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Abstract

We study the time-dependent scattering of a quantum mechanical wave packet
at a barrier for energies larger than the barrier height, in the semi-classical regime.
More precisely, we are interested in the leading order of the exponentially small
scattered part of the wave packet in the semiclassical parameter when the energy
density of the incident wave is sharply peaked around some value. We prove that
this reflected part has, to leading order, a Gaussian shape centered on the classical
trajectory for all times soon after its birth time. We give explicit formulas and
rigorous error bounds for the reflected wave for all of these times.

MSC (2000): 41A60; 81Q05.
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1 Introduction

We consider the problem of potential scattering for a quantum particle in one dimen-
sion in the semiclassical limit. Let V' : R — R be a bounded analytic potential function
such that lim,; . V(2) = 0. Then a classical particle approaching the potential with
total energy smaller than max,ecgr V' (2) is completely reflected. It is well known that for
a quantum particle tunneling can occur, i.e. parts of the wave function can penetrate
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the potential barrier. Similarly, for energies larger than the barrier height max,cr V (2)
no reflection occurs for classical particles, but parts of the wave function of a quantum
particle might be reflected. In the semiclassical limit the non-classical tunneling probabil-
ities respectively the non-classical reflection probabilities are exponentially small in the
semiclassical parameter. While the computation of the semiclassical tunneling probability
can be found in standard textbooks like [LaLi], the problem of determining the reflec-
tion coefficient in the case of above barrier scattering is much more difficult [LaLi, FrFr].
In this paper we are not only interested in the scattering limit but also in the questions
where, when and how the reflected piece of the wave function emerges in an above barrier
scattering situation.

The time-dependent Schrodinger equation for a quantum particle moving in one
dimension in the potential V is

10, = (—20% + V(x))¥, V(- te) e L*(R), (1)

where 0 < ¢ < 1 is the semiclassical parameter. A solution to (1) can be given in the
form of a wave packet: for any fixed energy E > max,cg V(z), let ¢(x, F) be a solution
to the stationary Schrodinger equation

—*05¢ = (B~ V(2)) ¢ = p*(z, E) ¢, (2)

where
p(z,E)=+/E—-V(z)>0

is the classical momentum at energy E. Then the function
W tie) = [ QB 0. B) dE. 3)

for some regular enough energy density Q(FE,¢) is a solution of (1). We will require
boundary conditions on the solution of (2) that lead to a wave packet that is incoming
from x = +o0o and we will assume the energy density is sharply peaked around a value
Ey > max,er V(2).

In order to understand the emergence of exponentially small reflected waves from (3)
we basically need to solve two problems. Roughly speaking, we need to first determine the
solutions to (2) with appropriate boundary conditions up to errors sufficiently small as
€ — 0. Since we are interested in the solution of (1) for all times, we need to determine the
solution of (2) and also need to split off the piece corresponding to a reflected wave for all
x € R and not only asymptotically for |x| — co. The large |z|s regime of (2) is rigorously
studied in [JoPfs, Ra] by means of complex WKB methods and yields the exponentially
small leading order of the reflected piece. On the other hand, the behaviour for all xs
of (2) has been investigated at a theoretical physics level in [Bel], where error function
behaviour of the reflected wave piece has first been derived. However, our method is quite
different and allows for a rigourous treatment, which is one main new contribution of the
present paper.

In a second step we have to evaluate (3) using the approximate ¢s from step one
and extract the leading order expression for the reflected part of the wave, for a suitable
energy density Q(F,¢). Since we know that the object of interest, namely the reflected



wave, is exponentially small in €, both steps have to be done with great care and only
errors smaller than the exponentially small leading order quantity are allowed. This has
so far been done only in the scattering regime for similar problems [HaJo3, JoMa]. By
contrast, we will be able to carry out the analysis for all times just after the birth time of
the reflected wave, not only in an asymptotic regime of large positions and large times.
This is the second main new aspect of our work.

Before further explaining the result, let us give some more details on how to ap-
proach the two problems mentioned. For solving (2) we use techniques developed in
[BeTel, BeTe2], cf. also [HaJo2] in the context of adiabatic transition histories. The
connection to adiabatic theory is easily seen by writing the second order ODE (2) as a
system of first order ODEs. Put

where the prime denotes one derivative with respect to x, then ¢ solves (2) if and only

if 1 solves

i€, (x, E) = (pQ(g?, o) (1)> (e, E) = H(z, E)Yi(x, E). (4)

In [BeTe2] we studied the solutions of the adiabatic problem
€0 (t) = H$ (), (5)

where H(t) is a time-dependent real symmetric 2 x 2-matrix. So the two differences
between (4) and (5) are that H(x, F) is not symmetric, but still has two real eigenvalues,
and that an additional parameter dependence on E occurs. In Section 2 we explain how
the results from [BeTe2] on (5) translate to (4).

From this we find in Section 3 that the solution to (2) can be written as

¢($’E) :¢left(z7E)+¢right(xaE)’ (6)

where ¢@eft (2, E) corresponds to a wave traveling to the left and is supported on all of R,
while ¢rignt(x, E) is the reflected part traveling to the right and is essentially supported
to the right of the potential. The difference between (6) and the usual WKB splitting

¢( E) F ( E) eé Jg p(r,E)dr 5 ( E) e—é J§ p(r,E)dr (7)
z, = Jleft\ T, — + right (L, - =
p(z, E) ¢ p(z, E)

is that the reflected part ¢ignt (z, E) is exponentially small for all z € R and not only for
x — +00 a8 fright(z, E). Indeed, we will show that ¢yigh(z, E) is of order e~ (B)/e for
an energy dependent decay rate & (E). In the scattering limit |z| — oo the splittings (6)
and (7) agree; so the main point about (6) is that we can speak about the exponentially
small reflected wave also at finite values of x.

Inserting (6) into (3) allows us to also split the time-dependent wave packet

U(z,t) = /Q(E,e)efitE/E (qﬁleft(m,E)quSright(x,E))dE =: Uies (x, t) + Urigns (2, 1) . (8)



Since @right(, F) is essentially of order e=6e(E)/ ¢, the leading order contribution to
Wyight (7, ) comes from energies E near the maximum E*(g) of |Q(FE,¢)le~¢(E)/e, In
order to see nice asymptotics in the semiclassical limit ¢ — 0 we impose conditions on
Q(E,¢) that guarantee that E*(¢) has a limit E* as e — 0. Typically, this will be true
for a density Q(FE,e) which is sharply peaked at some value Ej as ¢ — 0, in accordance
with the traditional picture of a semiclassical wave packet. In particular, it should be
noted that in general, the critical energy E* is different from FEj, the energy on which
the density concentrates.

