Density of States for Random Contractions
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Abstract

We define a linear functional, the DOS functional, on spaces of holomorphic functions on
the unit disk which is associated with random ergodic contraction operators on a Hilbert
space, in analogy with the density of state functional for random self-adjoint operators.
The DOS functional is shown to enjoy natural integral representations on the unit circle
and on the unit disk. For random contractions with suitable finite volume approximations,
the DOS functional is proven to be the almost sure infinite volume limit of the trace per
unit volume of functions of the finite volume restrictions. Finally, in case the normalised
counting measure of the spectrum of the finite volume restrictions converges in the infinite
volume limit, the DOS functional is shown admit an integral representation on the disk in
terms of the limiting measure, despite the discrepancy between the spectra of non normal
operators and their finite volume restrictions. Moreover, the integral representation of the
DOS functional on the unit circle is related to the Borel transform of the limiting measure.

1 Introduction

The density of states measure is an important mathematical notion in the study of the spec-
tral properties of random self-adjoint operators, with a well defined physical significance,
see e.g. the textbooks [CFKS, CL, Ki]. It is the measure associated to a positive functional
acting on compactly supported continuous functions on the real axis, related to the random
self-adjoint operator. Given a function, the functional is defined as the expectation of a di-
agonal matrix element of the function of the random operator, and the Riesz representation
theorem provides the associated density of state measure. For operators defined on Z?, a
physically appealing definition consists in considering the trace per unit volume of functions
of the random operator restricted to boxes A C Z¢ by suitable boundary conditions, and in
taking the limit A — Z?. Under ergodicity assumptions, the limit exists almost surely and
the two notions coincide. This procedure works equally well for unitary operators, see e.g.
[J1].

We revisit these constructions in the framework of bounded random operators that are
not necessary normal, and study some of their properties, as described below. By rescaling,
we can restrict attention to contraction operators that we assume are completely non unitary
(cnu for short).

As there is no continuous functional calculus in this framework, we resort to the holo-
morphic functional calculus for cnu contractions developed on a Hardy space of the disk, as
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recalled in Section 2. This allows us to define a density of state functional (DOS functional
for short) on H*°(D) in analogy with that defined for self-adjoint operators, see Definition
3.1. We show in Proposition 3.3 that the DOS functional possesses a natural integral rep-
resentation on the unit circle T by a function ¢ € L(T)\ Hg(D), and that when restricted
to the disc algebra A(D) = H>(D) N C(D), it further admits an integral representation on
the disk by a complex harmonic function m,, as Proposition 3.6 shows.

Restrictions of random contractions to finite volume boxes A C Z% are considered in
Section 4, under suitable ergodicity assumptions. The infinite volume limit of the trace
per unit volume of functions of random contractions is shown to coincide with the DOS
functional defined via the full operator in Propositions 4.3 and 4.4. We make use of this
alternative construction of the DOS functional on A(ID) to show that a priori estimates of
the spectral radius of the finite volume restrictions imply more structure on the integral
representations on T and D by means of ¢ and my: these functions are shown to be
defined by the complex conjugate of a function 1 that is holomorphic in a neighbourhood
of the unit disk, see Theorem 4.6 and Corollary 4.8. Then, we consider the situation
where the normalised counting measures on the spectra of finite volume restrictions of the
random contractions converge weakly , in the infinite volume limit. Theorem 4.9 states
that, despite the fact that finite volume restrictions of non normal operators have spectra
that generally differ significantly from the full operator [D1, D2, GoKh2, TE], the limiting
measure provides us with yet an alternative integral representation of the DOS functional
on the unit disk. Moreover, the holomorphic function ¢ is directly related to the Borel
transform of the limiting measure.

Some examples are worked out in Section 5 to illustrate the various features of the DOS
functional. We start with random contractions defined as multiples of random unitary
operators. Then we consider the non self-adjoint Anderson model (NSA model), whose
finite volume restrictions have eigenvalue distributions that give rise to limiting measures,
see e.g. [GoKhl, GoKh2, D2]. Finally, the DOS functional computed for certain non
unitary band matrices, whose spectral properties are studied in [HJ], and whose finite
volume restrictions display similar features as those of the NSA model.

2 Functional Calculus for CNU Contractions

We recall from [SFBK] the main properties of the functional calculus developed for con-
tractions.
Let T be a contraction on a separable Hilbert space H. Consider the unique decompo-
sition
T=To®dTy on H=Hy®dHi, (1)
where Ho = { € H | |[T"[| = [[] = [[T™¢],n € N}, H1 = HO Ho and T = Ty,
j = 0,1, such that Tj is unitary, and 7} is completely non unitary (cnu) by definition. The
analysis of random unitary operators is by now well known, so we restrict attention to cnu
contractions and therefore assume that T = T} in the following. We recall here some basic
facts from harmonic analysis. In the following, D denotes the open disk, its boundary is 0D

that we will also identify with the torus T. The set of holomorphic functions on an open
set S C C is denoted by Hol(S).



The Hardy class HP(ID) consists in holomorphic functions on D such that

; 1p .
lull, = { SWPo<r<i [k [p [u(re')Pdt] i 0 < p < 00, 2)
sup,ep |u(2)| if p=oc.

