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Expectation Values of Observables in Time-Dependent
Quantum Mechanics
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Let U(z) be the evolution operator of the Schrddinger equation generated by a
Hamiltonian of the form Hy(¢) + WA(t), where Hy(¢) commutes for all 7 with a
complete set of time-independent projectors {Pj}lf“:,. Consider the observable
A=3,P;k;, where A;~j* pu>0, for j large. Assuming that the “matrix
elements” of W(t) behave as |P;W(1) P, |l = 1/|j—k|”, j#k, for p>0 large
enough, we prove estimates on the expectation value {U(1) ¢ | AU(t) p) =
(A, (1) for large times of the type (A}, (¢) < ct’, where 6 >0 depends on p
and u. Typical applications concern the energy expectation {Hy), (¢} in case
Hy(t)=H, or the expectation of the position operator <x2>,,, (7) on the lattice
where W(¢) is the discrete Laplacian or a variant of it and Hy(f) is a time-
dependent multiplicative potential.

KEY WORDS: Time-dependent Hamiltonians; Schrédinger operator; quan-
tum stability; quantum dynamics.

1. INTRODUCTION

This paper is concerned with estimates on the long time behaviour of
expectation values of certain quantum observables. Such estimates pertain
to the study of quantum stability and quantum diffusion as well. Indeed,
although our main result is quite general, the two paradigms we have in
mind are estimates on the energy expectation for general time-dependent
driven systems and estimates on the moments of the position operator for
time-dependent driven systems defined on the lattice. For more details on
the origin of the problem, on quantum stability in general and on related
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results, the reader should consult refs. 2, 5, 13-15, 17-18, for example. Let
us start by describing our typical results for these cases.

The first type of systems are characterized by the self-adjoint
hamiltonian H(z)= H,+ W(¢) on some Hilbert space s# which generates
an evolution U{¢), U(0) =1 and the energy expectation is defined by

(Hopo (1)=Ut) ¢ | HoU(2) )

where ¢ € #. Let us assume here for simplicity that the spectrum of the
time-independant part H, is discrete o( Ho) = {4;},;cn+ and that the eigen-
values behave according to 4, ~j*, as j — oo, for some u > 0. We denote by
P; the corresponding spectral projectors. We further assume that the per-
turbation W(¢) is bounded with matrix elements characterized by

1P, W(t) Pell sw/lj—k|”  as |j—k[—c0 (L.1)

for some time-independant constant w and for some p >0 large enough.
We show that there exists a diffusion exponent J >0 depending on x# and
p such that

CHod, (D)< et® (1.2)

for some finite constant ¢ and for any initial condition ¢ belonging to some
dense domain in . More precisely, there exist real valued functions P(u) >0
and a(p)e 10, 1[ (see Proposition 4.1) such that provided p > P(u) and
Ve >0,

d=u/(1—a(p))®+e  where a(p)=0(p~') as p-ooo (1.3)

and P(u) is essentially linear in x. In particular, when u<1, p>2 is
enough. This estimate holds for any x> 0 if p large enough and regardless
of the time dependence of W/(1).

Similar results were first obtained for general systems by Nenciu in
ref. 17. He made use of recently developped tools in quantum adiabatic
theory which require increasing gaps between successive eigenvalues, that is
w>1, and differentiability with respect to time of the perturbation W(r).
However, nothing is required on the behaviour of the matrix elements of
the perturbation. The diffusion exponent obtained in ref. 17 is of the form
0=20y(u)/n, where ne N, the order of differentiability of W(:), is large
enough. It was then showed by Joye in ref. 15 that estimates of the type
(1.2) can be obtained for any x>0 and without differentiability of W(z),
provided the coupling induced by W(s) with high energy levels is weak
enough. Typically, if |P; W(t)|| ~;j ~ with 28> 1 +u, then & = /(B —1/2).
In terms of matrix elements, this weak coupling condition means that
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|P;W(t) Pcll >0 as j?+k*— o0, The present results complete those of
ref. 15 to the physically important situation where the strength of the
couplings between neighbouring levels is independent of the energy. This is
caracterized by condition (1.1) requiring decay of the matrix elements
| P;W(t) Pl to zero as |j~k|— oo only. As a result, the diffusion expo-
nent (1.3) is bounded below by x>0, uniformly in p, whereas the
exponents obtained in refs. 15 and 17 can be made arbitrarily small by
adjusting the parameters of the perturbation W{(z). Note however that our
bounds are optimal in some cases, as discussed below. Finally, in the
specific case where Hy+ W(t) is a time-dependent forced harmonic
oscillator, the quantum dynamics can be solved explicitly, so that the
asymptotic behavior of (H,) , (¢) can sometimes be derived. See for exam-
ple refs. 3, 4, and 11. However, the perturbation W(¢) is unbounded in this
situation.