The main results of our paper are increasingly explicit formulas for the leading order
exponentially small reflected wave Wyigne (2, ) not only in the scattering limit, covered by
[HaJo3, JoMa], but for most finite times and positions. In particular these formulas show
where, when and how the non-classical reflected wave emerges. Let us note that similar
questions can be asked for more general dispersive evolution equations, in the same
spirit as the systems considered in [JoMal]. However, the missing piece of information
that forbids us to deal with such systems is an equivalent of the analysis performed in
[BeTel, BeTe2|, and adapted here to the scattering setup, that yields the exponentially
small leading order of the solutions to (2), for all xs.

Our methods and results belong to the realm of semiclassical analysis, in particular,
to exponential asymptotics and the specific problem we study has been considered in
numerous works. Rather than attempting to review the whole litterature relevant to the
topic, we want to point out the differences with respect to the results directly related to
the problem at hand. Exponentially small bounds can be obtained quite generally for the
type of problem we are dealing with, see e.g. [Fel, Fe2, JKP, Sj, JoPf;, Ne, Ma, HaJol]...
Moreover, existing results on the exponentially small leading order usually are either
obtained for the scattering regime only, [Fel, Fe2, JoPfs, Ra, Jo, HaJo3, JoMal, or non-
rigorously [Bel, Be2, BeLi], or both [WiMo]. To our knowledge, the only exceptions so
far for the time independent case are [BeTel, BeTe2, HaJo2|, which we follow and adapt,
but as mentioned above we need to be even more careful here in order to get uniform
error terms in the energy variable. Finally, we focus on getting explicit formulae for the
leading term of the reflected wave, rather than proving structural theorems and general
statements, which justifies our choice of energy density.

The detailed statements of our results are too involved to sum them up in the
introduction; let us instead mention a few qualitative features. In the semiclassical limit
¢ — 0 the reflected part of the wave is localized in a /e-neighborhood of a classical
trajectory ¢; starting at a well defined transition time at a well defined position ¢*
with velocity 1/ E* — V(q*). A priori we distinguish three regimes. A \/e-neighborhood
of the transition point ¢*, which is located where a certain Stokes line in the complex
plane crosses the real axis, is the birth region, where the reflected part of the wave
emerges. It remains +/e-localized near the trajectory ¢; of a classical particle in the
potential V' with energy E* > maxV for all finite times, which defines our second regime.
Therefore lim;_, o, g: = 00, i.e. the trajectory belongs to a scattering state and moves to
spatial infinity. The third regime is thus the scattering region, where the wave packet
moves freely. We give precise characterizations of the reflected wave in all three regimes,
Theorem 5. It turns out that as soon as the reflected wave leaves the birth region, it is
well approximated by a Gaussian wave packet centered at the classical trajectory ¢, see
Theorem 6.



We now give a plan of the paper. In order to precisely formulate our main results,
we need to discuss in detail under which conditions and in which sense we can solve (4)
up to exponentially small errors. This is discussed in Section 2 where the main result is
Theorem 3. The proofs are based on the techniques developed in [BeTel, BeTe2, BeTe3]
and can be found in Sections 5 and 6. In Section 3 we explain how to arrive from our
solutions of (4) at the main theorems, Theorems 4-6, by first obtaining solutions of (2)
split according to (6) and then evaluating (8). The mathematical details on the asymp-
totic analysis of (8) are covered in Section 4, where the main tool is Laplace’s method.
In Section 5 we explain how to bring (4) into an almost diagonal form, with off-diagonal
elements of order " for arbitrary n € N, see Theorem 7. We proceed analogous to the
well known transformation to super-adiabatic representations in adiabatic theory, see
[BeTel, BeTe2] for references. In Section 6 we analyze the asymptotic behavior of the
off-diagonal terms in the super-adiabatic representations. By optimal truncation we find
the optimal super-adiabatic representation in which the off-diagonal terms are expo-
nentially small and explicit at leading order. Then standard perturbation theory yields
Theorem 3.

2 Superadiabatic representations for non-selfadjoint
Hamiltonans

In this section we adapt the results of [BeTel] and [BeTe2] to fit our needs. The main
difference is that the Hamiltonian matrix we will have to deal with is not self-adjoint;
this will require some adjustments which we carry out in the Section 6, but fortunately
much of the theory from [BeTel, BeTe2] carries over. The equations we consider are

0,1, 7, ) = H(z, E)i(e,x, E) = ( » (27 - ; )z/)(e,x,E) (9)

where p(z, E) = /E — V(x), and V is analytic in a neighbourhood of the real axis with
sup,er V(z) < E. We will here give the optimal superadiabatic representation for this
system, which is an e-dependent basis transform that diagonalizes (9) up to exponentially
small errors while still agreeing with the eigenbasis of H(z, E) for |z| — oo. In this
basis, for suitable initial conditions the second component of the solution is given by an
exponentially small error function with superimposed oscillations, to leading order; this
fact will enable us to describe the time development of the exponentially small reflected
wave.
We start by introducing the invertible transformation

Ea,B) =2 / " ply. B) dy. (10)

Equation (9) then transforms into

1
(e, 6 ) = HE BN B) =3 (0 p TGP o6, (b



where p(¢(z, E), E) = p(z, FE). Let us for the moment consider fixed E and drop the
dependence on E from the notation. The matrix on the right hand side of (11) has eigen-
values —1/2 and 1/2, and is diagonalized by the basis transform implemented through

(Vi@ UV
T = ( NGERINGG ) '

We then find

0=T(icde — H(&) T (T) = (isag - % ( 150}(5) 159_/?) )) bay - (12)

where ¢'(€) = ]Z((f)) is the adiabatic coupling function. The following theorem gives the
n-th superadiabatic representation for every n € N.

Theorem 1. Assume 6'(§) € C°°(R). Then for each n € Ny there exists an invertible
matriz T, = T, (¢,€) such that

(13)

Pn 576 En+1k" €7§
T, (iede — H) T} = icde — ( +1(&4) +1(4)

—" M hni1(e,8)  —pnia(e)

where py(e,§) = % + O(£?), kn(g,€) = (xn(€) — 20(£))(1 + O(e)), and the z;, z; can be
calculated from the recursive equations

1
ry = 59/» y1 =21 =0, (14)
Tptl = —IZ;,L + iﬂlyn (15)
Yni1 = (TjTns1—j + YjYnt1—j — ZjZns1—5) (16)
i=1
Zny1 = —ixl,. (17)

We will give the proof of this theorem in Section 5. There we will even give explicit
expressions of T,,, p, and k, in terms of the z;, y; and z;, but these are too messy to
write down here. Note that none of them is a polynomial in e.

