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Abstract: This paper is devoted to the spectral properties of a class of unitary operators
with a matrix representation displaying a band structure. Such band matrices appear as
monodromy operators in the study of certain quantum dynamical systems. These doubly
infinite matrices essentially depend on an infinite sequence of phases which govern their
spectral properties. We prove the spectrum is purely singular for random phases and
purely absolutely continuous in case they provide the doubly infinite matrix with a pe-
riodic structure in the diagonal direction. We also study some properties of the singular
spectrum of such matrices considered as infinite in one direction only.

1. Introduction

The dynamical stability of quantum systems governed by a time periodic Hamiltonian is
often characterized in terms of the spectral properties of the corresponding monodromy
operator, a unitary operator defined as the evolution generated by the Hamiltonian over
aperiod. A first rough classification consists in determining whether or not the spectrum
of the monodromy operator contains an absolutely continuous (a.c.) component. The
presence of absolutely continuous spectrum is a signature of unstable quantum systems,
whereas a purely singular spectrum is a characteristic of quantum stability.

For smooth Hamiltonians, these spectral properties can be obtained through the study
of an associated self-adjoint operator, the so-called Floquet or quasi-energy operator
[Hol], [Y]. In case the Hamiltonian is singular, e.g. when it corresponds to a kicked
system, one is often lead to consider the monodromy operator directly [Co2]. In both
situations, one is typically confronted with a problem where a dense pure point operator
is perturbed either by the addition of a self-adjoint operator in the first case, or by a
multiplicative unitary perturbation in the second case. A more or less detailed spectral
analysis can thus be performed provided a perturbative framework of some sort is avail-
able, or in case disorder is present. See e.g. [Be, DS, DLSV, GY, Ho2, Ho3, N, J] for
the smooth case, and also the review [Co2, Col, dO, ADE, Bo] for the kicked case.
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The dynamical quantum systems we address here are characterized by a monodromy
operator given by a product of two pure point unitaries, neither of which can be consid-
ered a perturbation of the other. However, the spectral analysis can be carried over under
certain circumstances due to the fact the monodromy operator has a band structure in
some basis. The motivation of the construction of such operators is borrowed from the
work [BB] which we briefly recall below.

As noted by these authors, this structure allows us to adapt the techniques developed
in the study of one dimensional discrete Schrodinger operators to the unitary framework
in order to obtain results about the spectrum of such monodromy operators.

Let us briefly summerize the paper. In Sec. 2, we define explicitly the class of unitary
operators on the integer lattices Z and N that we shall study and discuss their relation-
ship to [BB]. These operators depend on transmission and reflection amplitudes at each
lattice point. Some simple perturbative results for essential and absolutely continuous
spectra are obtained in Sec. 3. Here, the moduli of the transmission and reflection am-
plitudes may vary from point to point, but in the remainder of the paper these moduli are
assumed constant on the lattice. In Secs. 4 and 5, we consider the random case, in which
the phases are independent and randomly distributed on the circle, and we prove that
the spectrum is purely singular. To do this, we first establish a version of the Ishii-Pastur
Theorem according to which the absolutely continuous part of the spectrum is almost
surely supported on the closure of the set where the Lyapunov exponent vanishes and
then prove that the Lyapunov exponent is everywhere positive. In Sec. 6, we consider the
coherent case, in which the phases are eventually periodic. We identify the absolutely
continuous spectrum, and show that the singular continuous spectrum is absent. Finally,
in Sec. 7, we give an example in which the phases are almost periodic and the spectrum
is purely singular continuous.

2. Construction of the Monodromy Operator

We consider a class of monodromy operators whose construction is motivated by the
study of a model of electronic transport in a ring threaded by a linear time dependent
magnetic flux, as discussed in [BB], and references therein. Neglecting the curvature
of the ring, the instantaneous Hamiltonian of the one-body Schrédinger operator cor-
responds to that of a one dimensional Schrodinger operator with a periodic potential
describing the material of the ring and time dependent boundary conditions of Floquet
type. With a choice of linear flux, the time plays the role of the quasi-momentum. There-
fore, as a function of time, the Hamiltonian is periodic and its instantaneous spectrum
is given by the band structure corresponding to the potential. Under some adiabatic-
ity condition, the evolution operator is assumed to couple states by adjacent pairs of
states only by means of the Landau-Zener mechanism. The concerned states are those
whose corresponding eigenvalues become close to one another. Thus, a given state
with index k say, is coupled once to the one with index & — 1 and once with the one
index k + 1. This yields the band structure of the evolution operator over a period in
the basis of eigenvectors at time zero, say. We refer the reader to this paper for physical
background and further description of the regime in which the model holds. Let us now
define our monodromy operator following the main lines of the construction sketched
above.

Our separable Hilbert space is [?(Z) and we denote the canonical basis by {¢y }rez.
In order to make contact with the above model, we shall also state results for / 2(N*).
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The most general 2 x 2 unitary matrix depends on 4 parameters and can be written as

X —ia ealy
S:e‘”’(re ie ) 2.1)

ite”lV pei®

where «, y, 6 belong to the torus T and the real parameters ¢, r, also called reflection
and transition coefficients, are linked by 242 =1.

We introduce an infinite set of such matrices {Si};c7, where Sy depends on the phas-
es o, Yk, Ok, and the reflection and transition coefficients #, 7¢. They are the building
blocks of our monodromy operator in /%(Z).

Let P; be the orthogonal projector on the span of ¢;, ;41 in 1>(Z). We introduce
U,, Uy, two 2 x 2 block diagonal unitary operators on /%(Z) defined by

Ue =) PSP,
keZ 2 2
Uo =) Pous15%+1Poiq1, (2:2)
keZ

or, in matrix representation in the canonical basis,
U, = So (2.3)

and similarly for U,, with Sy;41 in place of Sy;. Note that the 2 x 2 blocks in U, are
shifted by one with respect to those of U, along the diagonal.

We now define the monodromy operator U, object of our investigations, by
u=0,U,, (2.4)
such that, for any k € Z,

Upok = irptog—re O tou-De=i@u—ru-1 g,
+r2kr2k_le*i(92k+92k—l)e*i(a2k*a2k—l)(p2k
+ir2k+lt2ke—i(92k+92k+1)e—i(V2k+0tzk+1)(p2k+1
_tzkt2k+1e—i(92k+92k+1)e—i(V2k+)’2k+l)¢2k+2’

~iOnA02%-1) ol (VakFy2k-1) o4 2.5

Ugak1 = —toktok—1€
+ityprop_qe Ot el (autan—1 g,
+rogropgre i Outourn el @un—aui) gy

+ir2kt2k+1e_’(92k+92k“)e’ (dzk—V2k+1)(p2k+2_
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In matrix form, without expliciting the elements, we have the structure

* K K ¥
* K K ¥

(2.6)

S
Il
* % % %
* % % %
* % % %
* %x % %

In the regime considered in [BB], the transition coefficients #;, and all elements of the
scattering matrices S; can be computed from the band functions of the periodic back-
ground potential. In particular, the transition coefficients may admit a limit as k — oo.

In this paper, we briefly show how to get information on the spectral properties of
the monodromy operators defined on [ 2(N*) from those of operators defined on / 2(7).
Also, we briefly demonstrate how spectral properties of U when the #;’s have limits
t+ as k — oo can be related to those of the limiting operator with constant (in k)
transition coefficients ¢. Then we focus on the case of constant transition and reflection
coefficients #, = t €]0, 1[i.e. rpx = r €]0, 1[, for all k € Z, which is the main object
of our analysis. This corresponds to a regime of the original model in which the sole
behavior of the scattering phases 6k, yk, o, determine the spectral properties of U. It is
argued in [BB] on the basis of numerical computations that in case these phases have a
coherent behavior as functions of k, if they are periodic say, U has an a.c. component in
its spectrum, whereas U should be singular if some phases are random. Following their
arguments, we are aiming at a rigorous version of similar statements in our setting.

3. First Properties

At this point, we have slightly generalized the construction proposed by [BB] in order
to define our monodromy operator, a unitary pentadiagonal band matrix. Before going
further in the analysis, one can ask whether simpler unitary band matrices could provide
interesting models, spectrally speaking, as is the case in the self-adjoint setting where
the discrete Schrodinger operators are tridiagonal, though non-trivial. The next lemma
answers this question negatively, validating our model from another point of view. Its
proof can be found in the Appendix.

Lemma 3.1. If U is unitary and tridiagonal, then U is either unitarily equivalent to
a (bilateral) shift operator, or it is an infinite direct sum of 2 x 2 and 1 x 1 unitary
matrices.

On the other hand, it is straightforward to construct unitary band matrices with
larger width starting with general unitary finite size matrices, following the same steps
as above.
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Perturbative results. Inthe physical context alluded to above, the natural Hilbert space is
I>(N*), with N* the set of positive integers, and the definition of the unitary monodromy
operator, say U™, is

—i(o+61) g —ie —i(B+01) o i1

Utpr =re 1 +ite 2,
Utgr, k> 1, (3.1

as in (2.5). We shall also define U~ on [?>(—N*) in a similar fashion. Consider U¢ on
12(Z) defined by (2.5) with even matrix elements

{t ke, 0k, 00—k, Y=k} = {tk, Ok, e, i} Vk € N. (3.2)

Theorem 3.1. Let U™ and U® be as above and let U, and U¢ . denote their restriction

to their respective absolutely continuous subspaces. Then

Uess(U+) = 0ess(U), and U;c. @ U;c. ~U,

a.c.’

where >~ means unitary equivalence.