Consider now the Hilbert space /%(Z¢) whose vectors we denote by
u={u(n)},cze. Let Hyt) be a time-dependent real-valued multiplicative
operator, possibly unbounded, (potential) such that (Hy{¢r)u)n)=
Hy(n, t)u(n), VneZ’ Let W be the discrete laplacian (Wu)(n)=
Siezi 1j—n =1 Ul(j), Yne Z¢ and for fixed m>0, let |x|™ be the moment of
order m defined by |x|”" =3, .z« 8|7 P,, where P, is the projector on the
site n and | |, is the euclidian norm. Under some regularity assumptions,
the time-dependent Schrédinger operator Hy(t) + W gives rise to an evolu-
tion U(¢), with U(0)=1. We show that for any m > 0, the expectation value
of |x|™,

xS o () =U) @ | |x|™ Ult) @
satisfies the estimate
X" () < et™ (14)

for some finite constant ¢ and for any ¢ in the dense domain
D(|x|™) = 1*(Z*). Since this estimate holds in the free case as well, (1.4) is
optimal. As a corollary, we note that it is impossible to accelerate a particle
on the lattice. Such results are known in the time-independant case, see e.g.,
refs. 19 and 20. Moreover, lower bounds are proven as well in case the
potential is constant or periodic in time.* ' ! ¥ However, such estimates
are new for general time-dependent potentials. We also consider similar
estimates when the discrete laplacian is replaced by a long range interaction
W of the form

Wu(n)= Y, wn—k)uk), VneZ (1.5)

keZ
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where w is real valued and belongs to /'(Z), we call long range laplacian.
This allows comparison with a model of AC Stark effect studied recently by
De Bievre and Forni” (see also Gallavotti,'® Bellissard®), for which
they prove lower bounds on the expectation of |x|% Moreover, for some
specific choices of potential Hy(r), we are able to prove lower bounds on
<|x|2)(,,(t), some of which grow arbitrarily fast in time, although W
defined in (1.5) is bounded.

We actually deal with both situations in a unified manner as follows.
We consider a self-adjoint hamiltonian H(¢) = Hy(t) + W(¢) such that H(?)
commutes with a complete set of time independent orthogonal projectors
{P;},en+. We estimate the expectation value of the positive observable 4
of the form A =3 ,.n+ A, P;, where {4;},;cn~ is a positive strictly increasing
sequence such that 4, —» oo as j— co. In order to estimate {A), ()=
{U(t) ¢ | AU(f) @), the idea is to compare the evolution U(r) generated by
Hy(t)+ W(t) with the one generated by Hy(¢)+ Wj(t), where Wj(t) is
obtained from W(¢) by replacing by zeros all matrix elements ||P, W(t) P |
such that |j—k|>q(j+k), where g: R* - R* is a real valued (typically
increasing) function. Wj(t) can be considered as a generalized band matrix,
whose width increases as we move along the main diagonal. This new
evolution, we call V,(z), differs from U(t) by a term of order Wi =
W(t)—W(t), by Duhamel’s formula. Provided [(4’W¢(t)A~'?| is
uniformly bounded in time for some f>1/2, {4),(¢) can be essentially
estimated by {V,(¢) @ | AV ,(t) ¢). The control of this expectation value
with respect to the evolution V,(t), generated by the troncated pertur-
bation W,(¢) is the main technical point of the paper. We can get effi-
cient estimates on this expectation value provided we can show that the
quantity

SN, =Y 2 sup [PV V() AT p=h  (16)

j>N Oss<t

decays to zero as N — oo, with a rate we control, as explained in the next
section. By inserting the characteristics of the matrix elements of 4 and
W;’(t) roughly described above, and by making the choice g(x)=x%
a€ ]0, 1[, we can achieve sufficient control on S(N, ¢), by appropriate
choice of the parameters « and f. Note that we have a conflict between the
parameters f and «, i.e., between § and ¢. On the one hand, we wish to
take g and f as large as possible to make ¥, closer and closer to U(¢) and
to take advantage of the decay induced by 4% in (1.6). On the other
hand, 4#W?A4~'" is more and more likely to be bounded when £ is small
and W7 is sparser and sparser, ie., ¢ is small. In case W(1)=W (1) is a
genuine band matrix, as is the case with the second application we deal
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with in Section 5, this procedure is much easier. Actually, we found this
example quite instructive and inspiring for the proof of the general case.

2. GENERAL STRATEGY

Let H(t)= Hy(t)+ W(t), te R* be the generator of the Schrodinger
equation defined on a separable Hilbert space #.

Hypothesis HO. H(:) is self-adjoint on a dense domain D for
any ¢ and W(1) is symmetric and relatively bounded with respect to H(t),
with relative bound a < 1. There exists a set of r-independent complete
orthogonal spectral projectors { P} 72, such that

[Ho(1), P]=0, VjeN* teR* (2.7)

Let g: R* > R*. We define

W) = Y P,W()P, and Wot)= W(1)~ W)

lj—kl<q(j+k)

using a strong sum.
Note that with our notations, W{(t) corresponds to the diagonal
operator Wy(t)=3, P, W(1) P,.