For all 0 < p < oo, functions in HP(D) admit radial limits lim,_,;- u(re®) = u(e) on oD
for almost every ¢t € T and In |u(e®)| € LY(T). For 0 < p < oo, u € HP(D) further satisfies
u(re”) — u(e”) in LP(T) norm. Moreover, introducing L% (T) as the set of functions in
f € LP(T) whose negative Fourier coefficients all vanish, the spaces H?(D) and L* (T) can
be isometrically identified, for all 1 < p < oco. These function spaces are Banach spaces,
and even Hilbert spaces whenever p = 2. For later reference, we also introduce for all
0<p<oo, HI(D) ={g € H’(D) | g(0) = 0}. Finally, the disk algebra A(D) is defined as
the set of continuous functions on D that are holomorphic on D, i.e. A(D) = H*(D)NC(D).
Let ~ denote the involution on holomorphic functions on D given by f (z) = f(Z), and set for
any 0 < 7 < 1 u,(e?) = u(re’). The following statements, among other things, are proven
in [SFBK], Section III.2, Theorem 2.1.

Theorem 2.1 Assume T is a cnu contraction on a separable Hilbert space H. Then, for
any u € H®(D), s.t. u(z) =3, sqcn2" for z €D, w(T) is defined by the strong limit

u(T) = s- lim u,(T), where u,(T) = Z cpr T, (3)
r—1-

which ezists. The map H*(D) 3 u — u(T) € B(H) is an algebra homomorphism which
further satisfies :

[T ifu(r) =1
o) ull)= { T ifu(z) =z
b) (D)l < llullo
¢)  For any sequence (up)nen, un € H®(D) such that

Uy — u uniformly on D, resp. boundedly a.e. on T, resp. boundedly on D, we have
Un(T) — w(T) in norm, resp. strong, resp. weak sense
d)  w(T)" =a(T). (4)

Remarks 2.2 i) By the identification of H*(D) and LS°(T), this functional calculus can
be viewed as a homomorphism L°(T) > f — f(T) € B(H), with

I iff(t)=1 ae.
HT) = { T if f(t) = e a.e.

LA < N1 flloo- ()

it) Conditions a), c) in the strong sense and (5) make this functional calculus mazimal and
unique, see [SFBK].

iii) If u € A(D), ||un(T) — u(T)|| = 0, as n — cc.

w) If T = Ty ® Ty, as in (1), with unitary part Ty having purely absolutely continuous
spectrum, then Theorem 2.1 holds with c) in the strong sense. See [SFBK], Theorem 2.3.



3 DOS Functional

We deal here with random contractions 7, defined on a separable Hilbert space H with
ergodic properties we express as follows.

We first assume some regularity assumptions. Let the probability space (2, F,P), where
Q is identified with {XZd}, X CR,deN, and P = ®pczadp, where du is a probability
distribution on X and F is the o-algebra generated by the cylinders. We assume that
Q> w— T, € B(H) is measurable i.e.

Vx,p € H, Q3w (x|T(w)y) is measurable. (6)

Ergodicity is expressed in the following framework. We consider H = 1?(Z%) and consider
for j € Z¢ the shift operator S; defined on Q by

Si(w), = wkyj, k€ Z% where wy € X, (7)

so that the measure P is ergodic under the set of commuting translations {S;};czq. Let
{Xj}jeze denote the canonical basis of  and Vj be the unitary operator defined by

Vixk = xx—j, Yk €Z’. (8)

We further assume the existence of a periodic lattice I' C Z¢ spanned by {%}ie{1727__.7d},
v; € Z%* and the corresponding primitive cell B = {Z?Zl 27,0 < x; < 1} NZ% so that for
any j € Z%, there exist a unique b € B and a unique g € ' with j = b + g.

The random contractions we consider are covariant:

Ts, ) = VoIV, ', Vgel. (9)
Definition 3.1 The DOS functional L : H>*(D) — C is defined for all f € H*(D) by
1
L(f) = ] > Bl f(Tw)xe)), (10)
beB

where |B| denotes the cardinal of B and T,, is a measurable cnu random contraction.

Remark 3.2 The map w — f(1.,) is measurable for f € H*(D), thanks to (3). Indeed,
as H is separable, the contraction T} is measurable for any n € N as a limit of measurable
functions, as can be seen by inserting resolutions of the identity between the factors. Then,
see (3), for any 0 < r < 1 the same arguments show that f.(T,) is measurable so that, in
turn, fr(T,) is measurable by taking the limit r — 17.