As it stands (13) is not useful, since neither the n-dependence nor the £-dependence
of the off-diagonal terms is controlled. In order to achieve this, we need to make stronger
assumptions on 6. As the present situation is very close to the superadiabatic transition
histories considered in [BeTe2], the conditions will be identical: we require that ¢’ is
analytic in a strip around the real line, and that the singularities which limit this strip are
first order poles plus lower order corrections. As explained in [BeTe2], those corrections
are controlled using the following norm on functions of a real variable:

Definition 1. Let £ > 0, a > 0 and I C R be an interval. For f € C°°(I) we define
a+k

= f(t) =~ < 18
1 0er 060y 3= supsup [0 ()] i < o0 (18)

and
Foe(I) = {1 € O 2 | F) ey < 0}



We now state the assumptions that we will make on the adiabatic coupling function.
The first one will be required for regions of R that are far away from the first order poles
that are nearest to the real axis, while the second one will be required close to such poles.
The quantities &, and &, will be the imaginary and real part of those poles.

Assumption 1: For a compact interval I and k > & > 0 let 6'(§) € F1 x(I).

Assumption 2: For«, &, & € R let

/ — 1 1
0o(£) = 7<£§r+jgc+§€ri§c>

be the sum of two complex conjugate first order poles located at & £ i€, with residues 7.
On a compact interval I C [& — &, & + &) with & € T we assume that

0'(§) = 66(8) + 01()  with  0(£) € Fae.(I) (19)

for some v, £.,6 €R, 0 < a < 1.

Under these assumptions, the following theorem holds:

Theorem 2. Let Je, C (0,00), Jo C (0,1) and J, C (0,00) be compact intervals, and
for given & > 0 let 0 < 0. < 2 be such that
Ne = fo _ 1+o0. 18 an even integer. (20)
€
(i) There exists €9 > 0 and a locally bounded function ¢1 : RT — RY with ¢y1(z) =
O(z) as = — 0, such that the following holds: uniformly all in € € (0,e0], all
compact intervals I C R and all matrices H(&) as given in (12) and satisfying

Assumption 1 for some & € Je,, the elements of the superadiabatic Hamiltonian as
in (13) and the transformation T, = T,_(&,&) with ne as in (20) satisfy

1
e -3| = 2o (191,.) 21)
_fc n
|Ens+1kn5(57§)‘ < Jee < (141 £c)¢1(”9’”(1’1’,{)) (22)
and
1T, =TI < 60 (1) 11,0 ) - (23)
(ii) Define

. . _fc _(e—en)? _ £ \3 _
g(g, &) = 21’/7727560 sin (%) e & e %o COS (% _ (635222) + frs(§éc &)) . (29)

There exists g > 0 and a locally bounded function ¢g : RT — RY with ¢o(x) =
O(x) as x — 0, such that the following holds: uniformly in all € < &g, all compact



intervals I C R, and all H(&) as in (12) satisfying Assumption 2 for some & € Je,_,
a € Jy, v € Jy, we have

IEnEHknE (e,€) — g(€,§)| < 5%fae*%¢2(M), (25)

where M = max{||0’||(1,17fc) , ||9;H(I7a,§c)}. Furthermore, (21) and (23) hold with
K =&.

In words, Theorem 2 states that we can find a transformation 7, which is e-close
to the one that diagonalizes H (), but which diagonalizes the full equation (12) up to
exponentially small errors. What is more, for those £ where the off-diagonal elements are
close to maximal, they are given by explicitly known Gaussian functions with superim-
posed oscillations to leading order. The dependence on E, which we dropped earlier from
our notation, comes in only through #’, which means through &, & and 7 in the leading
term, and through [|6'[[;; ¢ ) in the corrections. Since later we will have to consider a
whole range of values for F, it is of crucial importance that all our error terms are small
uniformly in basically all parameters, as stated above in Theorem 2. On the other hand
note that in those regions that are more than /e away from &, the error term dominates
n (25). We will give a proof of those parts of Theorem 2 that are not identical to the
situation in [BeTel, BeTe2] in Section 6.

Theorem 2 shows how to diagonalize equation (11) up to exponentially small er-
rors. We will actually need an exponentially accurate solution to this equation in the
whole ¢ domain. Here we will give a simple version of the corresponding result which is
analogous to the one in [BeTe3], and for which only mild integrability conditions on 6’
and its derivatives are necessary. In [BeTe3] it is shown that a sufficient condition is the
integrability of £ — [[0'| ¢ ; ¢4 for some § > 0, outside of a compact interval, and that
a sufficient condition for this is the integrability of

Esup{|f'(2)] : 2 € C,[§ — 2 < & + 6}
outside of a compact interval.

Theorem 3. Assume that 0’ has two simple poles at +i&. at leading order, and no
further singularity of distance less or equal to & to the real axis. In addition assume
that for some 6 > 0, & — [|0/[| ¢ 1 ¢ 1) is integrable outside of a compact interval. Let

Yn(e,8) = (W1 n(e,8), V- n(€,&)) be the solution of the equation (12) in the optimal

superadiabatic representation, i.e.
Ty, (10 — H) T, "¢u(e,€) = 0, (26)
subject to the boundary conditions
Jim done e =1 lim g (6.6 =0,

Then

Y- n(€,€) =2sin (7;—7) e~ Fer Feorf (§ _ £r> + (’)(s%"le’%) ,



where

1 * 2
erf(z) = ﬁ/ e ds
—o0

1s the error function normalized to be 0 at —oo.

The proof of Theorem 3 requires no changes as compared to the one given in [BeTe3]
and is therefore omitted. Let us remark already here, however, that for our applications
to the reflected wave we will need precise control over the £-dependence of the error term
above, which means we will basically have to reprove a refined version of Theorem 3
later. Also for later purposes, we note that Theorem 3 also gives exponentially accurate
information about % ,: defining

e ) dr
Vyer(§) =e 2 J2o palem)dr

we find using (26) (given explicitly in (38)) that

€ 2e.
() = Vranl©] = |2 [ cpponendy =0 (%) )

The last equality follows from (22) and (24) and the integrability condition in Theorem 3.
We end this section by linking the conditions on €’ to conditions on the function p(x, E)
appearing in (9). The first condition is

(A1) We assume that p(x, E) > ¢ for some ¢ > 0 and all € R, and that p(-, FE) is
analytic in a neighbourhood U of the real axis.

While the map = — p(x, F) is analytic on U by (A1), it may have singular points
in the complex plane. For each such point zy we define a straight half line B, pointing
away from the real axis. In the case that a branch cut of p is needed at zy we take it to
lie on B,,. Since U := C\ U, Bz, is simply connected, the function

£z E) =2 / (. ) dy, (28)

for z € Uy is single-valued if we require that the path of integration has to lie entirely in
Up. &(z, E) is the unique analytic extension of £ as given in (10) to Up. For z € R we put

Cr(x) :={z € Uo: [§(2) —&(@)] <r},

denote by C.o(z) the connected component of C,(x) containing x and put

R(z) :=sup{r > 0: C,o(z) C Up},

and Ry = inf,cr R(x). Finally we put

Uoo = U CRo0(). (29)

z€R



The point of this construction is that now the set OUyo \ Uy contains only those points
on the boundary of Uy that are closest to the real axis in the metric given by

d(z,2") = [€(2) — £(=')- (30)

It turns out that these are the points on which we need to impose conditions.