Hypothesis H1.

sup || W) — Wir)ll < oo

reR*
We assume that the following evolution equations (where ' = (d/dt))
iU'(t) o =(Hy(t) + W(1)) U(t) o, U0)=1
V() o =(Ho(t)+ W) V(D) o, V(0)=1

iVo(t) @ = (Ho(t)+ Wi(1) Vi(2) @, Vo(0)=1, ¢eD
give rise to unitary operators which, together with their inverse, map D
into D.
Let 4,>0, Vje N* and let

A=Y J,P,  defined on D(A)={(pe]f IRV AARES oo}
j J

be the positive observable the expectation value of which we will consider.
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Hypothesis H2. The eigenvalues of 4 are positive and form a
strictly increasing sequence

A1 > A, >0, Vie N* (2.8)
J 7

and there exists two constants 0 <L _ <L, <o and g >0 such that for
any j large enough,

0<L_j*<A<L,j* (2.9)

Let us describe the general strategy we adopt. Following refs. 15
and 17, we get from Duhamel’s formula (in the strong sense),

U = V() =iV (1) [ V() Wels) Uls) ds
=V, (1) + R, (1)

where | R (¢)]| <2. Let ¢ € D(A”) with f=1/2 and consider {(A) ()=
(U(t) ¢ | AU(t) ). We have, due to the positivity of 4

A, (DS2KV (1) @ 1 AV (1) @) +R(1) 9 | AR, (1) 97) (2.10)

Then, with the notation ¥, (¢, s)=V(t) ¥ '(s),

IA'ZR (1) ¢ ?

2
<4y loll*+ 3 4

P, L V(1 5) We(s) Uls) g ds

Jj>N
SMnllol?+12 Y, 4, sup [PV, (2, 8) A7F| | APWis) Uls) o)
j>N 0<s<t (211)

We work under the following hypothesis.
Hypothesis H3. There exists > 1/2 such that

sup [ APWo(t) A~ 1P| = |A"WoA~ 2| < o0

reRt
Under H3, we get from (2.10) and (2.11)
A, (K2 A2V (1) @|® +8Ax lp)* +2 | APW 4~ 122

x sup |4'2U(s)@l®> ¥ 4 sup [P,V (1, 5) 477

Ogs<y Jj>N 0gs<yt
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Hence, noting that | A4'2U(s) pl|* =< 4>, (s) and writing {(A),(1)=
SUPo << <A>(p (s), we obtain

(A, (1)
<2 sup [A"RV,(1) @I+ 8y lol2 + 2 [APWi A~ 7]
[
x 2 TAy (1) Y 2y sup PV, (t,5) A=) (2.12)

j>N Os<s<i

We can estimate the large ¢ behaviour of {4}, (¢) provided we control the
large N behaviour of

S(N,0)="Y 4, sup [|P,V(t,s) A" ">

>N 0<s<t

Indeed, |42V (1) @[ is related to S(N, ) by the estimates (V,(1) is
unitary)

142V (0 92 <y o1+ £ 4, 1P,V,(1) 012

j>N

Shyllpl?+ SN, 1) 4P| (2.13)

Thus, provided we can show for some f=1/2 that S(N, t) -0 as N> o,
we get from (2.12) and (2.13) under hypothesis H3

(A, (<1045 o2+ 2S(N, (| AP | > + | APW5 A~ 122 2 (A5, (1))

Hence we require N(z) to be such that 2 |APWoA~"2)2 2S(N(1), 1) <
K <1 as t - oo, so that we can write by means of a bootstrap argument

A4, (1) <45, (1)
SelAny l@l? + S(N(2), 1) 1470 |1%)
ScAnufllol? +l14%¢]%)

for some finite constant ¢. Remark that the function ¢ is not specified yet
and that we don’t make use of (2.9) at this point.

3. MAIN RESULT

In order to give explicit estimates on (A, (¢), we specify a little bit
more our concern.
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Proposition 3.1. Assume HO, H1, H2 and H3 and let ¢ be defined
by

g R > R*
(3.14)

X x*

for some ae J0, 1[. If (2 — 1) > 1 + «, there exists finite positive constants
b (see (6.31)) and ¢, (see (6.34)) such that if

N(t)=[b""=*"1 41, ([ -] being the integer part)

we get for all ¢ large enough,

S(N(1),1)= Y A sup IIP,V,,(I,S)A‘”||2SCOI‘Z*’“/"”’/"‘”"2 (3.15)

J>N(t) O0<s<t

Corollary 3.1. Under the same hypotheses as above, and provided
(28 —1)>1+a, we get from (2.13)

sup ||A1/2Vq(t, S)A——/J’”2<C|(t(2\u(2/1~l))/(l—fx)z_'_t,u/(l—a)z)

Ogs<t

for some finite constant c¢,.
Our results on {4) ,(¢) follow directly from the above considerations.

Theorem 3.1. Assume the hypotheses of proposition. If u(26—1) >
2+ 2(1 —a)?, we get for any ¢ € 2(A4%):

(A, (K (| AP0 + ll0)1?)

for some finite constant ¢,.
The proofs of the above results are given in Section 6.

