/(E") k)2 = <|Bn|_2k: + Im 7"(E*)k;*2>
|B_|
B+ Im (B Bk

(6.6)

Remark: Depending on the relative size of | B_| with respect to 0, we can apply Proposition
5.1 to further characterize A,,;.

We now turn our attention to the situation where the incoming nuclear wave packet is
in the state ¢,,. The only change from the situation just considered is that we must replace
the function P(F,¢€) in (6.5) by

P(E, 6) — (—Z)m 27m/2 (m!)71/2 7_[_73/4 673/2 (2<E _ ej(_oo)))fl/4B:(m+1)/2 (E)m/Q

2(E —ej — n_
(V B ) ")F(E). (6.7)

Again, this satisfies Condition C3 if we take out the trivial factor of e~ (m+3/2),

Theorem 6.2 Assume the Hypotheses of Theorem 6.1. Let W(x, €, t) be the solution to the
Schraodinger equation that is asymptotic ast — —oo to

i /2—ej(—o00))t/e? Om(A_ +itB_,B_,€2,a_ ot z) é;(x).

The leading non—adiabatic component of ¥(x,¢€,t) ast — oo and ¢ — 0 in L? norm is on
electronic level ¢, (), and is given by

A;Tjn) (6) ei(ni/Q—en(oo))t/E2 ()OO(A-F + itB-‘m B-l—a 627 a4 + 77+t7 N+, ZL') qbn(l')a
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where the values of Ay, By, ay, n. = k* are those given by (5.8), as in Theorem 5.1. The
amplitude for making the transition from level j to level n is given by

—i(k(E*)—k*ay)/e =\ m/2 *
A(m) (6) _ _,“9 (C) —Ol(E* B+ e E ) k +)/ 2 % / H k — 7]7
n B. 2w (mi2 \B. m\ B

. —a(E) /e [B, e—i(k(E*)—k*ay)/e 5(k* —n )\™
i) ¢ T + ¢ V2( n-) (1 + 0(e)).
em B_ (m!)1/2 B_

m

In particular, By is again given by (6.6) and the pre-exponential factor is of order e~

7 Technicalities

Proof of lemma 3.1: We consider only the limit x — oo and the choice ¢ = +. The
other cases are similar. In this proof, ¢, denotes a finite constant that depends only on n,
but may vary from line to line.

Explicitly, for any n € N,

o
OE™

uniformly for F € A. So, the first assertion is true. Moreover,

aEn WQ ) = V2B - ¢j(o0 ) -

e ((2(B = 5(2))7" = (2(E = e;(00)))* ") .

2B —ej(x)) = ca (2(E —¢;(2))*,

For n = 0, we have by (2.2),

— e e _ 2 (ej(oo) —¢j(z))
\/2( il \/2 il \/2 —e] —i-\/? —ej

= O(ej(00) —ej(z)) = O(< x>~ (7.1)

For n > 0, we can write

(2(E — ()7 = (2(E — ¢;(00)))"/* ™"

(2(E — e; (@) — (2(E — ¢j(c0)))?
(2(E —¢;(z))"

(2(E — e,(o0)))
S e e KL R I

to which the estimate (7.1) applies. The second assertion follows.
By definition,

(4, x,€) = — /:o <(2(E—€j(y)))l/2—(Z(E—ej(oo)))l/z) dy.
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so that (7.2) implies the estimates on a;n ] H(+,1, FE).
We now study the properties of the c}’s. Again, we shall consider x — +o00; the other
case is similar. We first compute

(e ) = 1 1 (<¢j<x>,¢;<x>><kj<x,E> trok(e, E)

2 \/kj(x,E)kl(x,E)
ki\ (9j(z), du(x)) 9
+ (U - k—l> —2 _%kl(x E))

- ({65061 0. ) 4 o, )

+ (07’— %) %e;m). (7.3)