Proof. We can write on [*(—N*) @ C @ I2(N*),

cutc!
U¢ = 1 + F
U+
C U+t c!
= 1 1 1 + F, (3.3)
/4 U+t /4
where absent elements denote zeros, /s the identity, C is the operator
. 2 * 2 _ *

C:[*(N*) — [“*(=N*) (3.4)

Yk > Ok
and F is a finite rank operator. Noting that o (CUTC™!) = o(U™), we get the re-
sult by Weyl’s and Birman-Krein’s theorems on invariance of essential, resp. absolutely

continuous, spectrum, under compact, resp. trace class, perturbation. 0O

Let us now consider the situation where the transition coefficients of the operator U
defined by (2.5) satisfy

Iim f# =t < lim ry=ri. 3.5
k— =00 k—+o00

We measure the convergence by means of the quantities § defined by
5+(j) = max{r;rj_ —r_Z'_, titj—1 —t_%_, tjirjx1 —ryty}y, jEN, (3.6)

and similarly for 8. Let U%(r+) be defined on [?(£N*) by (3.1) with ; = ¢+ and
ry = r4, for all k € £N*,
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Theorem 3.2. Assume (3.5) and let U and U*(t+) be as above. Then
Oess(U) = o‘ess(UJr(l‘+)) U oess (U™ (12)).

If, furthermore, there exists € > 1/2 such that sup ;e §E(j)j% < oo,

Uge. ~US (t1) ® U, (12).

.C.

Proof. Let us introduce the asymptotic unitary operator U_ 4 by

U-(t)
U, = I . (3.7)
Ut(ty)

The difference between the actual and asymptotic operators is given by the operator
A=U-U_4 (3.8)
whose matrix elements A(j, k) = (@;|Agy) satisfy for |k| > 1,
IA(G, k)| < (8T(j + D} if |j — k| < 20 otherwise. (3.9)

Therefore, approximating A by a finite matrix Ay, we can use the Schur condition, [K],
P. 143, to estimate the norm of the difference A — Ay and get [|[A — Ay|| — O as
N — oo. This, in turn, shows that A is compact and that the essential spectra of U and
U_ ;+ coincide and yields the first assertion. The second is proven following arguments
used in [Ho2]. Let € > 1/2 and set (j) = (1 + j>)!/%2. We define A = diag {(j)€} in
the basis {gr}rez. As A = A~ (AAA)A~!, where A~ is Hilbert-Schmidt, A will be
trace class as soon as AAA is bounded. Its non-zero matrix elements are

(AAN)Y(. k) = (GUEDAG. k), k=j,j£1,j+2, (3.10)

so that we get boundedness as above from the Schur condition and the estimate (3.9).
O

Remarks. i) An analogous statement is obviously true for operators defined on /> (N*).
ii) The condition sup .y 8%(j)j* < oo forsome € > 1/2, actually is necessary as well
to have A trace-class. Indeed, incase tx =t <= rqy = r withtr # 0, ¢ # r, and
t —t; = 1/j%, one checks that §(j) ~ c/j¢, for some constant c. Assuming that A is
trace class, we have ZjeZ |A(j, j)| < oo which is equivalent to ZjeZ 1/{(j)* < o0
and requires o > 2¢, for some € > 1/2.

iii) It is clear that similar perturbative results hold for more general cases where the
phases have a limiting behavior as well.

The case t+ = t— = 0 is of particular interest and allows a stronger result.

Theorem 3.3. Consider U on I*(Z) defined by (2.5) and U™ on 12(N*) defined by (3.1).
Iflim infr_s 400 tx = 0, then

Oa.c.(U) = O’aAC.(U_‘_) =40. (3.11)
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Proof. We consider U only, the proof for U™ being similar. Let U, be equal to U with
t, = 0and

Fy=U —U,. (3.12)

The matrix of U, is separated into two disjoint blocks and F;, is a rank four operator
with || F, || < ct,. The hypothesis insures the existence of a subsequence #, ) going to
zero as fast as we wish, say as (k)’z, when k — +00. We set

G=) Fu and U=U-G. (3.13)
keZ

By construction, we have for some constant ¢,

C
IGIh <4 1Pl SZW < o0, (3.14)

keZ keZ
and U is pure point, hence the result. O
Remarks. 1) In case there exists a subsequence {#,()} such that

lim t,4) =14 and lim f,) =1_, (3.15)
k——+o00 k——00

a similar construction is valid and we get an approximation of the form
U=U_,+G__, (3.16)

where 0_,+ contains an infinite number of 7_ and 7 in its matrix representation and
G _ 4+ is trace class. However we do not know the spectral properties of such l~]_,+’s.
ii) If U (0) defined as in Theorem 3.2 is such that its pure point spectrum possesses
a finite number of accumulation points only, then, if lim#; — 0, o(U™) is pure point
with finitely many accumulation points as well. This will be true in case the phases have
a coherent behavior, see Sect. 6.

Motivated by the previous theorems, we now address the spectral properties of the
limiting operators.

Constant reflection and transition coefficients. From now, ty = t, ry = r, Vk € Z. We
first note that the extreme cases where rt = 0 are spectrally trivial.

Proposition 3.1. In case t = 0i.e.r =1, U is pure point and ift = 1 i.e.r =0, U is
purely absolutely continuous.

Proof. The first case is trivial. In the second case, we observe that U is reduced by the
supplementary subspaces L™, respectively L™, generated by the vectors in the canonical
basis with even indices, respectively odd indices. Moreover U | + is unitarily equivalent
to the shift operator, hence the result. 0O
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Remark. As a typical corollary, we get the following spectral properties for monodromy
operators U™ defined on ZZ(N*) according to (3.1):

Oac(UT) =8V if 1 —1; ~ 1/j%, > 1. (3.17)

The rest of the paper is devoted to studying the limiting operator when #, = ¢ €
10, 1[i.e. rp = r €]0, 1[, for all k € Z.

All phases in the definition of U do not play the same role, as the following lemma
shows. On the one hand it justifies the choice made in [BB] where the phases y; are
taken equal to zero and, on the other hand, it will be very useful below.

Lemma 3.2. If we denote the matrix (2.6) by M ({6}, {ax}, {yx}), and identify U to it,
we have for any sequences {0}, {or}, {ve}, k € Z,

U= M6}, {ax}, {va}) = M {6k}, {ox}, {OD).

Remarks. i) As a corollary, we can replace the sequence {yx}, k € Z in the definition of
U by any other sequence {y;}.

ii) The same statement is true for U defined on /2(IN*) by (3.1).
Proof. Let V be the unitary operator defined by
Vor = e g, kel (3.18)

One checks easily that the operator V~'UV has the form M ({6}, {ax}, {0}) in the
canonical basis provided for all j € Z,

i —8j—1=—Vj-1. (3.19)

This is realized by taking, for example, {p = 0 and

k—1 —k
G==) Vi tx= ) v, keN- (3.20)
j=0

j=—1

Generalized eigenvectors. Without making use yet of the freedom we have in the
sequence {yx}, k € Z, we now turn to the eigenvalue equation

Uy = it ’
V=) cap. xeC, reC. (3.21)
keZ

One sees from the structure (2.6) of the operator U, that if i satisfies (3.21), a linear
relation between the coefficients (¢, c2k+1) and (cax—2, c2k—1) of the form

) _ C2k—2
<C2k+l> =T® (Czk—l) (322)
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must exist, provided some 2 x 2 matrix is invertible. Using the definition (2.5), straight-
forward computations show that the matrix 7 (k) has elements

T(k)q = —e  *Hya-1ty2—atb-1+62%-2)

T (k)2 = if (e*i()ﬂ‘)/zk—l*a2k—2+92k—1+92k—2) _ e*“VZk—l*“%—l)) ,
t

T (k)2 = ii (e—i(sz—2—92k+V2k+V2k—1+)/2k—2+a2k—|)
t

_ e*i()»+92k—2+92k—1+V2k+)’2k—1+V2k—2+‘12k)) , (3.23)
1 | (A+02k+02k—1 — Y2k —V2k—1)
T(k)n = —2°

2
P —iaityak—) (i Ok —62k—2+0oi—2—a2k—1) —i(ak—k—1)
+—=e e +e
2
t

2
_r_e—i(k+02k—2+02k—1+V2k+)/2k—1+otzk —02k—2)
12 ’
provided 7 # 0. We also compute
det T (k) = e i On—2— 02 +y2u+2y2%-1+r2u-2) (3.24)

so that |det T' (k)| = 1.
Therefore, once the coefficients (cg, c1) are given, we compute for any k € N*,

%\ _ co\ _ o
(C2k+]> =Tk)---THT () (c]> = @ (k) (Cl ) ,

C2k \ _ 7/_ =1, . 7(_1)-! —-1{€0) _ o(_ €0
(C—2k+1>_T( k+1) T(—=1)"'T() (Cl>_d>( k)<c1)'

The multiplicity of possible eigenvalues is therefore bounded by two.

(3.25)

4. Random Setting

Apart from the fact that our transfer matrix is complex valued instead of the usual real
valued setting suiting the discrete Schrodinger case, we will see that here also one Lyapu-
nov exponent is enough to describe the spectral properties of U, when the phases are
random and the transfer matrices 7 (k) are independent and identically distributed.

Making use of Lemma 3.2, let us introduce a probabilistic space (2, F, IP), where
Q2 is identified with {']I‘Z }, T being the torus, and P = ®;7 P, where Py is the uniform
distribution on T with F the o -algebra generated by the cylinders. We introduce the set
of random vectors on (2, F, P) given by

Q - T?
ot O, kel, 4.1)

with Op(w) = wor , ar(w) = w1 -

The random vectors {B }xez are i.i.d. and uniformly distributed on T2.
We denote by U, the random unitary operator corresponding to the random infinite
matrix (2.6),

Uo = M{6k(w)}, {ox (@)}, {0}). (4.2)



200 O. Bourget, J.S. Howland, A. Joye

Introducing the shift operator S on 2 by
S(@)k = wr+2, k €Z, 4.3)

we get an ergodic set {S/ } jez of translations. With the unitary operator V; defined on
the canonical basis of 12(Z) by

Viok = gr—2j, Vk € Z, (4.4)
we observe that for any j € Z,
Ui, =V UwV;‘. 4.5)

Therefore, our random operator U,, is an ergodic operator. The spectral projectors E A ()
of U,, where A is a Borel set of T, define a weakly measurable projector valued family
of operators on €2 and the spectrum of U,, is deterministic, see [CL]. However, we shall
not make use of these properties below.