4. APPLICATIONS

In order to apply the above results, we need to determine which per-
turbations W/(¢) satisfy the hypotheses H3. Let us consider the typical
situation where the norm of the matrix elements P, W(¢t) P, of W(t) decays
asymptotically in the direction perpendicular to the diagonal.
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Hypothesis H4. There exist positive constants w, and p independ-
ent of ¢ such that

IR W(1) Pell < |kvioj|p (4.16)

for |k — j| large enough.
The constraint on W(¢) expressed through H3 can be expressed in
terms of p above and « using estimates on |4 W94 ~'72|.

Lemma 4.1. Under H2 and H4, for O<a <1, u, p>0, $=1/2, one

has
_ . 2p —2pu>1
Bue 172 4
4" WA | < o0 if {,u+oc(2p—1)—2/3,u>1 (4.17)
and
— 1
APWeA 2 <0 if {p P> (4.18
1A W2 +a(p=1)>pu )

Proof. Under assumption H4, one gets:

. 1
4" PP < LYL. Y Y M
JEN* [k — 1> (h+ ) lj =kl
=wiLPL_ Y j¥o())
JeN*
and
)R — :
a\J)% T3 7 a T 112p it
P Vel R VA

By usual estimates (see e.g., refs. 12 and 15), one obtains if 2p + x> 1:

. | 1 log j log j
U(J)<C<jo,,—|+7z—p+jzpa+y EARNCERIEY

for some finite constant ¢, which implies (4.17). To prove (4.18), one
estimates the Schur norm of || 4” WoAd 2|

[APWOA~2| <woL? L= max{sup j#a'(j), sup j “a"(})
4 * J J



1234 Barbaroux and Joye

where

|
a'(j)=

IR YN
e kg o= g1 K
ne s kﬂ”
7= =17

Ik — jl = (k+ j)*

By using similar estimates as in refs. 12 and 15, one has, for some finite
constant ¢, and if p—fu—1>0:

1 1 1 log j 1
G"(j)SC —W+_+ o+ (/2 gJ . 1 2
J/) iz j” ja/) (1/2) Jl) jfx(rt Y+ (1/2)

and

A< 1 1 j/fn
g (J)\( japf/}’/z+jp7/)’,ufl+jac(p‘l)

which gives (4.18). 1

Gathering the conditions in the above lemma together with the
bootstrap condition u(2f — 1) > 2 +2(1 —«)? stated in Theorem 3.1, we get

Proposition 4.1. Under the hypotheses HO, HI, H2 and H4, there
exists > 1/2 such that

(A 5 (et ()2 + | 4%0]12)

for any parameter o€ ]0, 1[ and p < co such that

2p+3—/(2p—3)2—40
4 3

p>2anda>a(p)= if u<li
1 -/ 2_8
p>3+%anda>a(p)z +p (2+[?) , if u>1
where
a2p—1)+u—1 1 1 (1—a)? .
— 4 <
2 >ﬁ>2+ﬂ+ , if uxl
1 ap—1) :
/)’—2+ o il pu>1
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Remarks. For x> 1, we have used (4.18). In this case, the values of
p and « are not optimal and it is sometimes possible to improve them by
doing more technical calculations using (4.17) and (4.18). If x < 1, which is
the situation where the analysis in ref. 17 does not apply, the conditions on
p and o are optimal according to (4.17). In particular, one can take p close
to 2 provided « is close to 1 and we can take « close to zero, provided p
is large enough: a(p)— 1 when p\2 and a(p)=0O(p~"') when p - .

Note also that in the limit p — oo, W(t) becomes a band matrix. For
such matrices, we derive the estimate (A4 , < ct* in Section 5 below, which
is known to be optimal in certain cases (see e.g., refs. 1 and 6).

It should be clear from the above computations that our results
can be easily extended in order to accomodate more general asymptotic
behaviours than these considered in (4.16).

5. EXAMPLES

The above result is quite general since it holds under very weak
assumptions on the behaviour of the matrix elements of W(z). We can get
sharper estimates if we know more about the structure of the perturbation
W(t), as can be seen on the following examples. Actually, the first example
also shows that there are cases where {A4) , (¢) can grow arbitrarily fast in
time, eventhough W/(¢) is uniformly bounded.

5.1. Long-Range Laplacian

Let o =1%(Z), H(t) be the time-dependent multiplication operator
(Ho(t) u)(n)=alt) nu(n), YneZ

where a: R* —» R and W(¢) is a long range laplacian in /*(Z) defined as in
(1.5).

(W u)n)= Y, wln—k,1)uk), VneZ

keZ

where w: ZxR* - R is real valued, such that w(m, t)=w(—m, t) for all
t>0 and belongs to /(Z) uniformly in te R*. By the Schur condition, we
deduce that W(t) is uniformly bounded in ¢. We assume hypotheses HO and
H1 on the evolutions U(¢) and V,(¢) and we consider |x[>=3Y,.2 j> 1> {jl.
As is well known, see e.g., refs. 2 and 8, this system is explicitly soluble by
Fourier series. Note that |x|? is not invertible, but it’s expectation value
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behaves like the one of the operator (|x| + 1)* which satisfies H2 with P, =
[=><—=il+1/><jl, je N* and P,=]0><0].