The presence of the factors (¢,(z), ¢;(x)) and ej(z), which are independent of E and decay
as 1/ < z > implies together with (3.17) that

an
OE"
We denote the coefficients ¢} collectively by

J(@,E) = O(<z >~ (@), (7.4)

4
C(ZE,E,E) = <E_Ei7§7ig> I~ @2m7

and the generator of equation (3.12) by the 2m x 2m block matrix
M(z, E,€) =

( o fog”(kj(y,E)—kz(y,E))dy/62 CLJ-F+($,E> e fo (k; (v, E)+ha (4,B))dy /€ j (Q: E) )

fo ki (y,E)—ki(y,E))dy/€* 7+<3§',E) ei fof”(_kj(y,E)-}-kl(y,E))dy/e ;l—(x E)

so that (3.12) can be rewritten as

3}
8_1;(:(:6 Eje) = M(z,E ¢) c(z, E¢).

Expressing the solutions as Dyson series, we obtain

c(z, E,e) Z// [ (7.5)

X M(x1, E, €)M(xzq, E,€) -+ - M(x,,, E, €)dxidxs - - - dz,, c(0, E, €),

where, because of (7.4), [5° [[M(y, E,¢€)||dy < oo, uniformly for E € A, we get the usual
bound
le(w, B, < el 0B (0,2, ¢) |.
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Thus, by the Lebesgue Dominated Convergence Theorem, we get from (7.5) that, as z — oo
and uniformly for £ € A and € — 0,

c(z,E,e) = O(1).

Next we show that [|c(z, E,€) — c(y, E,€)|| is arbitrarily small for large x and y, so that
lim, . c(z, E, €) = c(oo, E, €) exists. It is enough to consider

c(z,FEe) — c(y, E,e) = —/ (z,E,€)c(z, E €e)dz
and (7.4). The expression above with y = £00, and the properties of M, c, just proven yield
c(z, B, €) — c(£00, E,€) = O(< z >~ 1),

uniformly in £ € A and € — 0, as ©* — £o0.
To get similar bounds on the derivatives of ¢ with respect to £ which are uniform in ¢,

we resort to integration by parts in (3.13) with o = —o0
, ar’(z, F) AT (2,
c(x,B,€) = im0 —ic ml = A @EE 0 (1 B e) (7.6)
J 2l B) =R B) ¢

2 apm(Z', E) iATO (2 E) /€2 o) /
mi\Eo Ee)d
+ i€ Z/ (82 K (7. F) — ke (7. F) e'mi (2" E e)dz

ar’ (2 E)al (2,E)  iam0 (v myse2 o
PN e e L D L

l,p,0,0

where AT (z, E) = [y (K] (y, E) — k7 (y, E)) dy.
Taking care of the derlvatlves of the phases with respect to F

a% ¢ Iy TR TR EN B _ O s /).

making use of the properties of ¢, M and k;, of the estimates <  >> 1, and choosing € < 1,
we get by differentiation of (7.6)

2
1
||8E C(IL’,E7€)H < K <WH6E (x7E; E)H + W

g 1 * |Opcly, E €|l
d 2/ W gy ) 7.7
[oo <y >1+v yte —00 <y >24v 4 ( )

where K| is a constant independent of ¢ and E. By choosing € small enough so that Kye? <

1/2, (7.7) yields

* ||0pcly, £, 6
Opc(z, B, o) < K, (1 2/ | 2O ) 7.8
ot £0] < £ 1+ [ 1B 75)
with another constant K; uniform in E and e. Hence, by Gronwall’s Lemma,
195 c(x, B, 6)|| < K5t/ <v>"" " _ 1), (7.9)
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if € < 1/(2Kp), uniformly in E. Similar manipulations on the difference 0 c(x, E,¢€) —
Op c(£oo, E | €) yield the estimate

105 (el B.) — e(00, E.e))]| < Ko < 1 jE/;oo 10k (c(y, E, €) — c(£o0, E,€))|| dy) ’