We first note that

Proposition 3.3 The map L : H*®(D) — C is bounded and admits the following integral
representation: there exists ¢ € L'(T)\H}(D), such that for all f € H®(D)

L) = [ eetet g ()



Remarks 3.4 0) The set H}(D) should be understood here as the set of functions defined
on T by the boundary values of functions in H} (D).

i) The covariance assumption (9) plays no role here.

it) Such functionals on H> (D) are called weakly continuous, see e.g. [G], Section V.

iii) The representation (11) says that for any G € H}(D)

[+ arens. = [ reeletss, v e #=(), (12
T 2T T 2

see [G], Theorem 5.2. It shows that the relevant information is carried by the negative
Fourier coefficients only.

i) In case ¢ € LP(T) C LY(T), with p > 1, we can actually represent L by a unique
= € LP obtained from p by substracting the contribution from the sum over positive Fourier
coefficients. We give conditions for this to hold in Theorem 4.6 below.

v) Making the dependence on T of the functional L explicit in the notation, we have for all
fe H*(D),

Lr(f) = Lo+ (f)- (13)

Proof: Linearity and the bound |L(f)| < || f|lco stem directly from the properties of the
functional calculus recalled above. Then one makes use of the following equivalence, see
[G], Theorem 5.3: L is a weakly continuous functionals on H*°(D) iff L is continuous under
bounded pointwise convergence; i.e. if f, € H®(D), || fullo < M and f,(z) — f(z), for
all z € D, then L(f,) — L(f). For such a sequence f,, we have by point c¢) of Thm. 2.1
that (xk|fo(Tw)xk) — (xklf(To)xk) for all k € Z¢, and |(xk|fn(Tw)xk)| < M, uniformly
in n,k,w. Hence by Lebesgue dominated convergence, we also have E((xs|fn(TWw)xp)) —
E({(xs|f(Tw)xs)), for any b € B, which yields L(f,) — L(f), for |B| finite.

Remarks 3.5 i) The bound |L(f)| < ||flloo s saturated: L(1) = 1.
ii) For any j € N, the function z — 2/ € H*®(D) and, denoting the Fourier coefficients of

¢ by {(k) }rez,

: N |
L) = [ ete(et) 5o = p(=d), with ¢(0) =1 (14)
T 2
Then we observe that for functions in A(D) C H*(D), we get an alternative represen-
tation of L(-) on the disk.

Let us denote by P[p](re®®) = P[p](z,y) the harmonic function in D given by the
Poisson integral of ¢ € LY(T), with the usual abuse of notation. Due to the fact that
lim,_,;- P[g](ret) = @(e') almost everywhere and in L!(T) norm, we can approximate
L(f) by an integral over smooth functions: for any f € A(D), and any 0 < r < 1,

L) = [ FPlret) 5] + (), wher
T 7r
B < I fleleC) = Plelr)lm — 0 as r — 17, (15)



Since A(D) consists in uniformly continuous functions, we can further approximate f(e%)
by f(re®) = f.(e) to get

2
(M) < [[flloolle() = Plel(rlliery + I1f = fellmllollLrry — 0asr — 17, (16)

L(f) = Af(re”)P[ap](reit)dt+l2(r), where

The latter approximation allows us to provide L(f) with a smooth integral representa-
tion over the disk.

Proposition 3.6 Let p € LY(T) be the integral representation of L(f) and P[] its Poisson
integral on ID. Then there exists a harmonic function my, on D such that for all f € A(D),

L(f) = /Df(ac—l—iy)m@(:c,y)dxdy, where

mple,y) = 50t i) — i) Plel(e, 1)} (7)

Proof: Consider the approximation (16). By Stokes theorem applied to f(z)P[p](z) €
C*°(D), we have

/fre reity & _ f()[]()‘dz

o 7“22z7r

S )PIA(2)2

dz/\dz

o = [ M5 Pl

Thanks to (16), we can take the limit » — 1~ which yields

da:dy (18)

meld) = 2 5 (Pl =+ (Pl + (52711 ) 7). (19)

Tz
Using the fact that P[] is harmonic, one finally gets

0 10 0?

&mgp(z) = ——P[y](z), and @mcp(z) =0. (20)

T 0z
[ |

Remark 3.7 In keeping with the fact that o — ¢ + G, where G € H}(T) does not change
the representation, one checks that

Me+a(2) = me(2) + G(2) /7, where /Df(z)G(z)d:z:dy =0. (21)

The integral representations of L(-) discussed so far are intrinsic in the sense they stem
from ¢. There are of course many alternative integral representations in the disk: since
A(D) € C(D), we can extend L to L : C(D) — C, by means of Hahn-Banach Theorem, with
|L|| = ||L||. Given L, since D is compact, the Riesz Representatlon Theorem asserts the
existence of a unique complex Borel measure du on D such that L fD x,y)du(x,y)

for all f € C(D) and ||L|| = |u|(D). Thus,



Lemma 3.8 Let T, be a measurable random contraction. There exists a complex Borel
measure dp on D such that |p|(D) = 1 such that

LU%=Af@+WMM%w,Vf6A®) (22)

Remark 3.9 The measure du is uniquely determined by the extension L of L to C(D).
The example discussed in Section 5.4 illustrates the fact that there may be infinitey many
such integral representations of L.

4 Finite Volume Approximations

Let A C Z% be given by (2n + 1)¢ symmetric translates of B along I' of the form

d
A= |J B+) nivi= U B+ gm, (23)
1

n; €L 1= =1.--- (2 1)d
7n§ZnZ§n m=1, 7( n+ )

with [A| = (2n + 1)4|B]|. Let
HA = Span {X]a ] € A}? HAC =HOS HA’ (24)
together with the corresponding orthogonal projections onto these subspaces Py, Pyc.