(A2) We assume that OUyo\Uy = {zerits Zerit } With Imze,i > 0, and that for 2z € Upg
near zqrt we have

(2, E) = (2 = zexit (B))PENA(E) + 9(2 = zerit, E)) for some B(E) > —1,8(E) # 0,

where g is analytic near z = 0 with ¢g(0, ) = 0 and A(E) # 0. Furthermore, we assume
that there exists § > 0 such that for all other critical points zg of p(z, E) we have

inﬂf@ d(z,z0) > Imzepig| + 0 (31)
zTE

For simplicity we assumed that Uy \ Up just contains two complex conjugate
points, but the extension to finitely many of them is straightforward in principle, though
some of the estimates of Section 4 would get more messy. Moreover, slightly more general
perturbations g could be allowed, but we do not consider it worth the effort to include
them. The conditions on [ ensure that z.,; is a critical point of p such that lim,_,,_,, £(2)
exists. Finally, (31) ensures that there is no sequence of singular points converging to the
boundary of Uy and is automatically fulfilled if e.g. p has only finitely many singular
points.

The integrability condition we need on p can also be expressed in terms of the metric
d given in (30). Let us define h : R x A — [0, 00] by

0:p(y, E)
p(y, E)?

where A C R is the relevant set of energies, i.e. the support of the function Q(E,¢). We
assume:

h(z,E) = Sup{

1y € CR0+5($)} ;

(A3) There exists 6 > 0 such that

/ h(z, E)p(z, E)dr < oo
R\[a,b]

for some a < b € R.

Proposition 1. Fiz E € R. Assume that p(., E) fulfills (A1). For x € R define £(x) by

(10), and define p through p(&(z, E), E) = p(z, E). Put 0'(§, E) = ’;((f’g)).

(i) Assume that p(., FE) fulfils (A2). Then 0’ fulfills Assumption 1 above on each com-
pact subinterval of R containing &, with v =

Bri’

gr(E) = Re(gcrit)’ &e (E) = Im(gcrit) where Eerit (E) = E(Zcrit (E)’ E)v

10



and for arbitrary o > 0.
Moreover, ¢ fulfils Assumption 2 on each compact subinterval of R such that
inf{lx—&|:x € I} > &, where § is the same as in (A2). In this case, k = \/0? + &2

in Assumption 2.
(it) If p(., E) fulfils (A3) then & — [|60'[| ¢ 1 ¢. 1) is integrable outside of a compact set.
Proof. (i): We omit the dependence on E from the notation. By (A2) and (28),

A

3+1 (Z—Zcm)ﬁﬂ(1+(9(z—zcrit)).

£2)—&n(z) = [ T (o) (A gy zen) dy =

Zerit

Moreover, §'(£) = g((g)) = 5;((2)), and thus

' (2—Zerit 2—zerit)? T (A+O(2—Zerin
(&) = 52((2—2crit)) - ﬁf(P(zfzczit)Qﬁ((liOEzfzcritg) - % (Z*Zcrlit)ﬁ+1 (1 +0(2 = zerit))-

Together, we get
G

B +1 5 - gCrit
which gives Assumption 2. Now if § > 0 is as in Assumption (A2), and if I is a compact
interval with inf{|z — &| : @ € I} > 4, then (32) together with Darboux’s theorem for
power series (cf. [BeTe2]) yields Assumption 2 with kK = /&2 + 02 — &..
(ii): By the results of [BeTe3], it is enough to ensure that

h(§) = sup{|0'(2)| : |z — €] < & + 6}

is integrable over the real axis outside of a compact interval. By the definition of £ and
the fact 0'(£) = p/(t)/p?(t) this follows from (A3). O

(1 + O(g - fcrit)), (32)

3 Time-Dependent Description of a Reflected Wave

As explained in the introduction we construct solutions of the time dependent Schréodinger
equation (1). Since we are interested in the scattering situation, we will need strong decay
assumptions on the derivative of V', which we will give shortly. For the moment we will
just assume that V' is bounded on the real axis, analytic in a neighbourhood of the real
axis, and that lim|;)_ 0,V (z) = 0.

A solution to (1) can now be given in the form of a wave packet: for any fixed energy
E > max,cr V(2), let ¢(z, E) be a solution to the stationary Schrodinger equation

—202%0 = (B - V(2))p = p*(z, E)o, (33)

where
p(z,E)=+/E—-V(z)>0

is the classical momentum at energy E. By standard results on ODE we can choose
¢(z, E) so that it is regular in both variables. Then the function

Ulat,e) = /A Q(E, &)= "/ 3(z, E) dE, (34)

11



for some regular enough energy density Q(FE,e) supported on a compact set A, is a
solution of (1). Of course, the solution to (33) is not unique unless we impose boundary
conditions, and it is these boundary conditions that will determine the physics that the
solution ¥ describes. In our case we will require that the wave packet is incoming from
x = 400, as we will detail below.

In order to connect to Section 2, we put

and observe that ¢ solves (33) if and only if ¢ solves

i, v(z, ) = <p2 e é) (x, E) = H(z, B)y(x, E). (35)

Of course, this is just equation (9).

Let us now fix our conditions on the potential V', in order to apply the results of
Section 2 and to ultimately control the large = behaviour of the solution to (35). We
select an energy window A = [E}, Fs]. The most basic assumption is

(V1) sup, V(z) < E1, and V is analytic in a neighbourhood U of the real axis.

This assumption corresponds to (A1) from Section 2. For the condition corresponding to
(A2), we define Upg(E) as in (29). We then assume

(V2) Condition (A2) holds for Uyg(FE) and for each E € A.

Let us see what the somewhat implicit condition (V2) means for the potential V. Since
p(z, E) > 0 on the real axis, the singular points of p(z, E') will occur when V(z) = E,
or when V itself has a pole. Condition (V2) states that for each E there is exactly one
point closest to the real axis (in the metric d given in (30)) where this happens. However,
in contrast to the situation in the previous section, we now have to deal with a whole
family z.it(F) of such points, indexed by the energy E. Therefore it might happen that
for different values of E, different exponents 8 in (A2) occur, and E +— 2zt (E) needs
not be continuous. In order to avoid such awkward situations, we impose

(V3) The functions E — zuit(E) and E +— &.(E) as defined in Section 2 are C3 on A,
and [ does not depend on E in (V2).

The most natural situation is when V(zei) = E with V/(2eis) # 0. Then zei(E)
depends analytically on E. Another interesting situation is when V has a pole; then
Zerit (E) does not depend on E, but .4 does via (10). We give an argument in the
appendix that shows & € C3(A) for a certain class of potentials, but we expect that also
¢.(E) is analytic in general.