<x >V <y >y

for € smaller than a constant uniform in £, and for all x > 0, respectively z < 0. Gronwall’s
Lemma implies in that case

Op (c(z,E €) — c(£oo, E,€)) = 0(< x >7"), (7.10)

as ¥ — F00, uniformly in £ € A and in € — 0. |

Proof of Lemma 4.1:
We assume ¢ # 0 and rewrite the exponential factors in (4.1) as

e ) 0 =il [y kS (yE) dy+1B) /€
eil(fo kj(va)dy+tE)/6 _ 2 8E (711)

= e :
(t+fo a5 K7 (y E)d3/>
Then, for each integral in (4.1), we have
/ Q E 6 I E 6) e_i(fo’” k¢ (y,E) dy +tE) /€ dE
Vi, B)

Ey
L2 i KB dy ) /e Q(E,€) ¢f(z,E,¢€)
kj(w, B) (t + I3 ap k(. E)dy) |
/ 0 Q(E,€) C?(%E) €) i €2 67@'(]0”” K (v, B) dy +tB)/ g

8 0B | \fhy(w. B) (t + J§ kg (y. B dy)
(7.12)

The quantities c¢f(z, E, €), \/k;j(r, E), and their derivatives with respect to E are uniformly
bounded in x and E. Also,

z OkI(y, E) 0k?(£o00, E)
— = dy = +—2———~ + 01
f, Zar— W = =g — + 0O
ox
S — 1
E(Eoo ) T oW
uniformly for £ € A as x — +o00.
Thus, the boundary terms in (7.12) satisfy
Es
ielem i( fo kS (y,B)dy-+tE)e Q(E,€) c‘-’(a:aE ,€)
ky(a, B) (t+ )5 55k7 (v, E)dy) |
1
1 1
= 0 + . (7.13)
7 (o0, Br)t +x+O(1)] |k (%00, Ba)t + x+ O(1)]
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We now apply the restrictions on x/t in the statement of the Lemma. For any choice of j
and o, they ensure that the denominators on the right hand side of (7.13) can be estimated,
uniformly in E and for large |z|, by

K (00, BNt + 2 + O(1)| = |a| |1 + k] (o0, E)t/x + O(1/)|
> |z](a + O(1/[z])),

where « is the number that appears in the statement of the lemma. From this, we see that
the boundary terms in (7.12) are O(1/|z|).

We estimate the integral term in (7.12) in a similar way. Under the restrictions on z/t
in the lemma, we obtain

/ ’LE e~ f k” (y,E) dy +tE)/€e? ({ a% (Q(E7 6) (k;(§7E))1/2 C?(l', Ev E)) }
A t+ Jo 55 k5 (y, E) dy
_ QUE QW@ BN G o) [§ g Ky B)dy |
2
(t+ J5 F k(v B)dy)

= O/l[z)).

This implies the lemma for ¢ # 0. When ¢ = 0, the estimate (7.13) with ¢ = 0 yields the
result in a more direct way. |

Proof of Proposition 4.1: We can write

U(x,te) — Yo(x,te,£) = Z oj(x) x (7.14)

j=1,2

—itE/e? (cf(x,E,€) — ¢f(£o0,E,¢€))e —i [y kg (y.B)dy/<*

{/ me
/We

itE/e? C?(ZtOO,E, 6)

« ( —i [T RO (g, E)dy /2 _ e—i(xk;r(ioo,E)er;r(ioo,E))/e?)

/ il' E E)dE efitE'/e2 /Cj(:]:OO, E) — kj<m7 E) —zfo k" (y,E)dy/€> )
¢ j:oo E)k;(x, E) \/2kj(F00, E) + /2k;(x, E)
The first step of the proof consists of integrating by parts to get a factor of 1/t according to
; 2 i€2 ; 2 £
/ f(x7 E? 6) eiltE/E db = — f(mv E7 6) eiltE/e
A t E
1
i r0 f(z,E,¢) e B¢ qp (7.15)
- — — € . )
t Ja OE" 7

40



We then bound the L?(IRT) norm of each term that arises from these integrations by parts,
with bounds that are uniform in ¢.