Dropping w from the notation for now, let us assume that the cnu contraction T" can be

written as o
T=T"oT" +FA, (25)

where T and TA are defined on Ha and H e and F2 is a trace class operator on H, and
furthermore T is a cnu contraction. Such decompositions can be obtained for example by
setting

T = T|u, + boundary conditions (26)
TS = T|u,c + boundary conditions, (27)

for suitable boundary conditions at JA, see below. For any f € H®(D), the operators
f(T), f(T?) are well defined by functional calculus and we consider two random functionals
on H*>*(D) given by

IA(H) = (Y. Ia(f) = pts(Paf ()P, (28)

From the bound ||A||; < rank(A) [|A|| on the trace norm || - |1, we deduce that for all
f € H>(D) ~

ILAHI < [ flloes  ILACHI < NS lloos (29)

so that all arguments of the proof of Proposition 3.3 apply. Hence L, and La can be
written in the form (11) with corresponding random L!(T) functions @ (e%) and @a(e?).
More precisely we have



Lemma 4.1 Let \j, j = 1,...,|A|, be the eigenvalues of the cnu contmction T, repeated ac-
cording to their algebraic multiplicities. Then, ¥ f € H>*(D), L = fT Ale®)dt
where

|A]

oalet) = |A\Zl— e it (30)

Proof: The finite dimensional contraction T being cnu, ¢(T)) € D. Hence, for any
f € H*®(D), and any p < 1 large enough

A A
_ _1ls L f(z)
Lalf) = ]A|Zf |A\;2m/pmz—Ajd
A
_ f zt)
- !AIZ% 5 f’A — —dt. (31)

For each j, since f € H>(D), Lebesgue dominated convergence implies that the limit p — 1
exists, which yields the result.

Remarks 4.2 i) An application of Stokes theorem shows that

Al

2
La(] WZ o e v (3)

an expression of the fact that %(1 — )\ji)_Q 1s the Bergman reproducing kernel.
it) Introducing the normalised counting measure of a(Th), dm® on the closed unit disc D

by
dm™ (z,y) \A!Z(S 5y —3N), Ajea(Th), (33)
where the eigenvalues are repeated according to their algebraic multiplicities, we can extend
Ly to C(D) by
Enf) = [ flag)am®e.), vF € CD) (34)

However, Lx(f) does not make sense for f € C(D).

4.1 Infinite Volume Limit

Restoring the variable w in the notation for a moment, we show that the random functionals
Lao(f) and Ly, (f) converge almost surely to the deterministic DOS functional L(f) as
A — 74, when f € A(D) C H®(D). By A — Z% or |A| — 0o, we mean n — oo in definition
(23). This is done along the same lines as in the unitary case under ergodicity assumption,
see [J1], for example.

We start by a deterministic statement:



Proposition 4.3 Assume T and T™ given by (25) are cnu contractions.
If |PA(T - T & TAC)Hl = o(|A|) as |A| — oo, then , for all f € A(D),

lim La(f) — La(f) = 0. (35)

|[A| =00

Proof: We need to show that

lim {tr(f(T*) — tr(PAf(T)Pp)} = 0. (36)

As f(T?) = Ppf(T™) Py, cyclicity of the trace yields
tr(f(T%) = PaAf(T)Pa) = tr((f(T%) = f(T) Pa) = tr(PA(f(T") = F(T))). (37
On the other hand, since A(ID) consists in uniformly continuous functions on D, we have
N .
f(z) = Zajzj + Ry(z), where sup|Rn(2)|=|Rno — 0as N — oo. (38)
j=0 zeD
Hence, together with the bound [|Al|; < rank(A) ||A||, we get the uniform estimate

L
Al

rank(Py)

THRN(TA) —Ry(D) < 2|RNloe-  (39)

tr(Rn (TY) — PARN(T)Py)| <

Therefore, we can focus on f(z) = 27, j € N. With

—_

(T = (T o1y )Py = Y 1T -Tr o T\ ) T 0T Y 1Py (40)

.

bl
= o

= S THT - T @ TA) Py (T @ 0)+! (41)

.

B
Il
o

we get for all j < N, using T and T are contractions and cyclicity of the trace,

1

P = (T & TP < L IPT =T e T, (42)

Al

This estimate, the assumption ||Py(T — T & T/ic)Hl = o(JA|) and (39) end the proof. W
We finally turn to the infinite volume limit of L ., (f), for f € A(ID), under the ergodicity
assumption (9) on the way randomness enters the contraction 7,,.

