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Absenceof geometricalcorrectionto the Landau—Zenerformula~
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We considerthetransitionprobability ‘~2l in the adiabaticlimit betweentwo levelsdisplayingoneavoidedcrossingof width
0(ö). ThegeometricalprefactorcompletingtheDykhneformulafor ~ is shownto be oforder 1+0(d), so that thedominant
contributionto ~i1~is givenby thewell-known Landau—Zenerformula.

1. Introduction the Hamiltonian is analytic in 1, the decay of the
transitionprobability is then exponential,provided

The adiabatic theorem of quantum mechanics one takesthe limits i~--~---~and t--~+cc [2—4].
dealswith systemsgovernedby slowly varyingtime- . ~> o . ( I .3)
dependentHamiltonians.More precisely,if thetyp-
ical time scaleof the HamiltonianH is T= 1 /c, the Theadiabaticlimit is animportantregimein physics
adiabatictheoremdescribesthe singular limit �_~ü which is reachedin a wide variety of applications.
of the rescaledSchrodingerequation rangingfrom atomic andmolecularphysics (seefor

examplerefs. [5—81to nuclearphysics[9]. solid state

ic çs~( t) H( I )~,( I). (I. I) physics [10] or laserphysics [11,12]. In such sit-
uations,the transition probability .3’~i (e) between
two isolated levels e1 (I) and e2 (I) expressesthe

The original statement[1] is that if we preparethe physically relevantquantity of the problem As a
systemat 1=10 in aneigenstatetii~(to) associatedwith typical examplein atomic physics, ~ (c) gives the
theeigenvaluee1 (ta) oftheHamiltonianH( ta), then probability of a chargetransferduringa slow atomic
the solution of (1.1) at any time t ~ t0 hasthe form collision [5]. This is thereasonwhy it is important

I’

~(t1 ) = exp(_~J e1 (I) dt)W (t, ) + O( �) . 1.2 to haveexplicit formulaefor the asymptoticregimec ~< 1 of ~ (c). In caseof an avoidedcrossingbe-
tweenthe two levels of interest,thereexistsa simple

providede1 (t) remainsisolatedin the spectrumfor andgeneralformula.
all t0~t~t1.As a consequence,the transitionprob- Let e1(t) ande2(t) be two neighboringlevelsiso-

latedin thespectrumdisplayingan avoidedcrossing
ability ~?1~(c) to anyothereigenstateçe7(t1) ofH(t1)
is of order �2 andvanishesin the limit c~0.When at t0,

e~(I)—ei(1)=vai
2+1’2ô~+O(r2) , (1.4)

* Supportedby PondsNationalSuissede Ia RechercheScienti-
Iique,GrantNo.20-28521.90. with closestapproachof order ~5.lfó is smallbut fi-
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nite, theLandau—Zenerformula statesthat thetran- avoided crossing describedabove when the (re-
sition probability is explicitly given by duced) Hamiltonian is Hermitian insteadof real
d~( ) exp( — 82b2x/2fa) (1.5) symmetric?And if not, ofwhatorderis thefirst cor-

rection to the Landau—Zenerformula? Thesere-
as e—~O.This formula hasbeenobtainedby Zener marksleadus to a mathematicalstudyof the range
[131 in thecaseof a particularreal symmetrictwo- of validity of the Landau—Zenerformulain thegen-
level Hamiltonianforwhich hefoundananalyticso- eral case.Indeed,despiteits wide applicationin a
lution to the Schrödingerequation,and it wasde- varietyof circumstances,no rigorousproof of this
rived independentlyby Landau [141 who intro- formula undergeneralassumptionson the Hamil-
duced the idea of integrating the Schrodinger toniancanbefoundin the literature.Concerningthis
equationin thecomplexplaneona pathsurrounding problem,we canmentiontheworkof Hagedorn[21]
the complex eigenvaluecrossingpoint t~ ibô/a, whereheshowedthat if theminimumgapö between
making explicit useof theanalyticity of the Hamil- ei ande

2 is rescaledaccordingto ô= ,/~,then the
tonian. The Landau—Zenerformula has beenused transitionprobability is indeedgiven, by the Lan-
with successin atomicandmolecularphysicsmainly dau—Zenerformulawhereô is replacedby ~/~:
but also in the other fields quotedabove.

The original idea of Landauhasbeenrecentlyre-
consideredto computethe transitionprobability in
the adiabaticlimit for generaltwo-levelsystemsdii- P>0. (1.7)
yen by Hermilian Hamiltonians.Theseresultscom-