Finally, we need the analog to the integrability condition (A3), uniformly in F; indeed,
in view of some L? estimates to follow later on, we will need quite a bit more than (A3).
We will say that V fulfils (V4),, with m > 0 if the following holds:

(V4)m Define Ry(z) and Cr,(x) as we did just before (29). We write

() = V1+22
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and assume that

C
h(z,d) := su su VIWE-V() 3 < ———— 36
(@,9) e 2cCmms(@) (X S s T (36)

for some §,v > 0, and all = outside a compact interval. Moreover, we assume that there
exists C' > 0 such that for all sufficiently large x € R we have

V' ()] < Cla| ™%/
Note that (V4),, implies, uniformly in E € A,
Ip(z, E) — p(oo, E)| ~ <x>_3/2_m as |z| — oo. (37)

Note also that since p(z, E) is bounded above and away from zero uniformly in 2 and F,
(A3) follows from (36).

Since the assumptions on the potential look quite involved and implicit, let us
discuss a simple example. The function V(x) = exp(—z?/0?) is holomorphic on the
entire complex plane and bounded by 1 on the real axis, thus it satisfies (V1). For E > 1
we have

p(z, E) = VE — exp(—22/0?)
with the only critical point zeit(E) = icvIn E in the upper half plane. Near these critical

points p behaves as )
p(za E) ~ (Z - Zcrit(E))§ V QZcrit(E)E

and thus § = % and v = % It is straightforward to check that Uy has the shape as
depicted in Figure 1 and we show in the appendix that &.;x € C2(A). Hence (V2) and
(V3) hold as well. Given the fact that Imz stays bounded for z € Upg, it is clear that
(V4),, holds for any m € N.

Uoo

Figure 1: The boundary of the grey region depicting Uy is asymptoticllay parallel to the
real line.

We continue with the general setting. Given the conditions on V', we can now apply
the results of Section 2. Recall the natural scale (28) and define p through p(¢(x, E), E) =
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p(x, E) and ¢/ (¢, E) = 0:p(§, E)/p(&, E). By Proposition 1 and Assumption (V2), 6’ has
exactly one pair of first order poles closest to the real line, which we denote by &.(F) +
i€.(F). Now it follows from Theorem 1 that in the n-th superadiabatic representation
equation (35) reads

pn(e, & E) "k, (e,&, E)

i 6 n\<, 7E = 7
1€ fw (85 ) ( _€n+1kn(€,€7E) _pn(‘gvé—ﬂE)

) Yn(e, &, E), (38)
with p, and k,, as in Theorem 1. Let us write

(GE2E ) = vled By = Eesto). )

for the solution of (38) with initial condition as in Theorem 3. If we choose n. = &./¢
so that we are in the optimal superadiabatic representation, and translate back to the
actual solution of (33), we find

m
_ c(e,x, F
$w, E) = (Tna1 ( C;Eg . Eg )) =ci(e,2, B)p) + eale,w, B)ol,  (39)

where the superscript means that we take the first component, and ¢, ; are the “optimal
superadiabatic vectors”, i.e. the columns of T),_. Note that due to (23) and (V4) we have

1
@ég(s,x,E) = 4+ 0(e <z >~ B/2), (40)
p(z, E)

So by switching to the n-th superadiabatic representation we can write the solution of
(33) as a sum of two terms, which at the moment appear rather arbitrary. However,
we will see now that, with the above initial conditions, the first one corresponds to a
transmitted wave while the second one corresponds to an exponentially small reflected
wave.

To this end, note that by Theorem 3 we obtain

(e, z, E) = e Jo pPE)Ar (1 4 O(e)),

and

c i x, —<28r E - Qr E 1_ _&c
ex(e, B) = 26in (T ) o2 ezt o (€0 B) Z6UE)) 4 bt
2 266 (E)

(41)
where v = /(8 + 1) is independent of E by (V3). In the next section we will have to
investigate z-behaviour of the error term very closely, but for the moment we do not
worry about it.

Since the vectors ¢. ; approach the adiabatic vectors as |z| — oo, they are, to
leading order, non-oscillatory at infinity. By considering the oscillations of the c; and
taking into account the fact that £(x, E) approaches a linear function at x = 400, we
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find that the solution (39) corresponds to a wave incoming from the right at x ~ 400,
described essentially by

e~ 1S (p(y, B.e)—p(+00,E)) /e

e—ip(+<><>,E);1c/s7 (42)
p(o0, E)

which is scattered on the potential. The reflected wave, for large values of x behaves as

i [P (p(y,Ere)—p(+00,E)) /e
lea(e, +o00, B)| S gip(+o0.B)z/e (43)
p(o0, E)

When integrated against a suitable energy density Q(F,¢) like the one we will specify
below, this reflected wave gives rise to a freely propagating Gaussian, for large values of
x and ¢, as can be shown by the methods of [JoMa].

Here, we are interested in the full history of the exponentially small reflected wave,
which is only a part of the full solution that we would get by plugging (39) into (34).
From the discussion above we see that

ez t) = /A QUE, )¢~ B lecy (e, 2, B) o) (e, x, E)E (44)

gives the correct asymptotic behaviour of a reflected wave, and thus we define:

Definition 2. The function x(z,t,¢) as given in (44) is called the reflected part of the
wave in the optimal superadiabatic representation.

Let us now formulate the main result of this work. We start by fixing the assump-
tions on the energy density ). We assume that @ is given by

Q(E,E) — e—G(E)/E e—iJ(E)/E P(E,E), (45)

where:

(C1) The real-valued function G > 0 is in C3(A) and is independent of . Moreover, the
strictly positive function

M(E) = G(E) + &(E) (46)
has a unique non-degenerate absolute minimum at E* €]Ey, E5[. This implies that
* M”(E*) *\2 *\3 : " *
M(E)=M(E*)+ ——>(E—-E*)?+O(E - E*)®, with M"(E*)>0.

2

(C2) The real-valued function J is in C3(A).
(C3) The complex-valued function P(E,¢) is in C*(A) and satisfies lim. o P(E,¢) =
P(E,0) and

13

o P(e, E) ‘ < Ch, for n=20, 1 (47)

sup OFE"

EcA
e>0

The simplest but prototypic example for the type of wave function satisfying as-
sumptions (C1), (C2) and (C3) is a Gaussian. One simply chooses G(E) = $(E — Ey)?,
for some energy Ey €]E1, Es[ and a constant ¢ > 0, J(E) =0 and P(E,e) = 1. Then

oM
—(F) =c(F — E (B
(B = ol B — Bo) + €L()
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where

Zcrit

¢(E) =Im / p(z, B)"*dz > 0.

C

0

Hence any zero E* of M'(E) satisfies E* = Ey — £.(E*)/c < Ey, i.e. the reflected wave
has lower energy than the incoming one. This is expected, since lower energy parts of
the wave are more likely to be reflected, since, again by the above inequality, &.(F)
is monotonically increasing. To see that M (FE) has indeed a unique minimum E* for
¢ > 0 large enough, note that the continuous differentiability of £.(F) on A implies that
M’ (F) has a unique zero for ¢ > 0 large enough which corresponds necessarily to a global
minimum of M (E).