As it stands, the transfer matrix 7 (k) depending on the random vectors Bok, Box—1,
Bok—> seems to be correlated with T'(k + 1) and T (k — 1). Using the same Lemma 3.2,
we can replace the sequence {0} in (4.2) by {(—1)**1ay}, so that we consider explicitly
M {6k}, {ax), {(=DF o)) and the corresponding transfer matrices. Thus, in terms of
the new variable, with A € R,

k(X)) =0 + 01 + o — a1 + A, (4.6)
the transfer matrix can be written as
T (k) =T (2 (A), n2x—1(A)) (4.7)
with Vk € Z,

T(k)ll = —e{_iUZk—l()»)}’
Ty =iz (e.*iWZk;l()») _ 12 i | X s
T (k)21 = l% (el(nzk( )=mk—1(A) _ a—ini—1( )) ’

. 2 . .
T (k) = _liz eimk() ;_2 (el(WZk()»)*WZk—l()\)) 41— e*l'lzk—l()h)) .
Therefore, introducing the set of random vectors
Sk = (mx (W), mi—1(0) € T, k € Z, 4.9)

we observe that the set of random transfer matrices {7 (k)};cz will be independent
provided the set of random vectors {8y };c7 are independent.
Using properties of the characteristic functions of random vectors

Dp(ny.ny) =K (e—"<"1ﬁl(w>+"2ﬂ2<w>>) . nm ez, (4.10)

we get the following lemma.

Lemma 4.1. If the vector { By }rez, are i.i.d and uniform, the random vectors {3y }rc7, are
also i.i.d. and uniformly distributed on T?. In turn, the set of transfer matrices {T (k)}re7,
are i.i.d. random matrices in Gl(C).

We can now state our main result in the random setting:
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Theorem 4.1. Let U, be defined by its matrix elements (2.5) with t € (0, 1). Assuming
the phases {o}rc7, and {0} rc7, are i.i.d. and uniform on T, we have almost surely

0a.c.(Uy) =10.

The next section is devoted to the proof of this theorem.

Remarks. i) The same result for U, defined by (3.1) holds by Theorem 3.2.

ii) In case the phases oy € T are deterministic and of the form oy = ak + b, a,b € R,
whereas the 6;’s are i.i.d. and uniform, the conclusions of the above lemma and theorem
still hold. The same is true if the 6 ’s are deterministic and constant whereas the «y’s are
1.1.d. and uniform.

iii) To motivate our hypotheses on the uniform distribution of the phase vectors B, we
recall the

Lemma 4.2. If Xy, k € Z, is a set of i.i.d. random variables on T with support not
reduced to a point, then the random variables Yr=x k£ Xk—1, k € Z are independent
if and only if the X are uniformly distributed.

A proof of Lemmas 4.1 and 4.2 can be found in the Appendix.

5. Lyapunov Exponents

As the map (4.6) is measurable, we can realize our transfer matrices as an i.i.d. random
process on the same probabilistic space (€2, F, IP) in such a way that

T(k, w) = T(w, ou—1), k €Z, VYo € TZ, (5.1)
with the C® map T : T?> — Gly(C) defined in (4.7). Therefore,
Ttk+1,0) =Tk, S(w), VkelZ. (5.2)
The set of translations {Sj}jez is ergodic and we can write for all kK € N*,

Ok, w) =Tk, )Tk —1,0)--T(,w)
=T, KT U, S5 N w)--- T, w). (5.3)

Similarly, we set ®(0, w) =1h and
O (—k, ) =T710, S @)T71O, S () - - T7'0,w). (54

Therefore {® (k, w)},en defines a random ergodic linear dynamical system over Gl (C)
gen;srated by the map 7T (1, -) and {®(—k, w)}ren defines another one generated by
T7(0, ).

We are now formally in good shape to apply Oseledec’s and Furstenberg’s Theorems
to define and study the Lyapunov exponents. However, the last result is stated for real
valued matrices, and, in particular, irreducibility properties of groups of matrices are
a delicate matter. Therefore, we first want to map our problem to a problem involving
matrices in Gl4(R). This is done very conveniently using the method described in [MT],
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which we apply to our setting. We will denote by (-|-) the scalar product on R* or C?

and we introduce
10 01
12(01)’ JZ(—IO)' (5.5)

We define a sub-algebra of A4(R) of M4(R) by

. arl +ayJ byl +brJ o -
A4(R)_{<01]+C2] dll—i—dz.])’a]’bj’c]’d] GR,]—I,Z.}. (5.6)

The topology on M>(C), M4(R) is generated by the spectral norm

1A= | > P (5.7)

rea(A])

and that of A4(R) is the induced topology. Let p be the mapping p : C> — R*,
N(x)
X —3(x)
) 5.8
(y) M EL) (58)
=)
and t : M>(C) — A4(R) be defined by

ab\ _ (W@l +3@] RO +3B)J
(C d) - (WC)I +3)J R + 3(61)]) - (5.9)

The following properties are readily checked:
Lemma 5.1. For any u, v € C?, and any « € C,

pu+v)=p@)+ p), (5.10)
plau) = R(@)pu) + I(a)p(in). (5.11)

Forany A, B € M»(C), and a € R,

(A4 B) = 1(A) + ©(B), t(AB) =1(A)1(B),
T(aA) = at(A), T(A%) = 1(A)*, (5.12)
(A H =747l

The last formula means that if A € M (C) is invertible, T(A) is also invertible and the
formula is true. Finally, for all u € CZ,VT € M,(C),

p(Tu) = t(T)p(u). (5.13)
We also note the following lemma for future reference.

Lemma 5.2. I[f A € M,(C) and |det(A)| = 1, then | det(t (A))| = 1. If A is self adjoint
with eigenvalues y1 and y» , then T(A) is real symmetric with eigenvalues y1 and y» of
multiplicity two.

More general results of the same sort in higher dimension can be found in [MT].
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Remarks. 1) Let us note as a consequence of Lemma 5.2 that the mappings p and t are
homeomorphisms and Vu € C%, VA € M5(C),

oGl = llull, IT(A)] = V2I|A]. (5.14)

ii) The mapping p does not transport scalar product but it does preserve the norm. Note
that we have for all Vu, v € C2, and all T € M>(C),

(p(iuw)|p)) =0, (5.15)
(pW|t(M)p()) = (pw)|t(T)p(iv)) = R((u|Tv)), (5.16)
(p(iw)|t(T)p()) = —(p)|t(T)p(v)) = I((u|Tv)). (5.17)

Therefore, if # and v are orthogonal in C2, p(u) and p(v) are also orthogonal.

Existence of the Lyapunov Exponents. Using this operator t : Gl,(C) — Gl4(R), we
can now consider the random ergodic linear dynamical system over G/4(R) defined from
{®(k, w)}ken by

Uk, ®) = 7(®(k, w)) (5.18)

generated by the map t(7'(1, -)) : 2 — GIl4(R). We will work similarly if —k € N.
We now apply Oseledec’s Theorem according to [A], Thm. 3.4.11, specialized to our
setting.

Proposition 5.1. Let the random ergodic dynamical system generated by the map
(T(,)) : @ > Gl4(R). Then, on an invariant set Qo C 2 of P-measure one, the
following limit exists

lim (¥ (n, )" ¥ (n, o) = Aw). (5.19)

The matrix A(w) possesses at most 2 distinct eigenvalues of multiplicities 2, denoted by
e >e?=e M >0, (5.20)

associated with at most two eigenspaces £1(w), E2(w). The Lyapunov exponents y; > y»
are constant almost surely.

If y1 > 0, there exists a filtration of RY,

{0} € V(w) C R* such that

V() = &), and R* = &(w) & & (w), (5.21)
andu € V(o) iff
lim l log ||V (n, w)ul| =y, =—-y1 <0, (5.22)
n——+oon

and u € R*\ V(w)

1
lim —log |¥(n, ®)ul =y > 0. (5.23)
n

n—-+o0o
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Moreover, there exists a splitting
R* = E>(@) @ E1 (@) (5.24)

such that
1
lim —log||¥W(n, )ull =y; & u e E;j(w)\ {0}. (5.25)
n—toon

Proof. We need to check the hypotheses of the Ergodic Multiplicative (Oseledec’s) The-
orem, see e.g. [A], Thm. 3.4.11, in order to get the existence of the limit. All norms being
equivalent, considering the maximum modulus of the matrix elements, we get the exis-
tence of a finite constant depending only on 0 < ¢ < I suchthat C(r)™' < ||T(1, w)| <
C(t). As | det(T (1, w))| = 1, the same bound is true for T (1, w)~!. The properties of
finally yield

(In* (T (1, )|+ " (T, )OI e L'(Q, F, P), (5.26)

where InT(x) = max{In(x), 0}, x > 0, which ensures the existence of the limit. The
statements about the number of Lyapunov exponents, their relations and multiplici-
ties are shown as follows. For any n, the 2 x 2 matrix ®(n, w)*®(n, w) is positive,
of determinant one so that it either possesses two distinct eigenvalues o (n, w) >
o2(n,w) = 1/o1(n, w) > 0 (of multiplicity one), or it is the identity matrix. There-
fore, ¥ (n, w)* ¥ (n, w) = (P (n, w)*d(n, w)) has two distinct eigenvalues o1 (n, w) >
o2 (n, w) = 1/o1(n, ) > 0 of multiplicity two, or it is the identity matrix in R*. The de-
terminant being continuous, the limit A (w) is also positive of determinant equal to one.
By continuity of T and 7 ~!, A (w) also belongs to .44 (R) and there exists  (w) € M3(C)
such that 7 (k(w)) = A(w). Moreover, the relation k (w) = lim,,_ 5 ® 71, ®)* P (n, w)
shows that x (w) is also positive of determinant one, which proves that the multiplicities
of the eigenvalues of A (w) is two or it is the identity matrix. O

Corollary 5.1. Under the same hypotheses as above, there exists almost surely a
subspace Vo(w) of C of complex dimension 1 such that

Vu € Vo(@) \ {0}, lim 1In[|®(n, wu| =—-y <0,
n——+00 ;l (527)
Yu € C2\ Vo(w), lim L In ([ @, w)u| =y > 0.
n——+00
Also, there exists a splitting C? = Eg(w) @® E?(w) such that
1
lim —log|®(n,wul =y; & uc E?(a)) \ {0}. (5.28)
n—doon
Proof. By the proposition, there exists a filtration: {0} C V(w) C R*, such that:
Vv e R* \ V(w), lim L log |[t(T(1, S™(w))) ...t (T (1, w)v|| = y1,
n—>+oo 7 (5.29)

Yo e V(@) \ {0}, lim Lloglle(T(1,§"(@))...t(T(1, w)v] = —p1.
n—+00
The properties (5.1), (5.13) and (5.14) imply that Vv € R*,
1
lim —log ||t (T, S"()))... (T, w))v|
n—-oon

= lim l1og 1T, ") ... T, 0)p ' @)]. (5.30)
n—»oon
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Let vg € V(w), ug = p~'(vo) and Vo(w) = Cug. The equation above proves the first
assertion. Consider u € C? \ Vy(w). Then

u:(xuo—l—ué‘, u(J)‘;éO, aeC, (5.31)
p(u) = R(@)puo) + I(@)p(iug) + p(uy). (5.32)

The three components are non-zero and mutually orthogonal. Therefore p(u) € R*\
V(w), from which the second assertion follows.