DuetotheimportanceoftheLandau—Zenerformulapletethe earlierworksof Davis andPechukas[15]
andHwangandPechukas[16] on a generalization andthe presenceof geometricaleffectsin adiabatic
oftheLandau—Zenerformulafor realsymmetrictwo- evolutionwe would like to presenttheresultsofour
level Hamiltonians, the so-calledDykhne formula mathematicalanalysisof these problems.We for-

mulatebelowa theoremestablishingthe validity of
[2]. Berry [17] andJoye,Kunz andPfister [4] re-
alizedindependentlythat the Dykhneformula must theLandau—Zenerformulain thephysicallyrelevant
becompletedby a prefactorof geometricalnaturein regimeof oneavoidedcrossingcharacterizedby a
the case of a general Hermitian two-level Ham- small minimumgapd betweene1 (t) ande2(1), un-
iltonian: dernaturalandgeneralconditionson the Hamilto-

nian.Ouranalysisof the Landau—Zenerformula re-
i3~(c)=exp(2Tm 0) lies on our recent results [22] wherewe provethat

thetransitionprobabilitybetweentwo levelsisolated
xexP(~Im Je1(z)dZ)[l +0(E)]. (1.6) in the spectrumof the (possiblyunbounded)Ham-

iltonian is still given in the adiabaticlimit by for-

Here J~e~(z) dz is the integralof the analyticcon- mula (1.6) derivedfor thetwo-levelcase.Naturally,
tinuation of e1 in the complexplanealong a loop ~‘ thetwo levels e1 ande2 mustbe sufficiently isolated
basedat theoriginwhich encirclesa carefullychosen in the spectrum.Thisconditionis to insurethat the
complexeigenvaluecrossingpoint f of ei ande2, transition probability from the two-dimensional
and exp(Im0) is the geometricalprefactor men- subspaceto the rest of the spaceis negligible with
tioned above.This geometricalprefactorhasbeen respect to the transition betweenthe two levels.
measuredexperimentallyby Zwanziger,Ruckerand Moreover,anothertechnicalconditionis necessary
Chingas[18]. A detailedanalysisof the conditions to provetheresult.We exploitherethe presence,be-
underwhich this formulaholdsis givenin ref. [41. side �, of thesupplementaryparameterö to showthat
Seealso refs. [19] and [201 for generalizationsof thehypothesesof ref. [22] arealwayssatisfiedwhen
this result. ö is small. Thenwe performan asymptoticanalysis

At this point a naturalquestionarises.Doesthe of thegeneralizedDykhneformula to obtain,to the
geometricalprefactor contribute to the Landau— lowest order in ô, the Landau—Zenerformula. The
Zenerformula giving ~ (�) in the situationof an transitionprobability~4i (�,d) in theadiabaticlimit
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c<< 1 for anavoidedcrossingdescribedby (1.4) with uniformly in s and ö
ö<< 1 is given by

The third hypothesisstatesthat the two levels of
/ ö2b2it [1+0(ö)] intereste

1(1, ö) ande2(I, ö) lie in a gapand when
2ca the parameterö=0, theselevels havea crossingat

(=0andwhenö> 0,thecrossingbecomesanavoided
x[l+O(ö)+O(c)] . (1.8) crossing.The parameterc5 is to beconsideredascon-

This result showsthat to the leadingorder in ö, the trolling a perturbationwhich lifts thedegeneracyof
e1(t, 0) and e2(t, 0) at 1=0 andturnsthe genuineexponentialdecayratein 1 / c of the transitionprob-

ability isgivenby theLandau—Zenerformulawhereas crossinginto an avoidedcrossingof minimum gap
of orderö.

the geometricalprefactor is a correction of order
0(ö) to the leadingterm.

(III) Separationofthespectrumandavoidedcross-
ing. Thereexistsa constantg independentof I and
o suchthatthespectruma(i, 0) of H(t, 0), tnUl, OEIj.
is given by

2. Main result
a(t,O)=a1(t,0)ua2(I.0)
a (1,0) _—{e1(í, 0), e,(1,0)].

Let usstateour resultsin a preciseform. We con-
sidera family of time-dependentHamiltoniansH(t. andsatisfies
0), teP, which also dependon a small parameter dist[a1 (1, 0), a2(t,0)] ~g>0, VteP, Oel,1.
OE I~= [0, zJ]. They are definedon the samesepa-
rableHilbert space.~‘. We supposethat the Ham- Moreover,
iltoniansH(I, 0) satisfythreenaturalconditions.The

e,(t,O)—e1(t,0)>0, VtEPandO>0 (2.2)first conditionis that theHamiltonianis analytic in
time andsufficiently smoothin tand 0. and if 0=0,

(I) Self-adjointness,analyticity and smoothness. e2(t.0)—e1(t,0)>0. Vt<0.
Foranyvector~~,H(z, O)qisanalyticinzin astrip e2(~’,0)—e(t,0)<0, Vt>0.
including thereal axis for 0 fixed ~ andH(z,O)~is
C

1 as a function of bothvariables (z, 0). £‘2(0, 0)=e(0, 0), (2.3)

where t = 0 is a simplezero of the function e
2( t, 0)

ThesecondconditionstatesthatH( 1, 0) tendssuf- — ~, (1. 0) (seefig. 1).
ficiently rapidly to two limiting Hamiltoniansas
t—* ±~. Theselimiting Hamiltoniansalsohavetobe This condition implies that for 0>0 there is a
smoothin 0. complexeigenvaluecrossingpoint z*(O) together

with its complex conjugatein a neighbourhoodof
(II) Behaviourat infinity. ThereexistH~(0) and z=0, if 0 is smallenoughand that z*(0) is a square