From the estimates in Lemma 3.1, we see that all the boundary terms in (7.15) coming
from (7.14) are of order < z >~(*). Thus, their L?(IR¥) norms are bounded, uniformly in
t. The integral terms in (7.15) coming from (7.14) all have the form

/ gi(z, B, ¢) e il K wByHE)/E g 1 9 3 (7.16)
A
where the first integral from (7.14) contains the function

B 0 Q(F,¢)

- z’M( ?(3, B, ¢) — (%00, B, ) /—k"( JE)dy.

kj(£00, F) oE’

(cf(z, E,¢) —c?(j:oo,E,e))) } (7.17)

With the notation of Lemma 3.1, the second integral in (7.14) contains the function

g2(x7 E’€> = a_ (M C?(:i:OO,E, 6) (1 _ ei(r;(i7x7E))/€2)) (718)
OF \ \/k;(+00, E)
. Q E76 o i(r? (L,z €2 Y o
i _QEY cj (o0, E,€) (1 — eirF &)/ ) /0 a—Ekj (v, E)dy.

k?j(:l:OO,E)
The third integral contains
a_ Q(E»G)C?(xaEaE) kj(:tOO,E)—/{?j(l‘,E)
OF \ \Jk;(%00, E)kj(x, E) \/2k; (%00, E) +\/2k- z, E)

Q(FE, e) ?(x, E,€) kj(£oo, E) — /
\/k: (00, E)kj(w, E) /2k; iooE+\/2k: xE Bl

g3(z, B e) = (7.19)

By Lemma 3.1, and the condition v > 1/2, each of these functions g;(z, E, €) satisfies the
following bound, uniformly in F/,

gi(v,E,¢) = O(<x>"") € L*(IR%).
Therefore, we can estimate the L?(IR*) norm of the corresponding expression (7.16) by

o | [ e B0 s umannn [ 4 < o)

where C(€) is a finite constant that is independent of ¢.
If z € IRT and sign(t) = Fo, one integrates by parts as in (7.12) and one uses

4 [ K0, B ay| 2 el + Jal) 2 el
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for all 0 < 3 < 1, to bound the corresponding L?(IRT) norms by a constant times [¢t|=*, with
0<p<1/2
This finishes the proof. |

Proof of Proposition 3.1: Since the argument is virtually identical to the one presented
in [18] and [15], we will be rather sketchy and mainly point out the effects of the parameter
9 and of the non self-adjointness of the generator F(z,J).

Expressing the projector P(z,d) as a integral of the resolvent (F(x,d)—z)~! along a loop
L (or a finite number of such loops) around the set oy (z,d) by means of the Riesz formula,

P(z,8) = — — ]{ (F(z,0) — 2)" dz, (7.20)
L
we get a bound, uniform in 9 > 0 and = € p,,
[1P(z,0)] < e

Indeed, for each x € p,, we can choose the path L uniformly in § by hypothesis. The existence
of the limits F(+00,0) allows us actually to consider only a finite number of distinct loops
a finite distance g/4 away from spectrum of F'(x,d), for all (x,0) . Also, uniformly in 6 > 0,

I (F(z,0) = =)' < ¢ (7.21)
for z on the corresponding loop L, since | det(F(z,d) —2)| > (g/4)"™ and F(x,¢) is uniformly
bounded. By a similar argument, using hypothesis H4, we get, uniformly in

C

IP,6) - Ploo,0)]| < — o,

as ¢ — +oo in p,. With the notation ' for 8%, we get from (7.20),

1

2ri

P'(x,6) = 74L (F(z,0) — 2)"\ F'(x,8) (F(z,8) — )~ dz.