Proposition 4.4 Assume T, is covariant in the sense of (9). For all f € A(D),

lim Lp(f) = L(f), almost surely. (43)

|[A|—o0



Proof: By construction of A, see (23), for any H : Z¢ — C,

(2n+1)¢ d
Z H(k Z Z H(b+ gm), where g, = Z n;y; € I (44)
keA beB m=1 i=1

Thus, by the covariance assumption,

2n—|—1
kGA beB m=1
2n+1
- |A‘Z Z (xolf (T, @) xb) ‘Z Z (ol £(T, SIS0 () )Xb)(45)
beB m=1 beB |n;|<n

Thanks to Birkhoff Theorem, we have on a set {2y C  of measure one, and for all b € B,
1
nh_mo m | §|; (x| f(T ShL. S”d(w))Xb> E((xolf(Tw)xs))- (46)
n;|<n

Since A(D) is separable, the statement above is true for a dense countable set of functions
{fm}men on Npyen§y, = Qo C £, a set of measure one. Since |B| < oo, we infer

|A|ZXk|f Z E((xolf(Tw)xp)) as. (47)

keA bEB
which proves the statement. [ |

Remarks 4.5 i) We consider A(D) only, a separable space, since H>*(D) is not.
i1) As W lA‘ Lxelf(T)x )‘ < [ flloos Lebesgue dominated convergence implies that

|A]
Aim E(Law(f) = lim ,MZ (Oxklf(To)xw) = L(f)- (48)

i11) Under the assumptions of Propositions 4.3 and 4.4

lim Lp(f) = L(f), almost surely. (49)

|[A|—o0

i) The result also holds if T = Ty ® Ty with purely absolutely continuous unitary part Tp.

4.2  Spr(T») <1

We show that if an a priori uniform estimate on the spectral radius of T holds, we deduce
anti-analyticity of the integral representation ¢ of L(f).
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Let us drop the dependence on w € € in the notation and denote by Spr (7') the spectral

radius of a bounded linear operator 1. The form L, is represented by integration against
oa(e), see (30), which can be written with z = e as

1A
©n(z) = ¥a(z), where (2 |A| Z . )\ — (50)
As T is cnu, v, is holomorphic in D and we have the absolutely converging power series
N tr (TrF
Ualz) =) r|(AA)z’“, Vz € D. (51)
k=0

Theorem 4.6 Let T, satisfy the hypotheses of Propositions 4.3 and 4.4. Assume there
exists r < 1 such that

Spr(Th) <r, YVA€Z andV w € Q. (52)
Then, there exists 1 € Hol(D/r) such that Proposition 3.3 holds with o(e') = 1(ett):
i~ dt
= Fyap(eit) —. 53
L (5)

Remarks 4.7 i) We can satisfy the hypothesis by properly rescaling the operator T,,.

i1) The property Spr (Ty) < r < 1 VA does not imply Spr (T) < 1. Indeed, finite volume
approzimations of non normal operators typically miss large parts of o(T), see Section 5.3
and (86) in particular.

Proof: If (52) holds, 5 is holomorphic in the larger disc D/r for all A € Z%, w € Q and

[va(2)] <

e VzeD/r. (54)
In particular, the family {i}a of holomorphic functions on D/r is uniformly bounded
on each compact subset of D/r. Hence, by Montel Theorem, see e.g. [R], Theorem 14.6,
{1a}A is a normal family. Therefore, for each fixed w € g, the set of measure one on which
Proposition 4.4 holds, there exists a subsequence {a, }reny which converges uniformly on
each compact subset of D/r to a function v (z) which is holomorphic on D/r. In particular,
for all f € A(D),

lim Ly, (f) = hm /f aha, ( e” /f e (eit) (55)

k—o0

where 1(2) is analytic in a neighbourhood of D. By Remark 4.5 iii), we get that ¢ € L!(T)
which represents L(f) is given by ¢(t) = ¥(e'), and ¢ is independent of w.
Consequently,

Corollary 4.8 With ) =) _,b,2" € Hol(D/r), and for all f(2) =", _,anz" € A(D),

L(f) = (W|f) 2 vy = (1)) = Zb an. (56)
The integral representation (17) reads
1
m(2) = mg(=) = — - {0 ()2} (57)



4.3 Representations of L via finite volume approximations

Let us consider now the random counting measure dm? (33) and assume that it admits a
weak limit, almost surely: for all w € Qg with P(Q) = 1, and for all f € C'(D),

lim fau(f)= lim /D f(,y)dm? (z, y) = /D £ (@, y)dme(z, y). (58)

|A]—o0 [A]—o0

Then, for any w € Qp, dmy, > 0 provides another representation of L on A(D), since,
specialising to f € A(D), we get from (49)

L(f) = /D f( + iy)dmy (2, y). (59)

Theorem 4.9 Let T,, satisfy the assumptions of Propositions 4.3 and 4.4 and dmﬁ in (33)
converge weakly to dmy,, almost surely. Then L admits the following representation

L(f) = / f(z + iy)dm(z,y), Vi e AD), (60)

where dm > 0 is given by E(dm,,).
Further assume Spr (Tf}) <r<l1, forallw e Q and A. Then, Theorem 4.6 holds with

dm(z, y)
= | ——— VYzeD 61
v = [ 2 ey (61)
and Proposition 3.6 holds with

=l dm(z,y)
me) =2 [ T R T (62

Remark 4.10 If the weak limit of the normalised counting measure of the finite volume
spectrum exists, see e.g. [GoKh2] for such cases, it provides another representation of the
DOS functional. In that sense, the spectrum of the finite volume restrictions acquire a global
meaning, in spite of the fact that it can be very different from the spectrum of the infinite
volume operator. In particular, the support of the limiting measure can be disjoint from the
spectrum of the operator, see Section 5.4 for such an example.