After this example we come back to our general results. The first of our results
shows how to approximate cg in (44) up to a small relative error. It should be viewed as
an extension of Theorem 3 that includes control of L?(dz) norms. Let us introduce the
shortcut

@, B) = 6(E) _ Joyy P B) dy
26c(E) 26c(E)

for the e-independent part of the argument of the error function in (41). The point z,(E)

actually marks the intersection of the Stokes line emanating from &.(E) with the real

axis. Let E* be as in (C1), and let us write z¥ = 2, (E*). The point &} is the birth region
of the reflected wave. We define for 0 < 6 < 1/2

a(z,E) = (48)

0 if x —aF < —/279,
cet(e,, E) = { 2sin (%)) o= 038 (@ E)— 16 (B) o f (‘“3?) if |z — 2¥| < £1/279,
2sin (%) o= o g g b(w, B)— 16 (B) if @ — 2% > el/279,

and
Yot (€, 2, 1) 1= / Q(E,e)e "Blocog (e, 2, E) ¢ (e, x, E)AE.
A

Theorem 4. Assume that V' fulfills (V1)—(V4)m with m > 6, and that Q fulfils (C1)-
(C83). Then there exists C > 0, g > 0 and 6 > 0 such that for all e < &g and all t € R
we have ()

||X0ff(5a'at) _X(Ev'vt)HLZ(dx) < Ce e £

46

The proof of this theorem will be given in the first half of Section 4. Knowing now
how much ye.g differs from y, we will need to show next that yeg itself has an L? norm
greater than that error term. Indeed, we are going to show more: we will give the precise
asymptotic shape of the reflected wave for almost all times t after its birth time. To do
S0, let us introduce some additional abbreviations:

R(E) := —&(E) — J(E), S(B,x,t):= —%S(x, E) — R(E) + Et, (49)

For an explicit description of xe.g, we have to consider three different regions of the
variable x. The first formula will be valid near the birth region of the reflected wave. We
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define
Xnear(57$,t) = \/EP()(.T,E*)G

* 1" * is! * i «
y / orf (a(x,E ) +a'(a:,E*)y) o MBS B ) S 5B )y dy.
R Ve

_ M(E*)+iS(E*,z,t)
€

with
2P(0, E*)sin (%)
p(z, E*)
Here and henceforth, primes denote derivatives with respect to FE.

In the region of moderately large , but away from the transition point, the reflected
wave will be given by

PO(:I;’E*) =

Po(x’E*)w/27TE _M(E*)Jri;S‘(E*,ac,t)e— gg(M”(SE/S‘))EJ:g}’tzQE*,'tvt)) . (50)
M'(E") +15"(E*, a,1)

Xmod(&x,t) = \/

For the asymptotic regime, i.e. for large xz, the reflected wave is characterized by its

asymptotic momentum
k(E) :=+E — V().

rather than its energy. We put k* = k(E*), write f(k) = f(E(k)) for any function f, and
define

w(E) = / " (ply, ) — ploo, E) dy.

The reflected wave in the asymptotic region is then described by

2sin(y7/2) P(0, E*)2V/2mek* o= MED L(R(E)+w (B )tk —E"t)
VAL (k) + (2t — (R + @) (k)
(z —2k*t + (R+ &)/ (k))? )

Xfar(gaxvt) =

e <_25(M”(k*) +i(2t — (R +0)" (k")) Y

Let us now give a precise statement about the shape of the reflected wave.

Theorem 5. Assume that V' fulfills (V1)-(V4)m with m > 10, and that Q fulfils (C1)-
(C3). Let 0 < 6 < 1/2, Cy >0, and C; > 0. For 0 < 8 < 1/8 define

0 if v — 2, (E*) < —Cpel/?79
Xnear (6,2, 1) if |x — 2 (E*)| < Coe'/?7°
Xmod (&, Z,t) if Coe'/?7% <z — x (E*) < Cre— P
Xtar(g,2,t)  if Cre™P <z — 2, (E¥).

chpl(sa z, t) =

Then there exist By < 1/8 and g9 > 0 and D > 0 such that for all 8 with By < 8 < 1/8
and all 0 < e < gg we have
erxpl(g’ - ,t) . Xeff(€7 ., t)”L?(dx) < De3/4+80 ,—M(E™)/e

for some §g > 0.
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It is obvious that xf., is a Gaussian wave packet. Our next result shows that this
is also true, to leading order, for all other times just after the transition occurred. The
center of the wave packet is the classical trajectory ¢; of the reflected wave, where ¢,
is defined to be the unique solution of the equation S'(E*,q:,t) = 0. In particular, g

satisfies 3 [ Wdy + R/(E*) = t, which shows that ¢; behaves like ¢t — R'(E*).

Theorem 6. Define

Po(E*, qi)V/2me o MEDHSE 2 —(2—qy)?

— *1 2 AIII(E*)+IS,/(E*,Q 1t))
Xgauss - e8ep(E*,at)%( 1) |
VM (E*) +iS"(E*, g, )

Assume t is such that €'/?>=% < |q — x¥| < e=P, with < 1/8 as in Theorem 5. Then
there exist C > 0, g > 0 and dg > 0 such that

_ M(E*)

||Xgauss(€a-at)_Xeff(ga-zt)HL2 SCG €

3/4+80

for all e < gq.

Like the two previous theorems, we will prove Theorem 6 in Section 4. A direct
calculation of Gaussian integrals now yields

Corollary 1. With the definitions above, we have

41P(0, E*)sin(my/2)|m3/4 w4,
||Xgauss(8a . 7t)||L2 = ||Xfar(€7 . ’t)HL2 = (M//(E*))1/4 ¢ : € / :

Thus, for all times such that /2% < q, — xy, Theorem 5 yields an approximation Xexpl
of the reflected wave x whose norm is larger than the error term.

Remark: We make use of the identity M" (k*) = M"(E*)4k*?, which follows from the
fact that £ — M(F) is critical at E*.

4 Rigorous analysis of the reflected wave

In this section we give the proof of Theorems 4 — 6. It is checked directly that

C () B
CQ(&,LL’,E) = éeé ff(”) dypn(y)/ eigf’yoo pn(r) dr (5n+1kna (an7E)) ¢+,Tb(‘€7y7E) dy7

— 00
(52)
solves the second line of (38) with initial condition as in Theorem 3. In what follows, we
will always understand n to be the optimal one given by (20).

The additional difficulty of the present problem when compared to [BeTel, BeTe2]
is that we now need to extract the leading term of (52) with errors that are not only
small pointwise in x, but even integrable over all z € R. In particular, neither the leading
term of co(e,z, E) nor all of its error terms are small when x — 400, and it is only
after integration over E € A that these terms become integrable, due to their oscillatory
nature. This determines our strategy: we will always decompose the error term into a
part that decays as x — oo and one that oscillates there in a regular way, both of which
will give rise to a small contribution to the L?-norm. More precisely, we introduce
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Definition 3. Let us write (z) = v/1 + 2.