Thus, hypothesis H4 yields, uniformly in 9,

Cc

P'(z,0)]] < ———
1Pl < —

and a similar uniform estimate for K(z,0) = [P'(z,4), P(x,0)],

Cc

| Ko < — (722)
The operator K is the generator of the intertwining operator W defined by
W'(x,x0,0) = K(x,8) W(x,xg,0), with  W(xg,z9,0) = IL
It satisfies
W(x,x9,0) P(xg,0) = P(x,0) W(x,x0,9), (7.23)
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for all (z,0) (including x = £00).
Following [19], we construct a hierarchy of generators. Let Fy(z,d) = F(z,0),
Py(z,6) = P(x,9), and Ko(x,6) = K(x,0). For ¢ € N*, we inductively define

F(z,0,¢) = F(2,6) — € K, 1(z,,¢),

assuming ¢ is small enough so that the spectrum of Fj is separated into two disjoint parts
corresponding to those of F. We define P,(x,d,€) to be the spectral projector for F, corre-
sponding to P(z,0) as € — 0 by perturbation theory. Then,

Ky (z,6,¢) = [Pé(x,&e), P,(z,6,€)].

Sections II.A and II.B of [19] and (7.21) and (7.22) show that there exist constants e* > 0,
r >0, >0 and ¢ > 0, all independent of § > 0, such that for all ¢ < €*, all x € IR, and

q=q" =[r/e],

C
K «_ ) < 7.24
H 1($, 76)H = <2 ( )
6—F/€2
||Kq*(l',($, E) — Kq*_l(l',é, 6)” S C W
We define
F.(x,0,¢) = Fp(z,6,6) = F(z,0) — € Kgp—1(x,0,¢€), (7.25)

P.(x,0,€) = Pp(z,9,€),
K.(z,0,€) = Kgp(z,9,¢),

and the evolution operators W, and =, by

Wi(x,x,0,¢) = K.(x,0,¢) W,(x,10,0,€), with W (o, xo,0,¢) = I
and i 2 Z(x,20,0,€) = Wiz, 2,0,€) Fu(w,0,€) Wz, 20,0, €) Eo(, 20, 6, €),

with E.(x0,0,0,€) = 1L (7.26)
The intertwining property (7.23) still holds with the * indices. Therefore, =, satisfies
[Z.(, 20,0, €), Pi(xo,0,€)] = 0, for all x € IR.
It follows from the definitions that the operator
Vi(z,xo,0,€) = Wiz, z0,0,€) Zi(x, 20,0, €)

satisfies

i 2V (z,20,6,€) = (Fu(w,0,€) +ie® K.(x,6,¢)) Vi(x,z0,06,¢€)

and

Vi(z, x0,0,€) Pi(xo,d,€) = Pi(x,d,€) Vi(x,0,0,€). (7.27)
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Moreover,

Ue(z,x0,0) — Vi(x,20,0,€6) = (7.28)

i /a: V;"(x()v Y, 57 6) (Kq* (y7 (57 6) - Kq*—l(y7 57 6)) Ué(ya Zo, 6) dy

0

The proposition will follow from
Ud(x,20,0) — Vi(z,20,6,€) = O(e™ /<), (7.29)

(7.27) and
lim P,(z,0,¢) = P(£o0,9),

r—Fo00
due to (7.24) and (7.25).

To prove (7.29), we first prove that V, is uniformly bounded in z, ¢, and e. The analysis
leading to Lemma 3.1 implies that U, is uniformly bounded in z,z, and e. This property
is a consequence on the fact that the eigenvalues of F' are simple and real, so that the
decomposition (3.11) holds and the singular exponential factors are phases. Note that the
lack of orthogonality of the eigenprojectors of F'(x,d) makes the bound on U, dependent on
J.