Proof: The first statement is a consequence of (59) and Fubini’s Theorem. The assump-
tion on Spr (T2) implies supp dm C {|z| < r}. Then, Corollary 4.8 applied to f(z) = 2*
yields the coefficients of the power expansion of the holomorphic function
P(z) =) bz, zeD/r. (63)
k>0
We have
by, = /(w —iy)*dm(z,y), with |by| <rF, keN. (64)
D

Thus, exchanging integration and summation, we get expression (61) for z € D/r. The last
statement follows from Corollary 4.8. |

Remark 4.11 Thanks to Remarks 2.2 ), and 4.5 ), all results of Section 4 hold if T
writes as T =Ty & T1, see (1), with a unitary part Ty that is purely absolutely continuous.
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5 Special Cases

We take a closer look at various particular cases allowing us to get further informations on
the integral representation (.

5.1 The Normal Case

A first special case of interest occurs when T, is normal, i.e., when there exists orthogonal
projection valued measures {dFE,(z + i)} (z1iy)co(r,) Such that in the weak sense,

L= [ (wtipdEue i) (65)
o(Tw)
In such a case, we have a continuous functional calculus: for any f € C(D)
s = [ s B i) (66)

Hence, assuming that 7}, is normal for any w € €, the extension of Definition 3.1 to C(ID)
gives rise to a positive functional on C'(D), so that by Riesz-Markov Theorem

L(f) = [ f(x,y)dm(x,y), where dm is a non-negative Borel measure on D. (67)
D

In this favourable framework, we have

Lemma 5.1 Let T, T2 be contractions such that HPA(TfTu/}EBT“’}C)Hl = o(|A]), uniformly
inw € Q. Further assume T and T are normal and the covariance assumption (9) holds.
Then, as A — oo,

dm® — dm a.s., in the weak-* sense. (68)

Proof: The same arguments using Stone Weierstrass and Birkhoff theorems together with
the separability of C'(D) prove the result as in the previous section. [ |

Applying Propositions 3.3 and 3.6 to the normal case, we get for any f € A(D)

/ﬂmmw%mwmw—[ﬂmmwmwm, (69)
D D

where dm(x,y) is the non negative usual density of states, and my(x,y) is harmonic and
in general complex valued. This special case makes explicit the lack of uniqueness in the
representation of analytic functionals.

Remark 5.2 If, moreover, there exists 0 < r < 1 such that for all w € Q, Spr(T2) < r
and T,, is cnu, then Theorem 4.9 holds with dm = dm, the density of states. In particular,

// dmiz,y) dzndz - p, (70)

1—zZ(zx+iy))? 2w
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5.2 Multiple of Unitary Operators

Consider now a special normal case where the statement above allows us to make the link
between the DOS functional and the density of state measure of a random unitary operator
U, more explicit. Let 0 < 7 < 1 and U, be a random unitary operator defined on I%(Z),
with w € T%, which is measurable and covariant. Next-nearest-neighbour unitary models
of this type are studied in [BHJ, J1]. The details do not matter for our purpose here. We
consider the random normal cnu contraction

T, = rU,. (71)

We assume that there exist finite volume approximations such that Uf} is a finite dimen-
sional unitary matrix; see e.g. [J1] for examples of this situation with A = {—n + 1,n}.
Consequently, we have the trivial bounds Spr (7)) = Spr (T,,) = r, r < 1. Stressing the r
dependence in the notation, the DOS functional L) (-) on A(D) is represented by

— /T () (eit) f(e“);i;, where (") (z) € Hol(D/r). (72)

For the covariant next-nearest-neighbours unitary models considered in [J1], the density of
states measure dk is a normalised positive regular Borel measure on T characterised as in
Section 5.1 by Definition 3.1 with f continuous on the circle via Riesz-Markov Theorem:

2

Z (wlfU)0)) = [ 1k, v € C(op). (73)

b
The explicit link is provided by

Proposition 5.3 Let T, = rU,, with 0 < r < 1. With the notations and assumptions
above, for all |z| <1/r,
dk(t'
e = [0 (74)

T 1— zre=it
In particular,

o 11 1 4rett)
(r)(pity — = - e - /
W) =5+ 5 [ | | ah(e), (75)
and,
) 1 1 )
RYO(e) = 5 = S Pldk](re™) > 0, (76)

where P[dk](z) denotes the Poisson integral in D of the non negative measure dk on T.