We can proceed along the same lines in order to prove the statements concerning the
existence and properties of a splitting of C2 = E(z) (w)®E ?(w) with E? (w)=Cp~'(v i)s
vj € Ej(w). Indeed, let v1 € E1(w) and u; = ,o_l(vl). We define vi = p(iuy), so
that (v;v}) = 0and lim,— +o0 + In [|® (1, W)V} || = limy— 00 In 2| W (0, w)iuy || = 1.
Hence v; € Ei{(w).Let vy € Ex(w) such that uy 1= ,o_1 (v2) is not colinear to 1. There
exists such a vy, otherwise, uy = au implies p(u3) = vo = R(w)v; +;“s(oz)v{ € Er(w),
which is a contradiction. Hence, v), = p(iuz) € Ez(w). Now u = auj + pius and
p) = R(a)vy + J(@)v] + R(B)va + I(B)vj. So that

1 1
Iim —In||®@®, wull=y;= lim —In||¥V@#, w)p)] (5.33)

n—+oo n n—>+oo n
isequivalentto § =0if j = landa =0if j = 2. O

Positivity of the Lyapunov exponent. Inorder to assess the positivity of the first Lyapunov
exponent, we use Furstenberg’s Theorem. Let us introduce, according to [BL] III.2.1.,
the following notions.

Let S be a subset of GLy(R), d > 0. Such a set § is said irreducible if there is no
strict subspace V of R? such that VM € S, M(V) = V. A set will be called strongly
irreducible if there is no finite family V7, ... , Viy of strict subspaces of RY, such that:
YMeS M(ViU...UVy)=ViU...UVy.

The basic theorem is then

Theorem 5.1 (Furstenberg). If u is a probability measure on M = {M € GL4(R);
|det M| = 1} such that: f log [M|ldu(M) < +o0 and the group G,, generated by the
support of | is strongly irreducible and non-compact, then the first Lyapunov exponent
associated with any sequence of i.i.d. matrices in M satisfies y; > 0.

See [BL] Theorem IIL.6.1 for a proof.
We note the following property (Exercise IV.2.9 of [BL]) reducing strong irreduc-
ibility to irreducibility in some cases.

Lemma 5.3. Let 1 < d € NandS be a connected subset of GL4g(R). Then S is strongly
irreducible if and only if S is irreducible.

In our case, the measure p is the image by the map (4.7) of the uniform measure
Po ®Pg on T2. In order to study the properties of the corresponding set G 1, we introduce
the connected set of matrices given by the range of the smooth map from T? — C2
which to (6, n) assigns the matrix

it ir (=10 — 1)
Tio.n) = . . . ! . . 5.34
©.m _%(6—10 _ et(n—@)) _i_i(e—zﬁ _1_ ez(n—@)) _ tizem ( )
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Let G C G, denote the smallest group generated by the support of the measure image
by Po ® Pp on SL4(R) by (8, 1) — t(T(9.p))-
Proposition 5.2. The group G is not compact.

Proof. The matrix t(T(x 7)) belongs to the support of the image of Py ® Py by (5.34)
and it has eigenvalues

(r—=1* +1)?
g and —5—. (5.35)
The second one is strictly larger than 1, if t < 1 sothat,sinceforanyn € N, t(T( ))" €
G, G cannot be bounded. O

Proposition 5.3. The group G is strongly irreducible.

Proof. 1t is enough to exhibit an irreducible, connected, subset of G. The map (7. .)
is smooth, hence the set {t(T (g ), (6, n) € [0, 27 [2}, included in G, is connected. We
now show that there exists no strict subspace of R* invariant under this set of matrices.
We first note that choosing n = 6 € [0, 27 [ we get

(T(9,6)) = Mo + sin(0) M + cos(0) M2, (5.36)
where
000 —%
00 ? 0
My = 0 i[; 2;’_3 0 ) (5.37)
2
—% 00 2;—2
0 1 % 0
-1 00 %
M| = _§ 00 _’1 , (5.38)
0 —% 10
My = —(Mo +1), (5.39)

where Il denotes the identity matrix. If there exists a strict invariant subspace £ for the
set T(T(,0))6¢[0,27[» this subspace £ is also invariant for the matrices M;, j =0, 1, 2.
Similarly, choosing —n = 6 € [0, 2 [, we have

T(Ti9.—9)) = No + sin(0) N1 + cos(8) N, + sin(20) N3 + cos(26) Ny, (5.40)

where, in particular,

01 0
“10 0 =

N] == _% 0 0 r2[42»] . (5.41)
0 —=- 241 0

t 2

Again £ must be invariant under Nj.
As My, M1, Ny are real (anti) symmetric, they all leave £ L invariant as well so that
these matrices are reduced by the orthogonal spaces £ @ £+ = R*. In particular, these
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invariant subspaces must be generated by the eigenvectors {u1, uz, u3, us} of My which
form a basis of R*. Explicitly,

1 0 1
0 = 0 _rfl
up = 0 U = i , Uz = O , Ug = 1t 9 (542)
+1 1-
EE 0 N 0

t

the first two vectors being associated with the eigenvalue r (r + 1)/12 while the last two
are associated with 7 (r — 1)/12. We further compute, repeatedly using 2 + 1> = 1, that

1 1 1 1
Miuy = U4, M1u2=?u3, M1M3=—;u2, M1u4=—;u1 (5.43)
and
N 1+r N 1 N 1—r N 1 (5.44)
Uy = — uy, Uy = —uq, U3z = up, ugs = —-u3. (5.
U1 (1 =y Nz = fun, Nuus = Za=—su, Nig SU3

Clearly no one dimensional subspace & = (u ;) (or & L= (u 7)) can be invariant under
Mo, My and N;. And by inspection, one checks that no two dimensional subspace £ =
(uj, ur) can be invariant under Mo, My and Nj. The irreducible set {t(T(g ), (0, 1) €
[0, 277 [} being contained in the group G, the latter and G, are a fortioriirreducible. O

Therefore,

Proposition 5.4. The Lyapunov exponent y; () associated to the ergodic linear dynam-
ical system (5.18) is strictly positive for any A € T.

Ishii-Pastur. The link between Lyapunov exponents and a.c. spectrum is provided in
the self adjoint random case by the Ishii-Pastur-Kotani Theorem. We provide a unitary
version of the Ishii-Pastur part of the result, which is enough for our purpose. In order
to adapt the proof of [CFKS], it is only necessary to show that it is spectrally true that
the generalized eigenvectors of U are polynomially bounded.

We first show that generalized eigenvectors corresponding to spectral parameters
outside the spectrum cannot be polynomially bounded for bounded normal operators
with a band structure. We’ll say that a matrix {M; i} ; rez has a band structure of order
2p+1, p e Nif|j — k| > p implies M ; = 0. Note that if this is so, then

k+p
(Mv)p ="My jvj= Y M vj (5.45)
JEZ j=k—p

makes sense for an arbitrary vector v = {v;} ez, since the sum is finite. Define the
projections

Pap = Y loj)gjl (5.46)
a<j<b
and note that
Pra,)U = Pla,p)U Pla—p,b+p1, (5.47)

U Pa,p) = Pla—p.p+p1U Pla,b)-

That is, in fact, just another way of saying that U has band structure.
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Lemma 5.4. Let (¢,),c7 be an orthonormal basis of a separable Hilbert space H on
which a normal operator U acts. Assume U has a band structure of order 2p + 1 and
consider an arbitrary nontrivial sequence ¢ such that U¢p = z¢, where z € C is in the
resolvent set of U. Then the sequence ({¢|®))rez, is not polynomially bounded.

Proof. The operator U being normal, for any z in the resolvent set, (U — z) ™! is normal
too. Therefore ||(U —z)~'|| = ro (U — z) 1), where r, (A) is the spectral radius of the
operator A. As 7, (U — 2)™1) = 1/dist (z, o(U)) (K] (I 6.16 p.177)), we deduce

VY e H, U =2yl . (5.48)

1
i = dist (z, o (U))

Consider the generalized eigenvector ¢. Since z ¢ o (U), ¢ cannot be in /2, so it must
fail to be in /2 either at +00 or at —oo. We will assume that it fails at +oc0, and focus on
the coefficients (@i |¢), with k > 0 and large enough.