Choose B(d) > 0, such that ||U.(x, zo,9)|| < B(d). From (7.28) we get the inequality

z Cel/e
||VK<CU,{E0,5,€)“ S B(é) (1 +/ sup ||‘/:k(yay07676)|| W) dl‘,

0 Yo,y <

for some C. This implies that for some C, the quantity v(e,d) = sup ||Vi(z,zo,0,€)]|

xo,xr
satisfies

v(e,8) < B@) (1+ Cu(e,d)e ™).
This implies
B(¢
(e, 0) < =) -
1 — CB(§)e /e
where ©(¢) is uniformly bounded for sufficiently small e.
We now use (7.28) again to see that

< 0(9),

_ B(6)C et/
H Ue(flfa$075) - V;([L’,.%‘o,d, 6) H < ’U((S) /R (&I/»ﬁ dz

S 61 6711/62.
This proves (7.29) and completes the proof of the proposition. [
Proof of Lemma 3.3: Degenerate perturbation theory for self-adjoint matrices and
hypothesis H5 (see [14]) show that there exist f(z,0) and p(z,d), analytic in z for fixed 0,
and C' as functions of (z,4d), such that
6]‘(2,5) = f(z>5) -

en(z,0) = f(z,0) +

p(z,0) (7.30)
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where, as (z,0) — (0,0),
f(z,6) = f(0,0) + O(|z] +6) = e. + O(|]z] + 9), and  p(z,6) = O(z]* + 8.

Moreover, p(z,0) has two simple zeros, the complex crossing points, z¢(d) and Zy(d) that
have zy(d) = O(6). For concreteness, we arbitrarily choose e; < e,, on the real axis, although
this is irrelevant for the analysis. Thus, by H7, we can write

1/2

B p(z,0)
V2(E —¢;(2,0) = /2(E — f(2,0)) (1 + 2(E_f<275))) ,

where (E — f(z,9)) and its inverse are analytic in p,, uniformly in £ € A. Moreover,

1/2

p(z,0) 1 \/p(z,9) s o
(1+2(E—f(z,5))) =1+ 572(15—60) + O(|z]* + 67).

Therefore, since \/ 2(FE — f(z,9)) is analytic, and we can choose the loop ¢ encircling zo(0)
or Zo(0) to satisfy |¢| = O(6), we see that

B 1 y/P(z:9) 3
/C\/Q(E—ej(zﬁ))dz - m/{ - dz + 0(F),

and

/C—Vp(;’(s) i = 0(5).

\/p(z,0
In these two expressions, / %) dz = / e;(z,6)dz due to the analyticity of f in
¢ q

(7.30). Taking the imaginary part yields the first statement of the lemma. Note that
we do not have to worry about sign issues because Theorem 3.1 ensures the decay rate,

Im / \/2 —ej(z,0)) dz, is positive.

The two other statements follow from similar considerations for the integrals

0 1
3—E1m/g\/2(E_ej(Z’5)) dz = Im /C \/Q(E—ej(z,é)) dz and

8E2 Im / \/2 Ydz = —1Im / Fels 5)))3/2 dz.

Proof of Lemma 5.1:
Consider first the minimization of the negative of the real part of the exponent.
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Since v;(E) tends to zero with ¢ (absent in the notation), if  is small enough, we must
look for minima in a neighborhood of E, that satisfy the equation

o'(E) = g(E—Eop) + Im~(E) + O(E — Ey)* = 0.

We consider the absolute minimum E* of a and assume it is unique. By Lemma 3.3,
Im ~}(E) < 0,s0 E* > Ey. Note that £ does not depend on x or ¢. Also, Im ’yj(-n)(E) = 0(9),
n =0,1,2, uniformly in E. So, we can assume E* is non-degenerate since

o' (E*) = g+ Im~j(E") + O(E" — Ey) > 0.