(i) We say that a function r = r(e,z, F) is in & (B,v) for § € R and v > 0 if there
exists C' independent of E such that

r(e,z, E)| < CeP(x)~1/27v,

(ii) We say that the function r is in E;(3) for 8 € R if there exists C' < oo independent
of E and 7¢(e, E) independent of x and with |ro(e, E)| < CeP and

ez 2P0 E)y, e F) ifx>0
T(E’x’E):{ 0 B if 2 < 0.

Here, we put p(oo, F) = limy; 00 p(z, E) = lim,_, o v/ E — V(2).

We immediately show how to use these two different functions in order to estimate
L? errors.

Lemma 1. Let A be a compact interval and f : A — R be a bounded function. For
r=r(e,x,E) define

I(z) = /A F(E)r(e,, B) dE.
If r € & (B, v) for some v > 0 then there exists C' > 0 such that
||IHL2(dz) < e’ ||fHL1(dE)
If r € &(PB) then there exists C > 0 such that
1 2(az) < O 21l 2 ay -

Proof. The first assertion is just an application of Fubini’s theorem together with the
fact that a function from £(5,v) is square integrable in z. The second assertion follows
from the fact that with

J(z) = /A ez BT f(B) AR

we have

/|J(:Jc)|2d:1c:47T£/Ap(oo,E)|f(E)|2dE. (53)

To see this, put k = p(co, E) = /E — V(0), so that E = k? 4+ V(c0) and dE = 2k dk.
Putting A = p(co, A) we have

J(z) = /Re%mA(k)f(k? + V(00))2k dk = V2re (FZ1p) (),

where p(k) = 2k1x (k) f(k* 4+ V(c0)) and F is the rescaled Fourier transform

1

e2mw

(Feg)(k) = / g(x)e=*e/ d. (54)
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By the Plancherel formula we find
112
15 acany = Wl = # [ R + VoD ak =2 [ VE=V(IAEBIP aE.

Taking into account the prefactor v/2mwe we obtain (53). O
Let us now start to see how to decompose quantities of interest into parts from &;

and &s.

Lemma 2. Assume that V fulfils (V4 ) for some m > 0. Then for each 8 > 0 and each

0 <v<mwecan find ry € E1(B(m —v) — 1,v) and ro € E3(0) such that

Ligseme 8 = 4y,

In fact, we can choose

T2(€7 Z, E) = 1{z>675}eé(w(E)+p(oo,E)x)7

with w(E) = [;7 (p(y, E) — p(co, E)) dy.
Proof. We decompose

Ea, B) =2 /0 Cply. E)dy = 2 /0 " (0w, E) — ploo, E)) dy + 2K (z, E) + 2ap(co, E),

where
oo

K(z,E) = / (p(y, E) — p(oo, £)) dy.

By (V4),, we have |K (z, E)| < C{z)~Y/?~™ for 2 > 0, and from the inequality |e!* —1| <
|z| valid for all z € R we get

<I>7m+1/

—1/2—-m _
(@ ]

1-— eimﬂ‘ < ¢ ()12 = (x).
€
Since () > e~# by assumption, we have (z)~™*¥ < 8(m=*) and thus
(¥) < CeBlm=1)=1(3)=1/2=v which proves the claim. O

Corollary 2. Assume that V' fulfils (V4 ) for some m > 0. Then for each fized D € R,
and for each 0 < v < m, there exist

2
7“1651 <_2<—:7:L’V)7 TQESQ(O)

with ,
1{I>D}eﬁ£(x,E) =7ry+ro.
Proof. For > 0 and z with D < z < e ” we have

1{D<x<e*f’} < 1{D<$<57ﬁ}<x>1/2+u<m>71/27u < Ce*ﬁ(l/2+l/)<x>71/27u7

which is in & (—B(1/2 + v),v). From Lemma 2 we know that the part with z > e is
in & (B(m —v) — 1,v) + &(0). Optimising over 3 gives the condition —3(1/2 + v) =
B(m —v) —1, whence § =1/(1/2+m) and —3(1/2+v) = —(2+v)/(2 +m). O
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Corollary 3. Assume that V fulfils (V4)m for some m >0, fit D €R and 0 < v < m.
Assume that f(e,x, E) is such that

‘/ fle,z, B)dz| < CeP, and 1,-p < CeP(z)y~27"  (55)

/ fle,z, E)dx
&(x)

for some C > 0 and some 8 € R. Then there exist

2+ v
T1€51(5—2+m,1/>, Tgegg(ﬁ)
such that
i §(a.5)
1{m>D}e§5(w’E) / fle, s, E)ds =11 + ro.
Proof. Simply write ffgz) fds= [ fds— f;&) f ds, and use Corollary 2. O

We will now apply the above tools to the study of (52). Note that
lim £=) = lim VE-V(x) (56)
r—toco g xr—Fo0

which is finite by assumption, so we can replace x with £ for studying the decay rate.

Proposition 2. Assume that V fulfils (V1)—(V4)m with m > 0. For D sufficiently
negative define

i §(x) _
CZ,D(Ev Z, E) = 1{%>D}ée275§(2) / e_gy(gn+1kng (57 Y, E)) dy

— 00

For each vg > 0 there exists 0 < v < vy, and

1 24+v 1
rle& (2—24»77%,1/)7 7"2652 <2)

£c(B)

lca,p(e, 2, E) — ca(e, z, E)| = (r1 +r2)e” "«

such that

Proof. First note that by (V4),, and (22), for sufficiently negative y we have

€k (2, y, B)| < o~ Cotéenle/€0)/e () =(3/240) < coog= Sl 1y —(3/24v)

Using this in (52) gives

_&c(B)
€

2 1y~ (1/240)

[1{z<pyca(e, z, B)| < Ce™e™ —e r

with 7 € €1 (00, v). Now let us define K (e,2, E) = [ (pn(y) — 1/2) dy which is finite and
O(£?) for all = by (21). We write

£(x)
| ey = 5. B) - Ke.g(w). ) + K (2.0.). 67)
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Now for z > D we have

o0
KeganBl<e [ ) 9y <cen e, (58)
§(z)
by (21). Thus _
1{w>D}e_éK(E7£(m)7E) = 1{9:>D}(1 + 67‘(.13, &, E)) (59)

with |r(z,e, E)| < (x)~2~*. Using (22), (24) and (V4), we find
"k, (e, 2, B)| < C/ee™ € (x)=3/277, (60)
and (59) together with (60) give
i £(@) | Y
lispyea = 1{I>D}ge§§(r)/ ot (J2 pn(r) dr—&-K(e,O,E))gnJrlkn?/}_i_m dy+e*%r1 (61)

with 1 € & (%, v). Inside the integral, (27) gives
e E 2o P dr¢+,n(y, r)= e 2 [ pn(n) "1+ 0E>)),
and using (21) we see
oL@ K EOE) _ oty o).
Combining this with (60) and (57) we obtain
of (Moo o) At KEOE) n 1T (o B)iy n(e,y, E) =
= o TR,y B) + ¥ % f(e,y, ),

where |f(e,y, E)| < (z)~%/27%. When inserting this into (61), the first term above gives
¢2.p, while the second one is estimated using Corollary 3 to give the desired result. [

In order to proceed further, we now need the following refinement of Theorem 2
which gives us additional control over the z-dependence of the error terms to k,_.