Letn > 3p and let

Py = Py =l— Q. (5.49)
Since P,¢ € [*(Z), we have by (5.48),
| Pl < czll(U = z2) Pall, (5.50)

1

where ¢, = dist (z, o(U)). Since we have assumed that ¢ is not in 12 as k > 0,

necessarily
I Pap@ll> = | PLpin—pi¢p* — o0 as n — oo. (5.51)
So there exists an ng such that, given € > 0, n > ng implies
1Pa—pol* = €M1 Po2pioll . (5.52)
Since (U — z)¢ = 0, it follows for any finite projection P that
U—-2)Pp=—U—2)00¢, (5.53)
where Q =II— P, and hence that

U—-20Pp=PU —-—2)Pdp+ QU —z)P¢
—P(U —-2)0¢+ QU —2)P¢

=—-PUQ¢ + QUP¢. (5.54)
Take in (5.50), P = P, = Pjp n) =l — Qy. By (5.47), we get

P,UQ, = P[p,n]UP[O,p-‘rn] On
= P[,,,n]U(P[o’p_l] + P[n+1,p+n]). (5.55)

Also,
QnUPn = QnU(P[p,Zp] + P[2p+l,n—p] + P[n—p—i-l,n])- (556)
But

O0nUPpt1n—p) = OnPp+1,nU Popt1n—p =0 (5.57)
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so that
QnUPn = QnU(P[p,2pJ + P[nprrl,nJ)« (558)
Since the ranges of the appropriate projectors are orthogonal, we have with A = ||U |2,

(U = 2) Pag > = | PU Q1> + 10U Prgp|?
= | PU(Po,p—11 + Pins1, pn)@ 1> + 100U (Pip2p) + Pinep1.a) 91>

< A (1P0p- 11812 + 1 Pus 1, psni @l + 1P 2p1 @17 + 1Pl 1.1

= A (IP02p19 I + 1Pyt 1912 = 1 Pipn-pidl?)

= A (I1P02p I + 1 Pus 12 = I Papdl?) (5.59)
Thus, by (5.52) and (5.50), for n > max(ng, 3p), we have

I Pu_pdll® < 1PagllI* < EIIU — 29|12

= QA (P pd I + 1Puspl® = 1 Pupl?) . (5.60)
which implies that
2 2 1 2
1P p®I1* = 1Papll” ( 5 + 1 =€) = BIPp8II%, (5.61)
2

where B > 1,ife < 1/ (Acf). Iterating the argument, we get Vk € N,

k
| Putp2kll = B2 Padpll (5.62)

which ensures the existence of an exponentially growing subsequence of coefficients.
O

The second element is the construction of generalized solutions corresponding to
spectral parameters in the spectrum of U which are polynomially bounded, a Ia Bere-
zanskii. This is done in our unitary setting following, mutatis mutandis, the arguments
given in [S] for the self-adjoint case. We only quote the end result here, including a proof
in the Appendix for completeness.

Recall that a measure p is in the measure class of a unitary operator U with spectral
projection E(-) if for any Borel set A C T: p(A) =0 < E(A) =0.

Theorem 5.2. Let U be a unitary operator with a band structure defined on 1>(Z) and
8 > 1. Then there exists a measure p in the spectral measure class of U and a family of
disjoint measurable sets (A,),eNx whose union supports p such that for . € A, there
exist n vectors ¢ (L) satisfying

o (U—e*)gj(n) =0.
o Vi € Z, [(galj(W))| < C <n >,
e For any A fixed, the family {¢; (L)} ; is linearly independent.

Remark. The result is also true if the operator U is defined on 12(N) or I2(N)*.
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Corollary 5.2. o (U) is the essential closure of the set
S={reT; U¢ = e ¢ admits a polynomially bounded solution} (5.63)
and Epo 2 s(U) = 0.

Proof. Ife'* € o(U)thenforanye > 0, E(]A—e, A+€[) > Oand p(JA—e, A+€[) > 0.
Hence, by Theorem 5.2, for A" arbitrarily close to A there exists a polynomially bounded
solution ¢;(1"). Thus o (U) C S. The reverse inclusion follows from Lemma 5.4 and
the fact that o (U) is closed. The last statement follows immediately. O

Putting these arguments together, we get the unitary version of the Ishii-Pastur
theorem suited to our monodromy operator:

Theorem 5.3. Let U, be unitary with a band structure. Assume that the correspond-
ing transfer matrix at spectral parameter e'* induces two Lyapunov exponents y1 (L) >
12 (L) = —y1(A) which are constant almost surely. Then

Oac(Uy)  {e* € St y1(2) =0} . (5.64)
Proof. 1dentical to that given in [CFKS] Thm 9.13. O

Therefore, Theorem 4.1 follows from the above theorem and Proposition 5.4.

6. Coherent Setting

In this section we consider situations where the behavior of the matrix coefficients of
U in (2.5) are periodic functions of k as the result of a coherent behavior of the phases.
We first show that this implies purely absolutely continuous spectrum. Then we prove
that when restricted to /2(N*), these operators have no singular continuous spectrum
and may possess finitely many simple eigenvalues only.

Coherence on [*(7). As a first particular case of coherent dependence of the scattering
phases, we consider the simple situation where the 6;’s and o ’s take alternatively two
values, up to a linear term. This corresponds to a monodromy operator U = U,U,,
where U,, U, are direct sums of constant blocks Sox = Se, Sok+1 = So.

Proposition 6.1. Let t €]0, 1[, let the sequence {yy} be arbitrary and

ekz{é‘eszlseven . if kis even Vk € Z.

0, if k is odd ’“kzak+{ag if kisodd

where 0,, 05, tte, @, a € R. Define A = a, — o0y, ©® = 0, + 0,. Then, with the identifi-
cation U = M {6k}, {ak}, {yk}), U is purely absolutely continuous and

P (U) _ {e—i(a+(~))e:l:i(arccos(r2 cos A—t? cos(2x+A))) x € T}
ac = ’ .



Spectral Analysis of Unitary Band Matrices 211

Proof. By Lemma 3.2, we can replace yy by (=)o so that, with our choice of
phases, U ~ ¢~ @+®)V where

Voo = irte  Bon_y +rle Aoy + irte®gopy1 — t2€iA<,02k+2,
Vst = —t2e Pt +itre oo + 2t oot +irte pogo.
6.1)
Let us map [2(Z) unitarily to L?(T) via
W g > ek, 6.2)
such that for any ¥ = Y, ckgx, cx € C,
(W) (x) = ere’™ e LX(T). (6.3)

keZ

We further introduce Li(T) = WLy, where L, L_ are the subspaces of / 2(7) gener-
ated by the basis vectors with even, respectively odd, indices. It is easily checked that V
is unitarily equivalent on L3(T) = Li (T) & L% (T) to the matrix valued multiplication
operator

2a—iA _ ;2,0iA2ix :
v~ (r e te'“e 2itr cos(x + A) ) (6.4)

2itrcos(x + A)  r2eld — 2 ife2ix

This matrix is analytic in x and has non-constant eigenvalues given by

Ar(x) = r2cos A — 12 cos(A + 2x) £ i1 — (r2cos A — t2cos(A + 2x))2,  (6.5)
from which the result follows. O

Using basically the same strategy, we can consider the general case where the
elements of U display an arbitrary periodicity.

Theorem 6.1. Ler t €]0, 1[, let the sequence {yi} be arbitrary and {6y}, {ax} be such
that for some 2 < N € N, and all k € Z,

Ok+N = Ok, ax = ak + mp, where iy =7 and a € R.

Then, with the identification U = M ({6}, {ok}, {vk}), U is purely absolutely continu-
ous.

Proof. As above, we first replace y; by (—1)**ay and we introduce

L3(T) = [@;VZ—OI 13, (11‘)] D [@gfz—ol 12, +1(’JI‘)] , 6.6)
L3,(T) = span{(e@Nk+20)ix), . x € T}, 6.7)
L3, 1(T) = span{(e@Nk+2+Dix), . v € T} . 6.8)

If P4 and P44 denote the orthogonal projections on these subspaces, we get for
YV = ) pe7 CkPk, With the same notations as above,

(Pyg W) (x) = > cavipgpe " MHO¥ e L3 (D), (6.9)
keZ
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and similarly for (Pry+1WW)(x). To determine the image of U under the unitary
mapping W, we introduce

+

Ve = Ok + okl F (Mok — T2k1)s (6.10)

such that vki = ”ki+N for any k € Z. Hence U =~ e~?V where, this time, V acts on
12(7) according to

I o= i+ o+
Voo = irte™""% oy +r2e ™ gy +irte™ gopyy — t2e TV oo,
2 . —iv, . —iv, 2 —ivf . —ivF
Vort1 = —t7e "k gop—1 +itre” "k @op ek Qo +irte” Uk gopto.
(6.11)

The phases vki being N-periodic, by manipulations similar to those performed above,
one gets that V >~ T, where T is a matrix valued multiplication operator on the decom-
position of the Hilbert space (6.6) by the 2N x 2N matrix

2
T(e¥) = Z ek (6.12)
k=-2

where the T}’s have a N x N block structure of the form

00 0 D_
42 _
T = t(OWu>,T1—lrt<Wu 0),

To = 2 D_ 0 T\ —irt 0w S W, 0 (6.13)
0o=r 0 D, Ay =1ir p, o) 2= 00
with
Dy = diag(e_iuoi, e_ivli, e e—"”ﬁn)
0 e—ivf
0 efiv;
Wy = , (6.14)
0 e Vn-1
e—iva 0
0 efi‘);—l
efivar 0
Wl = e—iv;r .
0
e_iUIJ\;—z 0

Now, the operator T being unitary, the matrix 7 (e’*) is unitary as well for almost every
x € R. But this matrix being analytic in a neighborhood of the real axis, it must be unitary
everywhere on the real axis. By classical results in analytic perturbation theory, see [K],
it is therefore diagonalizable with analytic eigenprojectors in a neighborhood of the real
axis, and identically zero eigennilpotents. In order to prove the absolutely continuous
nature of the spectrum of U, it is then enough to show that the analytic eigenvalues of
the matrix T(e”‘) are non-constant in x € R. But this is immediate, because otherwise,
an infinitely degenerate eigenvalue would exist, which is forbidden by (3.25). O
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Remarks. i) The formulae (6.13) above are the starting point of a detailed analysis
of the band spectrum of U as a function of ¢ €]0, 1[, which we shall not perform here.
We only note that for # = 0 (and with no loss of generality a = 0),

- o
U(U)z{e’”O,vr+...+v;71+ne”’0 +v1_+...+v1_+...+v,;71+n)},
(6.15)

where each eigenvalue is infinitely degenerate, whereas, for r = 1,

N
o(U) = U Ran{ =2ix i (vg +vi kv +710)/N Gik2m/N xe 11‘}
k=0,...,N—1

U Ran{e2ixei(v6+vf+"'+U;_l+77)/Neik271/N’ = T} (616)

Perturbation theory as + — 0 and t — 1 can now be applied to get information on the
corresponding band functions in these regimes.

ii) It is not difficult to check that a unitary band matrix of order 2p + 1 with periodic
coefficients, in the sense that there exists N > 0 such that (¢;|U@r) = (@j+nIU@rin),
is always unitarily equlvalent to a multiplication by an pN x pN unitary matrix T (e')
on By—0,..., pN— 1L (T), where T'(e'¥) is a polynomial of degree p in e**. Howev-
er, in general one cannot rule out the existence of finitely many infinitely degenerate
eigenvalues.