Proppsition 5.1. Let Hyt), W(t) be as above. Let g(n, )=
win, t) e % and g(x, 1) =Y, .z e*g(k, t)e L[ 0, 27]. Then

1

(U(1) po)(n)=@(n, t)= >

2n i ot
f e~ inxg—ifoklxs)ds gy where @o(n) =9, ¢
0

and

1 2n ! . 2
<|XI2>¢0(t)=%L (JO d, g(x,s)a’s> dx

2

(5.19)

=Y n

neZ

jo' g(n, s) ds

It is readily seen from (5.19) that if w(m, ) <w,|m| ~? with p>3/2,
uniformly in ze R*, then <|x|2>,,,0 (1)< ct?, for some finite constant c,
independently of the function a(z). Moreover, this upper bound is optimal
if a(t)=Ey+ E, cos(ft) (“alternating electric field”), for specific values of
the parameters E,, E, and f, as can be seen from refs. 2, 7-9. Note that we
recover this lower bound from our results in the limit p — co.

However, if the decay of the matrix elements w(j — &, t) of the uniformly
bounded operator W{r) is not fast enough as | j— k| — co, the expectation
value |x|?> o, (1) can grow arbitrarily fast, as shown in the example below.

Proposition 5.2. Let Hy(r) and W(¢) be as above with a(¢s)=
(14+¢)77 g>1and @(m, t)=p(m)=|m| 7, where 1 < p < 3/2. Then, there
exists a constant ¢ >0 such that

(X ()2t ax2=1 ag 150

Remark. Since p> 1, the perturbation W(¢) is bounded. However,
W, is not in the domain of x. This means that the electric field helps
stabilizing the system for the state ¢,. The limit a(¢) -0 as - oo thus
explains the behaviour of (x?*}, (1).

Proof. Consider

2 2 2

n2

fl in e fodw du go po(p)
0

J’ g(n, s)ds Il ing(n, ) ds
0 0
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Integrating by parts twice yields

t .
J in ein §o atu) du ds
0

= e B (1) — 1/a(0) + €7 g (1) (ina(1)*) — ' () ina(0)")
— (et a g (s)/a(s)) dfin
0

Hence, with our choice of a(t),

2

=l (1+ ) {1+ 0(1+0)" )+ 0O((1+1)""/n)}

J’ ing(n, s) ds
0

There exists a constant K > 0 such that the last parentheses above is bigger
than 1/2, provided ¢ is large enough and |n| > K(1 +¢)?~". Thus, for ¢ large
enough, we get

2
> Y n
In] = K(1 + )4}
14 2)% 1
2(——)— 3
2 |n}**

2

L

neZ

J;: g(n, s)ds

fol g(n, s) ds

lnl = K1+ 191

It remains to use the estimate

: X7 dx = (K407 "] 1)

22
nl 2 K(1 4 )9~ || (KO +097 1] +1 p—1

to end the proof. |

5.2. Time-Dependent Band Matrix

The estimate we get for this second example is certainly not surprising,
but it has the merit of beeing optimal, which is useful for the sake of
comparisons with general cases (see the remark below Proposition 4.1).
Moreover, the proof of it is relatively easy and contains some ideas we
generalize to prove Proposition 3.1 in Section 6, so we give it here. W{(¢) is
a band matrix with time-dependent width, i.e., W(¢) is such that | W(¢)—
Wil <w, YeeR*, and P, W(1) P,=0 if |j—k|>q(t) where g(¢) is a
positive real-valued function. We further assume that HO and H1 hold for
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the evolutions U(z) and Vy(t) and we consider a generic observable A
satisfying H2.

Proposition 5.3. Let Hy(¢) and W(¢) be as above and let g: R* —

R*. Denoting §(t) = supg <<, 4(s), for all =1 there exist constants ¢ < o
and y >0 such that for any ¢ € D(A4”)

(A, () <) @1+ (g(0)* T2 e ™" + (1g(1))>~#P =) | 4202
Furthermore, if there exists a K > 0 such that & > K implies P, ¢ =0, then
A, (< e((tg(1)* lol? +q(e)*+2 e || Adp]|?)

In case H,, W and ¢ are independent of time, the second estimate can be
found in ref. 1.

Proof. Several constants appear in the proof, which we all denote by
the same symbol ¢. Due to hypothesis H1, the unitary operator £(¢)=
V5 (t) U(¢) satisfies for any ¢ € D

iQ'(1) =V ()W) = Wit) Volt) 1) ¢
=W(1) Q1) e

where W/(r) is bounded by w. We can write, using Dyson’s series

Q=Y Q1)
n=0

with
¢ ‘Yn—l ~
Q,,(z)=f ds, f ds, Wis,) - W(s,),  Q41)=1
0 4]
where, due to [P}, V(¢)]=0, VjeN* reR™,

P.Q.(1) P,=0 if |j—k|l>ng(s)

and

1P,2.(1) Pl <2 < <ﬂ’>
n! n
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Moreover (£2(¢) is unitary and {4} ;.- is increasing),

(A, ()= @A) > = ) |IP,4"721) 9]

JjeEN*
<Awlel®+ Y 4 1P,Q(0) o)

>N

for any NeN* Let A(j,k)={neN||j—k|<g(t)n}, 4,(j)={keN*|
|j—k| = arg(e)} and A,(j) =N*\A,(j), where a is determined below.