Remarks 5.4 i) The representation (74) shows that ¢(")(z) coincides with the Borel (or

Cauchy) transform of the measure dk on T, taken at point rz € D. The function ") may

admit analytic extensions outside D/r, depending on dk.

i1) While T,, = rU,, is cnu, the boundary values as v — 1~ of the real part of the integral

representation of L(f) yield the absolutely continuous component of the density of state

measure of Uy,. Indeed, if dk(t) = g(eit)%tr + dus(t) is the Lebesque decomposition of dk,
lim 2Ry () — 1 = g(e), almost everywhere on T, (77)

r—1-

see [R], Theorem 11.24.
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Proof: Let f € A(D). From (72) and (73), we get

/ SO f(et) / 10 (78)

The coefficients of the expansion w ") (z) = Y nenbnz, for z € D/r are given by b, =
r"k(n),n € N, where k(n) = [, dk(t)e="*". Hence, with sign(0) = 0,

?/J(T) zt Z Tnk et s {2%1/}(7") (eit) -1 = ZnEZ T|n|k(n)6int (79)

= 239 ety = —iY, g sign(n)rnl k(n)etnt,

The last two series coincide with the real and imaginary parts of dk * (P,(-) +iQ,(+))(e?),
where P,.(t) and Q,(t), are the Poisson and conjugate Poisson kernels given by

14+re™ 1 —1r%442rsin(t)
1 —ret 14172 —2rcos(t)

Pa(t) +iQ,(t) = L 0<r<l1. (80)

Replacing e in (75) by 2z € D/r yields (74). |

5.3 Non Self-Adjoint Anderson Model

The non self-adjoint Anderson model (NSA model for short), provides an example in which
the finite volume and infinite volume versions of the random operator have quite different
spectra that can be computed explicitly. See [D2] and [GoKh2] for more general non self-
adjoint random operators with similar properties. After suitable rescaling, the NSA model
provides us with an illustration of our results.

The NSA model H,(g), is a one parameter deformation of the one dimensional random
Anderson model of solid state physics defined as follows in the canonical basis of 1?(Z):

Hw(Q)Xj = €_ng_1 + €ng+1 + WiX;, Vj € Z. (81)

We assume that ¢ > 0 and {w;}jez are i.i.d. real valued random variables distributed
according to a measure du supported on a compact interval [—B, B]. Let E, be the ellipse

Ey = {97 4 =0+ | g < [0, 2n]}, (82)

which coincides with the spectrum of Hy(g), the NSA model in absence of random potential.
It is proven in [D2] that, provided B > €9 + e 9,

o(Hu(g)) = E4 + [-B, B], almost surely. (83)

Moreover, consider H2(g) the finite volume restriction of H,,(g) to I2(A), where A = {—n,n}
with Dirichlet boundary conditions. Then, for g > 0, the matrix H2(g) is similar to H2(0)
with similarity transform given by Wy = €*9xy, so that its spectrum is real. The matrix
H2(0) is the finite volume restriction of the Anderson model H,,(0), with

o(H,(0)) = Ey + [-B, B], almost surely. (84)

15



To cast these considerations in our framework, we assume B > e¢9 + ¢ 9 and set
T.(9) = Hu(g)/(e? + ¢ + B), resp. T/ (9) = H)(9)/(e! + €79 + B), (85)

on [2(Z), resp. [?(A) with Dirichlet boundary conditions. By construction, both operators
are contractions. Moreover

Lemma 5.5 The matriz T>(g) is cnu for |A| large enough, and all w € Q, whereas the
operator T,,(g) is cnu almost surely. Also, for g > 0,

Spr(T,(9)) =1, a.s. and Ah_r)r;O Spr (T2 (g)) = 694—2:—93+B <1, Ywe. (86)
Proof: Statements (86) are consequences of (83), (84), and properties of finite volume
approximations of self adjoint operators. Thus T2(g) is cnu for |A| large enough. Given
(83), Tp,(g) is cnu if 1 are not eigenvalues of T,,(¢g). Suppose x+ € I2(Z) are normalized
and satisfy T,(g)x+ = £x+. Then, using the fact that 7%(g) is a contraction, and Cauchy-
Schwarz inequality, we get T,5(g)x+ = £x+. Hence £1 are eigenvalues with eigenvectors
X+ for the self-adjoint Anderson type operator (7,,(g) + T(g))/2. But this is known to
happen with zero probability only. [ |

Stressing the g dependence in the notation, we denote the DOS functional on A(D) by
L9 (.). The foregoing and Theorem 4.9 immediately show that

Lemma 5.6 Let dm’(g) be the normalised counting measure of o(T}(g))). Then, for any
9>0,

dml(g) — dky, a.s., in the weak sense, (87)
where dkgy > 0 is the density of states of the rescaled self-adjoint Anderson model egfgf(ﬂ]g.

Hence, for any f € A(D), and any g > 0,

(9)( ) — S
LYA(f) = /[_2+372+B] f (eg i B) dk(x), (88)

where dk > 0 is the density of states of H2(0).
Remark 5.7 The support of dkg is a subset of the almost sure spectrum of T,,(g).