In terms of the variable k € [ki, k2], we view T as the (scaled) inverse Fourier transform
of the function

R(k,t,€) = V2re e—(E(k)/€ p(E(k‘),e) Vi e~ (BE)/€ —it(k?/2+e(00))/? Xlkr o] (),
where xg(-) is the characteristic function of the set S. That is
T(ZE, 2 E) = (fe_l R(’ t E))(ZL‘),

where F, is defined by

(F.g)(z) = ﬂlﬁ_ [ ke ar.

With the variable k € [k, ko] we have

82

S alEW)| = Ko (),

k*
and expanding around k*,

T(E, x, t) — efa(E*)/@
5 o) [T s ,
X Vk P(E(k),e) e= " 2z BF) Ok E p=ifka )/ g
[k17k2]
where the negative of the imaginary part of the exponent is denoted by
2

Bk, x,t) =t <k2 +€2(OO)> + k(E(k)) — zk.

We now introduce p(e) = € > 0, with 2/3 < s < 1. It goes to zero in such a way that
ple)fe >>1 and pu(e)’/e® << 1.

Because E* is a unique absolute minimum, the behavior of a(FE) close to E*, and the
assumption (5.2) on P, we can reduce the integration range in 7" to [k* — u(e), k* + u(e)] at
the expense of a relative error whose L? norm is of order O(e>), uniformly ¢. More precisely,

T(ZE,t, E) = ((Fe_l(Rl +R2))('at76))($>7
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where

Ry (ka t 6) = X[k*—p(e),k*+ule)] (k> R(ka t, 6)7 and
Rg(k‘, t, E) = X[k*_#(ﬁ)’k*_,'_#(e)]c(k) R(k, t, 6).

For some a* > 0 and r > 0,
|Ro(k,t,€)] < re *EV el ¢ |\l P(E(K), €)].

Hence, by the Parseval identity, uniformly in ¢, we have

1/2
|F YR (- t,€)| = {/[ I |Ro(k,t e)|2dk;} _ e P/E ey,

In the remaining integral containing Ry, we further estimate

OE=RYE — 1 L O(u(e)?/?) = 14 0(e72), (7.31)
and

Vk P(E(k),e) = VEk* P(E*,€) + O(u(e)) = VE* P(E*,€) + O(¢* + €2).

The contribution of order €% comes from the error in the computation of the coefficient c;,.
Using the Parseval identity again with uniform bounds on the exponential factors of Ry, we
see that the contribution to T coming from the error term O(€®) is bounded uniformly in ¢
in the L2(IR,) norm by O(e~*(F")/€1+35/2) - Similarly, the error term stemming from (7.31)
yields an error in the L*(IR, ) norm of order O(e=®(F7)/€¢Ts/2-1)

To compute the leading term, we expand (-, x,t) around k* as

)
)

: (7.32)

B(k,z,t) = tE* 4+ k(E*) — zk”

+ (k—kY) <l<:*t + %K(E(k))

(k _ k*>2 82
(k? o /{Z*>3 83
e TL021(0)

k

where k lies between k and k*, and the third derivative is independent of ¢t and x. The last
term in (7.32) gives rise to a contribution which is of order O(e=*F")/<*¢™s/2=1) in the L2(IR,)
norm, uniformly in ¢, as above.

Therefore, in the L? sense,

_w * i _
X {/ \/EP(ES:E)@ i) (bt Ze k(B ()| ) —)
[k —pae) k* +p(e)]

(o—k*)?

x e~ S G Bl +i+ TR BRI g 4 O(eP) + O(e‘”)}7
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where p = 7s/2 — 1 € (4/3, 5/2) can be chosen arbitrarily close to 5/2. Again, at the cost
of an error whose L2 norm is O(e~*F)/¢¢>) uniformly in ¢, we can extend the interval of

integration to the whole real line and compute the Gaussian integral explicitly according to
the formula (for Re M > 0)

o . N 2
/ o~ (M(k—k*)2/24iN (k=k)) /€2 g1 — IQMWG—JTM'

We then get the result with

M = %Q(E(k)) e 1 <t+ %H(E(k)) k*> , and

. 0
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