A 1P, ol

2

Y o+ Y P&t P

keAy(j)  kedy())

LY PR P

ke Aj) nedj k)

2

+| Y PP Pro

<c<
ke Ay j)

2
<c< T Y IR0 P umu)

ke Ay ne A(J k)

)

j/fu/2 2
+C< > ;mllP,-Q(t)H llPkcpll> (5.20)

ke Ay

By construction, if k € 4,(j) and ne A(}J, k), one has:
j/)’;l/z < (k + []_(l) n)/1/¢/2 S 2/3/1/2k/i;¢/2(q(t) n)/s‘;z/Z

and there exists a y(a) — oo as a — oo such that the first term in (5.20) is
bounded above by a constant times

q_(t)ﬁ'“ . wt\”? 2
el P L O G

keA)) ne A(j k)

j(1)™ , ey
s f]/i(/f\l) Z kM2 Peol 3, n? a

J ked\(f) ne AU, k)

g™ 2
< B < Z JoPu2 ”Pk(P“ Z e}'(u)n>

J ke A()) neA(j. k)

q_(t)/iu < e~ @ |jk|/z/(l)>2

B/2
XD Z ke IPeel BT
ke A()) I—e

.

qv(t)/i/z ) ‘ ) 2
SCWT)eW“"( Z kP2 | P, | € =7\ li=KI/2dim

ke Ay
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(where we used j> N). Introducing fe€/*Z) and ge!'(Z)

kP2 P ol if k=1
k)= {0 otherwise

g(k) = e~ 7@ K/
we can estimate the sum 3,  of the terms in the last parenthesis above by

18172y 1S 1 7ozy < cq?(2) 1 A7)

The second term of (5.20) is bounded by a constant times

j/fﬂ/Z 2
< L S nPk(pn)

k€ Ay j)
1 2
S NAE—T < ) kM2 P ol (j/k)/w)
J—aqety <k <j+atq(t)
1 < Z o | j 2N 2
Sy " 1Pegl <—-«> )
Netimh Joaqlt) <k < j+ag(t) J—atg(t)
Hence,
2
Z( s llqu)H)
J>N Nkedy(p)
Z NHT=£5) < Z s 2
< (1 —ata(D) NP (m+ j)y™* P, .¢“>
S (L=atG(O)/NYPN s St +J

Y (m+ IIPm+,~(P||2>

j>N

<ST—aqm?® %

N/t(l - <
—arg(t) <sm < atg(t)
x (2atg(t) + 1)
N#“ -5

S U= aq(N ™ (1g(1))* | AP|?

where we need atq(¢) < N. Thus choosing N(t)=[2atg(t)] + 1, we get by
gathering these estimates

A o ()< e((1g(1))" llo]? +(g(e)* 2 e "D 4 (1g(1)> T+ =P || 4P| ?)

If there exists a K>0 such that k> K implies P, =0, the sum in the
second term of (5.20) vanishes if N is so large that j> N(t) > atg(t) + K.
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Thus, with N(t)=[2arg(t)]+ 1 again, we get in this case for a large
enough,

(A, (D <e(tq(1) ol + g e | 4P)2) |

5.3. Laplacian and Time-Dependant Potential on /2(Z7)

Let W be the discrete laplacian on I(Z4): (Wu)(n) =, 74 ;=1 u())
and Hy(¢) be a time dependent muitiplication operator defined on a dense
domain D for any ¢, which satisfies hypothesis H1. Let

m=1/5<{jl, jeZ*

and

Al
Jjezd | jl=k—1

keN x
then for any m >0, if

A= Z kak and |xim= Z UI:}nn/

keN* jezd

where |-|, is the euclidian norm, one has, for all ¢ e!?(Z¢)

™ E1E> < CASLE) <d™(Ix|+ 1) ¢ &)

Now, for all j, ke N*,

P/'WPk= Z Z HIWHm

lezd =) mezd, \imy=k

=0 if |j—k|>1

Obviously, for all je N, [ Hy(t), P,] = 0. Then, from the results of Section 5.2
one obtains that for all ¢ e D(4”), where f=max(2/m, 1), there exists
¢ < oo such that for all r>>1,

xl™y, (< er(lel> + 1Ux] + D o))

6. TECHNICALITIES

Proof of Proposition 3.1. From HI, one can easily prove that
(Vo' VL s)= V1) V,(1,5) Vy(s) is the evolution operator associated
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to the bounded operator W(1)= ¥V (1)(WI—W§)(1) V,(1); thus one can
write the norm convergent Dyson’s series:

(V' Ve s)= D 2(t5), where
j=0

t 81 - )
Q) 5)=[ dsyo [ ds, Wis) - M), 21

Ry

Q4(1,5y=1

Moreover, if w=sup, .o [(Wi— Wi)1)| then

Myt

t
12,82,(2, )| < )

Le M, VO<s<t and Vn>=at (6.21)
for suitable non negative finite constants a and y. For all { e D(A4”) one
then obtains, using the unitarity of V(s) and [ V(s), P;] =0,