The estimates provided in Lemma 5.5 show that L) (.) admits an integral representation
on T in term of a holomorphic function @b(g)(z), see Theorem 4.6. Moreover,

Lemma 5.8 Set s(g) = e9 + e 9 + B. The function P9 s real analytic and admits
a converging power series in {|z| < s(g9)/(2+ B)}. Moreover, 9 admits an analytic
continuation on C\ {[s(9)/(2 + B), co[U] — o0, —s(g9)/(2 + B)|} given by

(9)(5) — dk(zx)
Vo) /[—(2+B),2+B] 1—zz/s(g) (89)
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Remark 5.9 With the Borel transform Fy of dk given by

&@):/° @) viec\ |24 B2+ B, (90)
[-24+B,24+B] ¥ — %

we have for z # 0,
V9 (2) = —Fy (s(9)/2) s(9)/ 2. (91)

Proof: It is a special case of Theorem 4.9 where the coefficients of the power expansion
of (9 are given by

7 j‘[,2+3’2+3] xndk(l‘) (2 + B)n

n — 7abn§
ool < g

by =
(e9+e 94 B)"

Vn € N. (92)

5.4 Non Unitary Band Matrices

We further illustrate both the discrepancy between limiting measure and spectrum of the
full operator, and the multiplicity of representations of the DOS functional by measures on
D by considering random contractions with a band matrix representation.

Let T,, be defined on 12(Z) by its matrix representation in the canonical basis given as

eiw2j717 elw2i-15

0 0
0 0 eiw2i+1 ~y eiw2it1§
T, = elw2j+2 eiw2j+25 0 0 ’ (93)

0 0

ei2jtig  eW2t4 3

where {w;};cz are T-valued iid random variables. The deterministic coefficients o, 3,7, 0
are assumed to give rise to a non unitary matrix

_(a B
%—Q/Q&tH%WSL (94)

Actually, T,, = D, T, where D,, is a diagonal unitary random operator with elements e,
and T is a deterministic operator whose representation has the form (93), where all w;’s
are equal to zero. Such random covariant operators arise in the analysis of certain random
quantum walks and some of their spectral properties are analysed in [HJ]. In particular, it
is shown there that T, is a cnu contraction on [2(Z) if and only if

|det Cp| < 1,]af <1, and |0] < 1. (95)

Moreover, ||T,,|| = 1, and Spr (7},) may take the value 1, depending on the parameters.
We first note the following simple general result:
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Lemma 5.10 Let T, defined by (93) with (94), and (95), and assume the random phases
e™i are uniformly distributed. Then

L(f) = f(0), Vfe AD). (96)

Proof: One first observes that for any n € N*, any k € Z, (x4|Txx) = e™F<rr(0(k)),
where 7(w(k)) is a random variable independent of wy, and m(k) € N*. This is a conse-
quence of the fact that no cancellation of the random phases can occur due to the shape
(93) of the matrix representation of T,,. Hence, E((xx|T?x%)) = 0, for all k € Z and n € N*.
Thus, approximating any f € A(D) by a polynomial, we get the result. |

Remark 5.11 We get from (96) that the integral representations of L(-) on T and D are

giwen by ¢ =1 and m, = % respectively.

The DOS functional (96) can be extended to C(D) as integration against a Dirac measure
at the origin, but not only. For example, using in polar coordinates, defining for any
0<p<l1

L) = 5= [ 1 eos(0).rsin@)3,(00 = [ fepdnP e (o7

we get a one parameter family of extensions of L corresponding to integration against
positive measures on D, d,u(p) with support of the circle of radius p, centered at the origin,
such that ﬁ(p)(f) = £(0) if f € A(D). The support of du?) may or may not belong to the
spectrum of T,,: the examples treated in [HJ] show that for det Cp = 0 and uniform i.i.d.
phases wj;, the spectrum T, is given by the origin and ring centered at the origin whose
radiuses depend on the parameters. Note finally that any radial probability measure with
smooth density u(r) provides us with an extension L(-) on C(D) of the form

i}(f):/Df(rcos(@),rsin(@)),u(r)rdrd&, (98)

which agrees with L(-) on A(D), thanks to the mean value property of harmonic functions.

We now specify the values of the parameters to Cy = 2), 0<g<1,see (94), and

1
0
look at finite volume restriction generated by finite rank perturbations. Note that in this
case, T, is not cnu since

T,>~8®¢gS, (99)
where ~ denotes unitary equivalence and S is the standard shift on (?(Z). Remark 4.11
shows we can nevertheless apply our results to this case.

Setting A = {1,2,...,2n}, we define T» = DATA, with DA unitary and diagonal and

0 0 g
1 0 0
0 0
™= 1 0 0 g (100)
0 0
0 0 g
1 0 0
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This yields a finite volume restriction of T, that is a cnu contraction with eigenvalues
1
4 2n -
Aj(w) = /gern L= @rtU=Dm/n =g — 1 oy, (101)
The factor %Ziﬁl wy tends to 0 as n — oo almost surely, by our assumption on the
distribution of the phases, and we get for any f € C(D),

2n

: D J(B), 905(0)) = [, SO asm@)gL (a0

lim —
n—oo 2n, 4
J

by a Riemann sum argument. In other words, the normalised counting measure on o(T})
converges weakly to dm = 5\/5(7")%, in polar coordinates. As Spr(T}) = V9 < 1, we
compute from Theorem 4.9,

1 do

YO =5 foam T2 ™

1, Vzst.|z| <1/y/9, (103)

so that we recover p(e') = 1, in keeping with Remark 5.11

Remark 5.12 The support of the limiting measure dm is disjoint from o(T,,) in this case:

supp dm N o(T,) = /90D N {gdD U OD} = (. (104)
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