Coherence on 1*(N*). Let us now turn to the study of U defined on I>(N*) by (3.1)
in case the phases {yy} are arbitrary whereas {6y} and {o} are eventually coherent: i.e.,
there exists kg € Nand 2 < N € N such that for all k > kg € N*,

Ok+N = 6k, ax = ak + mp, where w4y = and a € R. (6.17)

We can replace without loss y; by (—1) 1y and assume a = 0, since we are working
up to unitary equivalence. Our coherent comparison operator Uy on [*(Z) is defined
by (2.5) with phases {6} and {«x} obtained by extending (6.17) (with a = 0) to Z.

Therefore we can write on I2(—N*) & C @ [2(N*)
W
Uy = 1 - F, (6.18)
U+

where absent elements denote zeros, W™ is an operator defined on /%(—N*) which is
eventually periodic and F is a finite rank operator. It is always possible to construct Uy
this way with dim Ran F = M depending on N and k.

Theorem 6.2. Let UT and Uy be as above. Then
Us.c.(U+) =0 and O'a.c.(U+) = 0q4.c.(Up).

The point spectrum of U™ consists of finitely many simple eigenvalues in the resolvent
set of U.

Remark. As the proof below shows, the same statement holds if U™ denotes a doubly
infinite coherent matrix perturbed by a finite rank operator.
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Proof. Let us first show that the finite rank perturbation F of the unitary Uy does not
produce any singular continuous spectrum. By Weyl’s Theorem, this cannot happen in
the gaps (on S!) of the absolutely continuous spectrum of Uy. Therefore we focus on
o (Up). Depending on kg and N, we have for some finite M > 0,

F= " cjxle)) el 6.19)
[jl 1kl<M

We know from (6.12) that U is unitarily equivalent to the multiplication by a 2N x 2N
unitary matrix V (x) on the decomposition (6.6), where V (x) is a polynomial in e**
whose eigenvalues are not constant in x. Therefore, V (x) is analytic in a neighborhood
of the real axis and we can write

2N
V() =Y Pjx)r;(x), (6.20)
j=1

where the eigenprojections P; and eigenvalues A ; are analytic in a neighborhood of the
real axis as well (see [K]). We know that

o (Up) = U, Ran {3;(x), x € T}. 6.21)
Note that
Fo D7 crl@)) (), (6.22)
[jllkl=M

where the r.h.s. is to be understood as a multiplication operator on the decomposition
(6.6) and (e¥/*) is a vector in C2N with zero elements except at some line, depending
on j, where the entry is e”/*. We follow the perturbation theory of unitary operators
presented in [KK] to study the unitary operator Uy = Uy + F. Let{ = ,oeiﬁ with p # 1
and B € T. We set for j =0, 1,

RO =UjU; —) ' =a—-c¢u;»H, (6.23)
G() =+ ¢(UF — UHR1(Z)
= I+ ¢(U§ — UPHRo(0) ™" (6.24)

These quantities are analytic in C \ S'. We know from [KK] that for any vectors f, g,

d
plir?_(g|5p(Ej’ Bf) = %<8|Ea‘c.,j(,3)f) ae.fpeT, j=01, (6.25)

where
2n8p(Ej,/3)=Rj(§)—Rj({’) with ¢/ = 1/¢, (6.26)

and E, .. j(B) is the absolutely continuous part of the the spectral projector of U; at e'h.
Also,

8p(E1, B) = G(£)*8,(Eo, BIG(C)
= - L F*Ro(0)) ™8, (Eo, )T — L F*Ro(¢)) . (6.27)
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In order to get information on the nature of the spectral measure of Uy, it is sufficient to
consider (6.25) on the cyclic subspace for Uy generated by the range of F*. Indeed, the
spectral measures of Uy and U associated with vectors in the orthogonal complement of
this subspace coincide and it is cyclic also for U;. Let P denote the projector on Ran F*.
We first note that Il — ¢ F*Ry(¢) is invertible on Ran P if and only if

det(P@— ¢ F*Ro($))P) #0 (6.28)
and

@— ¢ F*Ro(O)IRan p) ' = (PA—¢F*Ro(()P) ' P. (6.29)

So we need to consider the finite matrix whose elements are given for |n|, |m| < M by

(@nl F*Ro(Om) = Y EjalejlUoWo — ) o)
ljlI=M

=2 D %n / dx<(e"""),M(e"”’x)>, (6.30)
0

jI=M =1 h(x) —¢

where < -, - > denotes here the scalar product in C2N |, Therefore, (6.30) is a finite sum
of the form

N ox L0
3 / dx Jnm @ 6.31)
= Jo A(x) —¢

where f,,(l,)n is analytic in an open strip of finite width, independent of /, n, m containing
the real axis.

Fixan/ € {1,...,2N} and let xg € T be such that el = Ar(xg). There is only a
finite number of such points. Assume )\; (xg) # 0. Then we can deform the contour of
integration in x to control the integrals (6.31) when p — 1 as follows. There exists a
neighborhood C D Njg of xg which is mapped by A; bijectively on its image Mg which
contains ¢'? in its interior. Let Dg C Mg be a smooth deformation of the unit circle

towards the exterior which avoids e’f. Taking the inverse image kl_l (Dg) C Ng and
connecting it at both ends with the real axis, we get a smooth path Cg along which

2 O] @)
/ dx n,m(x) _ / dz n,m (2) . (6.32)
0 r(x)—¢ cg M@ —¢

By construction, the last integral is now analytic in ¢ in a neighborhood M s C Mg
containing e’?. Therefore, the matrix (6.30) has an analytic continuation in ¢ in a
neighborhood of S' except at a finite set of points. Hence there is only a countable
set of points of § 1 call it Z, where the determinant (6.28) is zero.

Then, for any ¥ = Py and any e’ € S\ Z, we can write

U—CF RN = Y di(@)gn. (6.33)

[k|<M
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where the dj (¢)’s are analytic in a neighborhood of e “ and the ¢ ’s span the range of
F*. Thus, we deduce from the relation

(W18, (EL, )W) = Y dj(©)di(£)(9)18,(Eo, B)gn), (6.34)

Ikl.1j1<M

that the limit p — 1~ yields the derivative of an absolutely continuous measure on
S\ Z, as the limits lim,,_, 1-{®;18,(Eo, B)or) € LY(T). As a countable set of point
cannot support a continuous measure, we get that o5 . (U1) = 0.

Let us consider the point spectrum of U™ . From the relation (3.25), we get that the
eigenvalues have multiplicity two at most. Except for a finite number of them, the transfer
matrices 7T (k) are periodic in k, of period N. Therefore we define

R=Tko+1+N)T(ko+ N)---T(ko+ 1) (6.35)
and set
[ c%
dk) = <C2k+l> (6.36)
so that
d(jN + ko) = Rjd(ko) = R-/T(ko)T(ko —1---TQ)d(1). (6.37)

We will use the notation D(j) = d(jN + ko). Note also that det R = e/, where x € T
is independent of A, due to (3.24), and that the matrix R is analytic in A since it is a
polynomial in e** and e=*.

Assume that an eigenvector of U™ exists in 12(N*) for the eigenvalue e*. This im-
plies that the sequence {||D(j)||} ez belongs to 1% at +-00. We are thus lead to the study
of (6.37). This is done by means of the following elementary lemma whose proof we
omit.

Lemma 6.1. Let R be a 2 x 2 matrix with | det R| = 1, and let E| be an eigenvalue of
R. Consider D(j) = R D(0), where D(0) € C2. Then,

1) there exists K > 0, such that for all vectors D(0) of norm I, forall j € 7, K <
ID()I < 1j1/K if and only if | Eq] = 1.

2) When |E1| # 1, there exists another eigenvalue E» # E1. We can assume |E1|
> 1> |E>| = |E1|~" and we get

D(j) = AE{vi + BEjw, je€Z,

where vy, vy € C? are the corresponding eigenvectors of R and A, B € C are the
coefficient of D(0) in the basis they form.

A direct consequence is that {||D(j)||} € I2(N) implies exponential decay at +oo,
thus D(0) = v and any eigenvalue is simple. Now we use D(0) as an initial vector to
construct a generalized vector for the coherent operator U on / 2(Z). Note that considered
as a functions of A, R(}) is analytic in a neighborhood of the real axis, therefore, E1(A) is
analytic on T, except at the finite set X of exceptional points in T where the eigenvalues
of R()\) cross. At such exceptional points, |E1| = 1. Then observe that if the second
statement of Lemma 6.1 is true for some A € T, it still true in a neighborhood of A by
continuity. This implies that all generalized eigenvectors corresponding to eigenvalues
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in the corresponding neighborhood grow exponentially at one end or the other. Due to
Corollary 5.2, this can take place only in the resolvent set of Up. Also, as the spectrum
of Uy contains no isolated point, the argument above shows that X must belong to the
closure of the set of points in T \ X, where |E;(})| = 1. Therefore | E| is continuous
on the whole of T and o (Up) = |E;|~'({1}). The band edges are also excluded from
the point spectrum of U™, since they correspond to points where |E;| = 1.