Y 2 sup 1PV ()¢

J> N1 se{0,1]
= 2 A osup [PV V(69 Vi )P
j> NQ) se€{0,¢]

2

Y Y P8PV (s)¢

k n

< Y 4 sup (6.22)

J>N(ty  sel0.1]

We now make use of the following lemma which is proven at the end of
this section:

Lemma 6.1. Under the assumptions HO, Hl and H2, there exists
K< oo such that for all s, re R, 0 <5<,

P2, (t,s)P,=0 it |k—j|= K"~ min(k, j)*n/' =0 (6.23)

From this, |P, ¥V 'l =||P.¢ll, (6.21), and the definitions B(j, k)=
{neN st Jk—jl <K min(k, ) a0, () ={keN* |
((k—j)! =*j= =) > Kat}, [3(j) = {ke N* | (j—k)' k=" ~*) > Kat} and
Iy(j)=N*—{I'(j)u I(j)}, one proves that the right hand side of (6.22)
is bounded above by
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3y {(1;/2 Yy Oy e‘v"nPkcn)z

j> N(1) ke |(j) neBj k)

+<i}” D) e—”'nPkcu>+<A;/2 5 ”pkglw

kely(Jj) neB(j, k) ke I'y())

2
_ s (5 — pl—aya(l —a
<C, 2‘ {e rar< E, ,1,1(/2 Pl e 72— p =) ‘))

>N keT\(j)

2
+e‘7“'< Z ,1}(/2 ||pkc||e—(f/zxu—k)l—x/km=))>

ke L))

2
+< T qucu) } (6.24)

keI

where 7> 0, and C, < o. Indeed, for fixed je N*, if ke I')(j) u I'»(j) then
for all ne B(j, k), one has nzar and if ke I'(j) and ne B(j, k)

j<k+Kl/(1~a)kan1/(l-a)<2K1/(l—a)kn1/(1—a)
so that from H2
1;/2<Clz/2nm2u~a)
J

where ¢ is constant.
We deal with each term separately. Consider first

o,(j)= Z ,111(/26)(?/2)((/(—/)'%/11“‘*’) 12,L
kel'\())
Since { = 4 “¢ for some ¢ then |P,{| =(1/A%) | P, @] and

e‘(?/z)((k—j)l"‘/jl(lfa))
O'I(J)SCI Z kﬂ(ﬁ—l/Z) ”Pk(p“

ke

e — (F/2)((k — )t ~ 2kt =2y
= 2 KRB =T723 IPeoll  (6.25)

k> j+ (Ka)V/) -0 j=

since k = j, where C, is a finite constant. We then use the following lemma,
the proof of which can be found at the end of this section

Lemma 6.2. With the same notations as in Proposition 3.1, if
12~ 1)> 1+« then there exists ¢ < o such that for all >> 1,

2
¥ < Y JH (2= B) g — 3201k — 111 =) IlPk(PII> <clel® (6:26)

JjeN* NkeN*
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Thus, (6.25), (6.26) and u(2f—1)> 1+« then give

(= Y a)<clel’ (6.27)

J=>N)

where ¢ is a finite constant. Similarly, for

') = (52— ) kAT - 2)
oxj)= Y AVEIPL| e ARG R )

ke Iy

one gets from the same lemma

e—(f/Z)((j—k)]’"/k“(l”)) 2
EZ(X)E Z 0-2(./)2<C2 Z < k/l(ﬂ‘l/z) ”Pk(/)”>
k<))

J>N(t) J>N(1)

<cllo)? (6.28)

where /,(j) =sup{xe R s.t. /> x + (Kat)""' ~x*} and c is a finite constant,
Finally,

o= Y LPIPL

kel
is bounded above by
Z jg/z j/z/Z
7 1Pl <c g 1 Pemel  (629)
ke () Mj “ 1(J) — j s m < (Kar) /(1 -2 jx (J+m)”} "
Since m = {,(j) — j, one has
210/2 S
_L__=jﬂ(l/2~/f)< 1 >//
(j+m)" L+ (myy)
o Jj up
Sj‘"( 2—=p) <m> (6.30)
t

On the other hand, by the definition of /,(j), one has j = /,(j) + (Kat)"' ~*x
1(7)*, which implies /,(j)/j = 3, if

N(t)=[2Y = 9(Kar)"' =" 4 1 (6.31)

This result together with (6.29) and (6.30) gives for some finite constant ¢;:

o3(J)<¢; > JURNP el (6.32)

I —j<sm < (Kant =) ja
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From (6.32) one obtains:

25 = Z os(j)*

J>N(1)

su(l—2,
< Cs Z j#( B8) (
J>N 1m| < (Kar)'tt-=) j=

<e ¥ jﬂ“*/”( » 1>< » ||R,-+m¢||2>
J>N(1) Jm| < (Kar)'1—= ja |m| < (Kar)tt - ja

(Kat)"' =) ||p||?
SCs N(,)unﬁ—\)—«x—\

2
||P,+m<p||)

<es(Kap)w =20+ 200 =2 |2 (6.33)

where ¢,, cs are a finite constants. Inequalities (6.27), (6.28) and (6.33)
imply together with (6.24), for any (e D(4#):

2
LAY Y PP

J=> N k>0 neN
<3e7M(Z (1) + Z5(1) + 325(1)

< (.6(6—%" e =2+ D1 ,a)z) ”A/:’C“Z (6.34)

for some finite constant ¢, independant of ¢ and ¢, which proves (3.15).