H (0), C’ in 0, suchthat root typebranchpoint for theeigenvalues.Theone-

dimensionalprojectorscorrespondingto e,(t, 0) and
lim H(t+is)=H~(0) (2.1

±=
$12 More preciselyagain,thereexist two familiesof seif-adjoint

operatorsH±(ö) definedon D,stronglyC
1 in ô andbounded

frombelowandafunctionb(t) independentofö, behavingas
~ More precisely,there exist a strip S~={z:urn zi ~a} and a I / 10 ~ a> 0. t—. ±~, such that sup

1,1<,) [H(t+is, ó)
densedomain D of .~fsuch that for each zeS,, and ö514 —H~(ö) jo,)~b(t) [)~)+ 1IH

5 (ö)t,) 1 t~0,for all ~eD and
H( z,ö) is a seif-adjointholomorphicfamily for ö fixed 123], öE14. Moreover, for each poD. II (ö/öö)H(z, ö)p) ~ N.
andH(t, ô) is boundedfrom belowif ton. V(z, ô)0S,X1

4.
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Let 0 befixed andlet ,~‘be a closedloopbasedat the

0) (Imz*(c5)>0) as in fig. 2. We fix the phasesof the~ origin which enclosesthe complexeigenvaluez*(0)
eigenvectorsw~(t,0) andW2(t, 0) of H(t, 0) asso-
ciatedwith e,(t, 0) ande2(t, 0) by the condition

<‘~(t,0)1 (a/at)~~~(t,0)> ~0, VtdR. (2.7)

~ ~ (0,0) theresultsof theseanalyticcontinuationsat0) Considere,(0, 0) and w~(O~0) and their analytic
continuationsalong i~.If wedenoteby ë~(0, 0) and

Fig. 1. Thelevelse~(t,ö) and~(t, 0). the endof the loop ,j, we have
ë1(0,O)=e2(0,O)

e2(t, 0) aredenotedby P1 (1, 0) andP2(t, 0). Wealso
define the two-dimensional projector P(t, O)= ~,(0,O)=exp[—i0(O)]~2(0,O), (2.8)
P,(t, O)+P2(t, 0).

To investigatethe local structureof the Hamilto- becausez*(0) is a squareroot branchpoint for the
nian closeto theavoidedcrossing,we needonly con- energies.The phase0(0), which is an analogof the
sider the restriction of H( t, 0) to the two-dimen- Berry phase,is in generalcomplex and is now 0-
sional subspaceP(t, O).~°.We specify in a fourth dependent.
conditionthe genericform of avoidedcrossingsto
which the Landau—Zenerformula applies. The as- Theorem2.1 (Landau—Zenerformula). Let H( t~
sumptionis that thequadraticform giving thesquare 0) bea self-adjointoperatoranalytic in I satisfying
of the gapbetweenthe levelscloseto (1, 0) = (0, 0) conditionsI—Ill. Let ~(1) be a normalizedsolution
mustbepositivedefinite, of the Schrodingerequation

(IV) Behaviour at the avoidedcrossing.Thereex- ço(t) =H(t, O)~,(t), ~,(0)=~,*eD,
ist constantsa> 0,b> 0 andcwith c

2 <a2b2,suchthat
suchthat

e
2(t, 0) —e1(t, 0)
=~/a2t2+2ctO+b2O2+Ra(t,0) , (2.4) ~ (t, c5)ço(t) II =

whereR3(t, 0) is a restof order 3 in (t, 0) ~.

If � and0 are small enough,

Theavoidedcrossingsconsideredcanberewritten ~ (�,0) = lim liP2 (1, 0)~,(1)112
as

e2(t,O)—e,(t,O) =exP[2Im0(o)]exp(~ImJei(z,o)dz)

=~Ja2t2+2ctc5+b2O2[1 +R2(t, 0)1 , (2.5)

with closest approachat t0(O)=—cO/a
2+O(02) x[l+0(�)]

givenby whereO(�) is independentof 0 and whereIm 0(0)

e
2(t0(O),O)—e,(t0(O),0) 7-fl
=0~/b2_c2/a2[l+0(0)] . (2.6) ( z~)1/11

~ We alsoassumethat if~,and~ fo~abasisofP(O,0)~, the 0
matrix elements<c~,IP(t,ö)cos> and <to1IH(t, ö)P(t, ô)cok>,
k,j= 1, 2, areC

2asfunctionsof thetwo realvariables(t,J). Fig. 2. The ioop ~andtheeigenvaluecrossingz(ô).
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and ImJ~e,(z,0) dz—*0 if 0—~0.Moreover, if con- Berry [24]) which approximatesthetrue evolution
dition IV is satisfied,we have up to exponentiallysmall correctionterms.Thenwe

go to the complex plane and perform an analysis[ 027t(b2 c2
~,(c,O)=exp — — —~ [1+0(0)]] similar to the onepresentedin ref. [4]. Oneof the

2 a a ) maindifficulties is to obtaina uniform control in the

x [1+0(0) +0(c)] parameter0 for the correctionterms.The detailsof
the analysiscanbe found in ref. [25].

where0(c) and0(0) are independentof 0 and c
respectively.
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