We now study the number of eigenvalues of U™. The boundary condition that d(1)
has to meet reads, according to (3.1),

T7'd(1) = c1b(V), (6.38)

where ¢ is the non zero first coefficient of the generalized eigenvector and

, 2
51 —iOi+tar—ay) (T =17\ in (00

T ' =e (r2 itr) e (10 , (6.39)
b() = e ( (1)) — e~iteoétan (l’t) , (6.40)

with | det 7~'| = 1. Therefore, the condition to have an eigenvalue e'* for U is equiv-
alent to

by I T'T'QTT'G) - T ko) v (), (6.41)

where v (1) is an eigenvector of R(A) and all matrices involved are analytic in A € T.
In other words, e'* is an eigenvalue if and only if

det(va(A); T(ko)T (kg — 1) - -- T(2)Th(1)) = det(va(X); a(r)) =0, (6.42)

where a is analytic on T and v can be chosen analytic on T \ X, see [K]. Therefore,
to show that the number of eigenvalues of U™ is finite, it is enough to prove that, as a
function of X on T, the determinant above has finitely many zeros. This is a consequence
of the next lemma we prove in the Appendix.

Lemma 6.2. If Ao € X, the eigenvectors vj(A), j = 1,2, have at worst a square root
branch point at Ao.

It follows that the function A — det(vz2(}); a(A)) is analytic on T \ X and possesses
square root branch point singularities at X as well. Therefore it only possesses finitely
many zeros on T.

Finally, we show that o (Uy) C o (U1). Let e be in the interior of the set o, (Up)
and consider the relation (3.25) yielding the coefficients d (k) of the corresponding gen-
eralized eigenvector. Up to a finite number of transfer matrices T (ko) T (ko—1) - - - T (1),
this relation is identical to that yielding the coefficients with positive indices of a cor-
responding generalized eigenvector for U™T. The discussion above shows that d(k) is
polynomially bounded at both ends, so that by Corollary 5.2, e/* belongs the spectrum
of U™ as well. This finishes the proof of the theorem. O

Remark. In keeping with the last remark following the proof of Theorem 6.1, let Uy
denote a periodic band matrix of order 2p + 1. Then, it is also true that a finite rank
perturbation of the form (6.19) produces no singular continuous spectrum, since the first
part of the above proof goes through without changes.
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7. An Almost Periodic Example

In order to complete the picture of the spectral properties such matrices can possess,
we briefly describe below an example of deterministic unitary band matrices which is
almost periodic and purely singular continuous. This example is constructed in analogy
with the random discrete Schrodinger case according to the approaches of Herman and
Gordon, see e.g. [CFKS].

We consider again the matrix M ({6}, {ok}, {yx}), where the phases oy are taken as
constants, while the y;’s are arbitrary and can be replaced by (—1)**!ay, as above. The
almost periodicity lies with the phases 6y defined according to

0 = 2nBk+6, VkeN, (7.1)

where f is irrational, and 6 € [0, 27 [.
Consider the uniform measure Py on the T, and the translation T : T — T defined
by

T(0) =2inB +6. (7.2)
Then the set of iterates %, k € Z is ergodic. The corresponding transfer matrices T (k)?
generated by this set of translations are then given by (see (4.8))
T(k)?l — o i(A+20+8knp—6pm)

ir .
T(k)fz == (e—z(k+20+8kﬂﬂ—6ﬁn) _ 1) ’

TS, = % (ezie _ e—i(k+20+8knﬁ—6ﬁﬂ)>’ (7.3)
2

T(k)gz _ ;_2 <e4iﬁ 11— efi()»+29+8knﬂ76ﬁn))

_lei(k+29+8kn/3—2ﬁn)
2 '

Following Herman [He], we first get the positivity of the Lyapunov exponent.

Proposition 7.1. Let T (k)? be the transfer matrices (7.3) at spectral parameter ). € T
corresponding to U = M ({0}, {a}, {yx}), where the O’s are given by (7.1). For B
irrational, the Lyapunov exponent y (1) satisfies for almost all 9:

1
y(A) > 1In 2> 0, therefore o,.(U) = 0.

Proof. We first note that the sub-additive ergodic theorem applies to Fy(6)
= In | TI}_, T (k)?|| and since 7 is ergodic,

Fy(©)
N

lim

Jim = =) (7.4)

almost surely with respect to Py. Setting z = e~'?, we write our transfer matrices
T (k, ), expliciting the dependence in z € C*, and we define three matrices (R; (k)),

J=-2,0,2,by

T(k,z) = z22Ra(k) + Ro(k) + 2 >R_»(k), (7.5)
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where
. -1 i
Rz(k) — efl()»+8k71/376/371) ( . Irz ) , (76)
T T2
0 _ir
Rotk) =1\ .. 4 ! , 7.7
0(k) %64””3 ;_2(61471/3 +1) (7.7)
1 _ 00
— _ _ Al(A+8kmB—2pm)
Roa(k) = — e (0 1). (7.8)

Then we consider Si(z) = z>T (k, z) which is analytic in C and such that if z € S!,
ISk ()|l = 1T ()|, Yk € Z. Hence, the function || In 1—111(\1:1 Sk (2)|| is sub-harmonic and
as Sx(0) = R_,, we get the estimate

o al 1
— 1 Si(e))do > 1 SO =Nln —. 7.9
Zn/O n||£[1 c()|do > n||£[1 L (0] n- (7.9)

We finally note that (7.4) implies

1 2 N "
M= 1 — | Ti (¢
v = dim [ n [Ty

The second statement then follows from Theorem 5.3. O

do
—. 7.10
T (7.10)

Next, we adapt the argument of Gordon to our setting in order to exclude eigenvalues
in o (U), for B a Liouville number. That is if for any k € N, there exist px, gx € N such
that

1B — pr/arl < k™. (7.11)

Proposition 7.2. Assume the phases (6;) are given by (7.1) and (o) are zero. Moreover,
suppose B is a Liouville number and ((0™)y) a family of periodic sequence of period
qm- For each sequence, the corresponding family of transfer matrices (7.3) is denoted
by (T (k))ez, and (T,z (k))rez, respectively. Assume the period of the sequence (0™)
obeys limy,_, oo g = +00 and the following estimates hold:

sup [T (k)| < oo,  sup [TO(k) — TS (k)| < Cm .
k,m k1<2qm

Then, any non-zero solution ¢ = >_ crpr of Up = e'*¢ satisfies

2 2
c +c 1
lim sup “+1—% > —. (7.12)
lk|—>+00 €] + € 4
Its proof is identical to that given in [CFKS], Theorem 10.3, noting that the norm of any

transfer matrix (7.3) is bounded by a constant depending on ¢, r only.

Theorem 7.1. Let U be as in Proposition 7.1. If B is a Liouville number, then for a.e. 0,
U is purely singular continuous.
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Proof. Let B be a Liouville number. It can be approximated by a sequence of irreduc-
ible fractions (%) obeying (7.11). Define the sequence ((6™);) by: Vk € Z, (0™); =

2 %k + 6. A simple computation shows Vk € Z,
7% (k) — Ty (k)

— 2isin ((4k 3 (/3 B p_m>> efi(k+29+(4k73)ﬂ(ﬂ+f{’—"n”)) ( 1 —irt‘1>

Gm irt™l 22

“2i sin ((4k —x <,3 - p-’")) ol (w20 (g ) (0 0 ) (7.13)

qm 0 172

Then, g being a Liouville number allows us to check the hypotheses of Proposition 7.2.
Therefore, the generalized eigenvalue equation cannot have /% solution and the point
spectrum of U is empty. Combining this result with Theorem 7.1 yields the conclusion.

8. Appendix
Proof of Lemma 3.1. Assume U is unitary and, for all k € Z,

Ugpr = arpr—1 + Brok + VkPr+1, (3.1
so that

oo
Brk—1 o
U= Vk—1 Br Qk+1 . (8.2)
Yk Br+1
Vil

Then, for all k € Z,

lo I + 1B + le* = 1,
k112 4+ 1Bl + lye—11? = 1,

Olk,B;:_l + ;Bkylj_l =0, (8.3)
Ye—1B¢_y + Brag =0, '
aryy =0,

aryy_, =0.

Let us start by noting that | B, | = 1 is equivalent to ax, = Yk, = Ckg+1 = Yko—1 = 0,
which creates an isolated 1 x 1 block in the matrix structure of U.

We assume now that one off-diagonal element is non-zero. By considering the trans-
pose of U instead of U if necessary, we assume without loss oy, 7# 0. The last two
relations impose Yk, = Yk,—2 = 0 and the two middle ones yield

|Bko@ko+11 = |Bro—10kg—11 = | Bro+10ko+1| = [Bkg—20tkg—11 = 0. (8.4)
On the one hand, if By, # 0, then By,—1 # 0. Otherwise we would get from the first
two relations in (8.3) oy, | = 1 and By, = 0. Hence, from (8.4), agy—1 = agy4+1 = 0,
showing that an isolated block of the form
Bro—1 ko
8.5
(Vko—l Bro (6:2)

exists in the matrix U.
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If, on the other hand, B, = 0, together with ay, 7 O this implies |ok,| = 1 and, in
turn ,Bko—l =0.

We first assume yx,—1 7 0. Hence the last two equations in (8.3) yield ag,—1 =
agy+1 = 0, which again yields an isolated block of the form

0 oy
. 8.6
(0, %) 56)
in U with |yg,—1| = log| = 1.

If Yio—1 = 0 and |og,| = 1, we get |ag,—1| = laky+1| = 1. In turn, this imposes
Bro—1 = Vig—1 = 0and Byy+1 = Yiy+1 = 0. Thus, U is of the form

Ao—1
0 ag
U= 0 a1 (8.7)
0

and is therefore unitarily equivalent to the shift operator, using a unitary defined similarly
to (3.18).