Proof of Lemma 6.1. For all 1> 0 and for fixed n, we first calculate
the values of j and k, 0 < j<k such that for all pe {1,..,n} and for all
5;€[0,1], (ie {1,., p}), one has P, W(s,) W(s,)--- W(s,) P,=0.Forn=1,
consider the positive continuous concave function fi(x)=j+ q(j+ x),
where ¢(x) = x* as in Proposition 3.1. Let /" (j) be it’s unique positive fixed
point; then for all k> /" (), one has k— j> g(k + j) which implies that
P . W(s) P,=0, for all se[0,¢], since [Vo, P,]=[V,, P,]=0; thus
P,Q,(1,5) P,=0. Now define fy(x)=1/;"(j)+q(I;"(j)+ x) and let /() be
it’s unique fixed point; then for all s,,s,€[0,¢]:

PkW(sl) W(Sz) P,= Z PkW(SI)PIW(SZ)Pj

le N*
If 1> 1} (j), P,W(s,) P,=0. If I<I]"(j), then for all k> 15 (/) one has
k>1F(j)+qk+11())
zl+qlk+1)
and thus P, W(s,) P,=0. Finally, if k> 15 (j), P, 2, s) P;=0.
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By using the same arguments, one can easily construct an increasing
sequence (I} (/Nauen (g (j)=Jj) of fixed points of f,(x)=/",(j)+
q(!;_(j)+ x) such that for any me N, if k> 1 (), then P, £,(t,5) P,=0.
Note that /,} (/) does not depend on s and .

Similarly, there exists a decreasing sequence (possibly finite)} of
positive values (/, ()} solutions of the fixed point equations

L N—ql,_+x)=x, I5(j)=J
Those fixed points are such that P, Q,(¢, s) P,=0 as soon as k </, (/).
We now give an estimate of /(). One has:

LED =L ()= Y+ 100

1 4+a
1—a

< (G (6.35)

Indeed, using the following estimate

I(j
/:(j)—l,,tlm<(1nt,(j>>“<1 ALY )

)
TN+ ,(J'))“)
L)

<(l,fl(j))°‘(1 +o+a

which holds since (1 +x)*<1+4ax for 0<a<1 and 0 <x< 1, we get

1
)+ 1 < O ()

|+«
l —a

(LD

<

By induction, suppose that for some fixed m that for all 1 <i<m—1,
()= <K
then

(/+(j))a<(1(jocil/(l~¢x)+j)a

< 2aLKajal‘a/(] —a)
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and

L D= i=U (D=L N+ Ui =2+ o + () =)
I+«

<1—_—a(l,§_1(j)°‘+1n+1fz(j)“+ IO+
< 1 +a 2aer'a mil s2/(] —a)
Tl-a / i:Ol
1+
<ﬁ 22K (1 — o) m"' =) 4 q1) (6.36)

If K2 (2%(1 4+ a)/(1 —a))' =), the last inequality in (6.36) gives
L) —Jj<Kj'm"== (6.37)

Then from (6.37) and (6.35), with n =1 and K =max{(2*(1 +a)/(1 —a))"' =,
(1 +a)/(1 —a)}, one obtains for all ne N*;

L () —j < Kjon" =

which proves (6.23) if k> j. With similar arguments on / (), one can
prove for k and j such that k < j that

PkQ,,(f,S)R}.:O if j__k;Kkanl/(lfcx)

Proof of Lemma 6.2. Since u(2f —1) > 1+ a, there exists x € R such
that 2x(1 —a)>1 and u(1~28) + 2xa(l —a) < —1; then for some finite
constant C depending only on k, and for all > 1:

2
z (Z kﬂ(1/2—/f)e~(}7/2)(|kfjll‘“/k"“”") “Pk(PN>

JeN* Nkef*

<Cx) ), (( Y ke

JeEN* keN* k+#j

2
= j] =0 s = ||Pk<pn> +||R,<p||2>

<Cx) ¥ <|1<p||2 > k"“’m|k~j|-2~“‘“’k2~°‘<““)+uq>||2

jGN* kEN*,k;&j
(k| 4 1)#C =28+ 2eall —o)
gCK | 2< < i (1 —a +1
() loll jgl kze:l (|k—]l+1)2 (T —a)
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where C(x)= C(x)2#?#~+20-=2 By the choice of x one has f,(k)=
(k] + 1) =2m+ 2002 & 117 and fy(k) = ([k] + 1)~ >0 == e[1(Z); then

one gets
2
Z < Z Joh(1/2 = B —(F2) ke — jI1 =2t =) ||Pk(P||>
jeN \keN*
<SS * Lol + 1) llgl?
<) iy 1f 1y + D el
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