Hence, except in the last case, iteration of the above arguments, shows that U has the
block structure announced. O

Proof of Lemma 4.1. We can set the value X at zero without loss. Let
@, (n) = E(e™") = 8n,0 (8.8)

be the characteristic function of the common uniform distribution of the phases 6 and
a. Consider the characteristic function of the set of random vectors {Jx,, &, , - - Skj}
given by

Pogy 81yt (115112522 1) = E(exp(—i(ny -8k, +n2 -8k, + -+ +nj - 8;)))
. 1 2 2 1
= E(exp(—i(n0x, + (n] +n7)ba,—1 +niba,—2 + - + n ;6
1 2 2
+(nj + n5)0ax; 1 + n5602;-2)))
X E(CXP(—i(H%azkl + (17 — n]ook -1 — niaog 2 + -+ n}azkj
2 1 2
+(nT —nj)agg—1 — nja;-2))), (8.9)
where n; = (n,i, n%) € 7Z*. We used independence of the 8’s and «’s to factorize the
expectations over these random variables. We can assume the k;’s are ordered and we
deal with the 6’s only. The argument is similar for the «’s. From the expression above,
one sees that one can factorize the expectations over 6; with [ < 2k, from those with
| > 2k,41 —2assoon as k < k41 + 1. Therefore, it is enough to consider consecutive

indices ky = m,kp = m+1,... ,k; = m + j. As (8.8) shows, in such a case, the
expectation over the 6’s equals zero unless

nj=0, nj+ni=0,....nj+n;=0 n3=0, (8.10)
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when it equals one. But this is equivalent to ni =0foralk =1,...,j,1 =1,2.
Hence, we have proven that
Ds(n) = D, (n") Dy (n?) (8.11)
for j = 1and
Pory byt (112, o j) = Py (1) Py, (n2) -+ Py (), (8.12)

which is equivalent to independence of the random vectors d,, ,, - -+ 0k;. O

Proof of Lemma 4.2. Letus consider Yy =Y. k+ = Xt + Xk—1 only, the other case being
similar. Let the measure wy denote the distribution of the X ’s. Then the Y} ’s are identi-
cally distributed according to the measure uy = uy * ux. Let ®x be the characteristic
function of the random variable X. Then ®y(n) = <I>§( (n). Given Lemma 4.1, we need
only prove that independence of the Yj’s imposes @y is uniform on the torus. Then, the
characteristic function of the variables {Y, Y1} must satisfy for all (ny, ny) € 72,

Dy, v (11, n2) = E(exp(—iny (Xg + Xp—1) — in2 (X1 + Xi)))
= Ox(n)Px(n +n2)®x(n2) = O3 (1)) d% (n2).  (8.13)

In case ®x(n1)Px(nr) = 0, this relation is fulfilled. Otherwise, we have for all other
cases

Ox(n)Px(n2) = Px(ny + n2). (8.14)
If N is the smallest positive integer such that ® x (N) # 0, we get that
1=®x(0) = Px(N)Px(—N) = [Px(N)* < Dx(N) =e ", (8.15)
for some v € T. Iteration of (8.14) implies that for any m € Z,
Oy (mN) =e m, (8.16)

One checks with (8.14) that there can be no integer M > N, M # kN, k € N, such
that ®x (M) # 0. That implies that ux = é(x — v/N), which is a contradiction to our
hypothesis. Hence we must have ®x(n) = 0 for all n % 0, which corresponds to a
uniform distribution. 0O

Proof of Theorem 5.2. We develop here the arguments yielding polynomially bounded
generalized eigenfunctions associated with spectral parameters in the spectrum of U.
We state the starting point result, Theorem C.5.1 in [S], specialized to our setting.

Theorem 8.1. Let H be a separable Hilbert space. Assume that to any Borel set A C
[0, 27 [ we have a positive trace class operator A(A) on H satisfying: the condition if
A= U;l";xl’An with A N Aj =@ fori # j, then A(A) =s —1lim ) A(Ap).

Then there exists a Borel measure dp and a positive, trace class, operator valued
measurable function a(A\) such that:

o Vp € H, (p|A(A)Q) = [, (pla(h)p)dp(R).
e Tr(a(r)) =1, dp-ae.

These two conditions characterize the operator valued function a.
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Let us introduce weighted />(Z) spaces

3(Z) = {¢ = (¢ € P(Z¥); Y < n >° |pa]* < +00}, (8.17)
nez

1/2

where < n >=< 1+ n? >!/2. We prove the equivalent of Theorem C.5.2. in [S].

Proposition 8.1. Let U be a unitary operator defined on 1>(Z) and § > 1. Then there
exists a spectral measure dp and, for dp almost all X, there exists a function F.__ (L)
defined on 7. x 7. such that:

o Fy  is measurable in A.

i Zn,m <n>7° |Fn,m()\)|2 <m >_8§ 1, dp-ae.

o FamM)|<C<n>"2<m>"3,

e For any bounded Borel function g on S', and for any vectors ¢, ¥ in lg (Z),

(Plg(U)y) = /g()») (Z Fn,m(K)%*wm) dp(X). (8.18)

e For any fixed m, (U — ¢'*)F ,,(A) = 0, where F. ,,(A) = Y nez Fnm Q) @n.

Proof. We denote the spectral projectors of U by (E(A))aeB(0,2x[)» Where B([0, 27 [)
denotes the Borel sets on the interval [0, 27 [. Let x be the self adjoint operator, diagonal
on the orthonormal basis (¢;,),c7, defined Vn € Z, by x¢, =< n > ¢,,. The operators
(A(A))AEB([O,ZJTD defined VA € B([O, 27‘[[) by

AA) =xT E(A)x 7, (8.19)
are positive and trace class:
= = -8
D {eals T E@xT o) = D0 @l EA)gn) < 00 . (8:20)
nez nez

By definition, the spectral family E (.) satisfies for any countable disjoint family (A;);er C
B([0, 27[): E(UjerAj) = s —1lim ) ;.; E(A;). The operators x~?% being bounded on
12(Z), we get A(UjerAj) = s — lim Ziel A(A;). Hence A(.) is a Borel measure with
values in positive, trace class operators. and Theorem 8.1 applies. Thus, V(n, m) € Z X Z,
we get a function defined dp-ae,

Fan() = (0alx3 a3 gn) = ((n) () ? (galaGgm)
= ((n)(m))3anm (). (8:21)

By construction, the functions a, ,, (hence Fy ,,) are measurable. Moreover,

S Fm WPy m) ™ = lanm W)

n,m

= lla@eal* = a3 < la@)} = Tr@(®)* =1 dp —ae. (8.22)
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This implies the third statement. Let A; C [0, 27| be the Borel set, y; : S! > Rbeits
characteristic function and ¢, 1 be two vectors of ZBZ(Z). Then

fm [ Xi(€)D  $rm FamWdp () =D ¢ /m Xi (€Y Fy iy 0)dp ()

4

= 6ivm /A Famdp () =Y &t nl E(AD@m)

= Z ¢: Ym <‘/)n

( / Xi (e“)dx) gam> = (¢lx: (U)Y). (8.23)
[0,27]

This results holds for step functions by linearity, and for bounded measurable functions
on [0, 2r[. In particular, taking g = id and ¥ = ¢,

(HIUgnm) = /[02 [e“ (Z Fn,m(w::) dp(h) ,
= / (@le™ Fn(M))dp (1) (8.24)
[0,27[
But,

/ (GIUF m(W)dp(h) =Y / FUF ,y(W))kdp(2)

[0.27] = J10.27

=Y [ Y U Finadot) = Y Ui [ ot

X [0,27[ i k. j 10,27

=Y Ui Gm)® /[ gm0 = > Ui (im)* A0, 2 1) j.m

k,j k,j
=Y UydiEW0,27Djm = Y UxjdiSjm = (@1Ugn). (8.25)
k,j k,j
It follows that Vm € Z, V¢ € I3(Z),
/ (BIUF n(M))dp(r) = / (@le™ F.n(M))dp, (8.26)
[0,27[ [0,27[
and thus
BIUF (W) = (ple F_n(V)) dp — ae. (8.27)
O

At this point we can prove Theorem 5.2, following closely the arguments of [S]: Let
N (1) be the rank of the Hilbert-Schmidt operator a (1), which is a measurable function
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of A. For all A, there exists a set of orthogonal vectors [K], (fj (1)) jef1,...,n()}> Such that
dp-ae:
N(})
a(d) = Z Lfi O {(fj(*)] and
j=1
N

Z L 001 = Z T (W<fm(x)|f,(x>><f,<x>|fm(m

N
Jm (%) Fn () >:T .
Z<||fm(x)|| )Ilfm(x)|| ra@) =1

In case of degeneracy of the spectrum, it is always possible [S] to choose the f’s so that
they are measurable. It is enough to set now

Ga(A) = x2 f,(0) ,Vn € Z,VA € [0,27[, A, ={r; N)=n). (8.28)

The sets A, are disjoint by construction. For any fixed A, the vectors ¢; (1) are linearly
independent, as is easily checked. The conditions on the growth of the components of the
vectors ¢ ; (A) are consequences of their definitions and Proposition 8.1. By construction,
Vk € Z,

£ P 0k = Y < m >0 Fi()(6 (). (8.29)

Therefore, Vn € Z,Vj € {1,... , N(L)},

(enlUj (M) = Unk(p; M)k
k
1 p—
NOE %n:U"k <m > Fn(MW)(;(W)m
1
= T 2 < @Dl UF ()
j m

Using Proposition 8.1, it follows that the previous line equals

—1 [ .
= TR 2 <M @0Dne @al Fn(3) = (gule” 91 (8.30)
J m

Thus, V¢ € I5(Z), (p|U¢; () = (ple*p; (1)), dp-ae. O
Proof of Lemma 6.2. Write

_ (a@) bX)

where a, b, ¢, d are analytic on T and det R(X) = ¢! The eigenvalues of R()) are

) 2
Ej(0) = T“;(” + (—1)/1/w —eik j=1,2, (8.32)
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and the set X consists of the zeros of (TrR)? — 4¢'“. Let A = 0 belong to X. We can
assume that in a punctured neighborhood of 0, b(A) # 0. Therefore, the eigenvectors
can be chosen as

b))
vj(A) = (Ej(k)—a(k)>' (8.33)
Since
(TrR(A))2/4 — el = Z A" (8.34)
neN

with fo = 0, E; and, in turn, v; admit convergent series expansions in non-negative
powers of A!/2 in a neighborhood of 0. O
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