Proposition 3. For each a > 0 there exists r € £1(3/2 — o, 1 + v) such that

&'k, (6,6, B) = g(e,€, B) + ¢~ r(e, €, B),
where g is given through (24).

Proof. We will use Assumption (V4). We use (25) in (finite) neighbourhood of & and
(22) outside this neighbourhood; As for (22), we know ([BeTe3], Proposition 2)

6] 5 <C  sup |0'(2)],
({£},1,6c+9) |z2—&|<€c+d

and 0'(£) = p'(€)/p(€); together with (56) and (V4),, the claim follows. Note that we
may take « arbitrarily small in Assumption 2, due to Proposition 1. O
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We will also need the following useful little lemma:

Lemma 3. For each n € N and each € > 0 we have

M

n

a"e” %= € £(n/2,v) for allv >0,
and, for d >0,
1{I>5_5}e7§7 € & (m,v) for allm > 0,v > 0.

22
Proof. Taking the derivative of g(z) = z"e™ 2= and equalling it to 0, we see that g is
maximal at = v/2en. The value at the maximum is given by e~"/2(2en)"/? = O(e"/?).
On the other hand flx) = e % <e 7 < (Cx)™ for all v > 0. Since z"e~ =z =
f(z)g(x) and e~ 3 = f?(x), both statements are now obvious. O

Proposition 4. Assume V' fulfils (V1)-(V4)m. Define

_ s (TN o~ dg(a)—ie(E) {(z,F) — &(2, E)
cople,x, B) =14, 2sin (— ) e” = e2e erf .
2,L( ) {z>D} ( 2 ) < QEEC(E)

Then for arbitrary o > 0, for D negative and |D| large enough, there exist
1 24v 1
7’166’1<2—2+m—a,1/>, r2652<2—a>

e
CQ(vavE) = CQ,L(€7x7E) +e - (7’1 + T?)'

such that

Proof. By Proposition 2 it is enough to consider ca p — c2,1,. Using Proposition 3 and, as
before, (60) and Corollary 3, we arrive at

&(=)
C2 D = 1{1>D} eZsE( )/ e*gyg(s’y’E) dy+ei%(7’1 +7'2) (62)

— 00

and rq, ro as in the statement. Now recall that

c (w—¢&r)2
gle,y, E) = —2i, /2 7'r§ sin (”27) e~ ¥ e e cos (w(e,y, E)), (63)

v & (y—¢&)° ( )
y — Sr y RS O¢ y - é.r
E) = - .
w(€? y) ) £ 35&-3 + fc
We write 1
cos (w(e,y, E)) = 3 (eiw(s’y’E) + e_iw(a’y’E)) ) (64)

For the second term above, the exponential eTY present in e~ (=¥ E) combines with the
one present in (62); we use integration by parts in (62), with the function eV being
integrated. The result is

. | | o ( r)?
/ e~ tvemiwlenB)g U g %e—gf —iw(e.6,B) g G (65)
. | o, B . _ 2
_i' T ,y,E)e—% (2(3/ &) _ i(y 2§r) —|—i€06> dy.
=21 ) o 5 ; §
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The boundary term is clearly in £ (1, v), and the factors left out in (65) are bounded by

Ce=Y/2e= | s0 together this gives a contribution in e~ & (1/2,v). The contributions

of the integrand in the bulk term stemming from the last two terms in the bracket are
in & (1,v) by Lemma 3. For the first term, we have to integrate by parts once again; the
resulting boundary term is again clearly in £ (1, v), while the bulk term is very similar
to the one in (65) with the crucial difference that the bracket there is now multiplied by
2(y — &) /& and an additional term 2 /€. is present. Applying Lemma 3 then shows that
this integrand is in & (1, v) again. Now we can apply Corollary 3 and find that the term
involving (%) is bounded by e_%(rl +ro) with r1 € £1(1/2,v) and re € E3(1/2).
We now turn to the term involving eti*(:%:E) Here the oscillations e='¥ cancel in the
leading term of (62), which is therefore given by

) ) £(x) 2 (w—g)? | ice(y—&)
_ . Cfe iery i _w=en)? _jlu=E)  doe(y—by
i = lwson g sin () e Fetete [ bR,

— 00

We now use explicit integration

/E(z) 7(%,?)2 q \/ﬁ ; y—&
€ &&c = T er
. 4 o=

and the fact that |e!” — 1| < |z| for all real = to find

— 1 e e [£®) e
Cz,D:C2»L+1{x>D}ﬁe ces / e” = f(y)dy, (66)

— 00

with 5
Wl <c ('y‘j' n |y—£r> .

Using integration by parts, we find

f ,Lm _ _ —R?/(2¢te)y _ —R*/(2¢t.) p2
e e ¢ dy =2e.(2—e )—e R
€

— o0 c

Now an easy calculation using Lemma 3 shows that Corollary 3 applies to the second
term of (66), showing that it is bounded by e_%c(rl + 7o) with r; € &(1/2,v) and
Ty € 52(1/2) O

After all these preparations, we now work towards the proof of Theorem 4. Recall
that x was defined in (44), and in a similar way define

xL(e, z,t) ::/ Q(E,a)efitE/ECQ,L(s,x,E) gagg(a,:c,E)dE. (67)
A

Proposition 5. Assume that V fulfills (V1)=(V4)m, and that Q fulfils (C1)-(C3). Then
for all a > 0 there exist g > 0 and C' > 0 such that for all e < g9 we have

M(E™*) 1 2+v

HX(Ev'vt)_XL(Ev'vt)”LZSce_ = g m

—Q

M(E*)
€

In particular, for m > 6 we have ||x(e,.,t) — xr(g,.,t)|| 2 < Ce™ e3/449 for some

6> 0.
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Proof. By Proposition 4 and Lemma 1, we have
1240 1
(e, 8) = xa (1)l < CeF 3 sup L3 (1Qulla sy + 7 10 12amy):
where Qo(F) = Q(E)e™ o (40) ensures that sup, p |<pg%(s,x,E)| is bounded uni-
formly for all € < g9. By virtue of (C1), for arbitrarily small 6 > 0 we have M(E)/e >
M(E*)/e+e~2 when |E—E*| > ¢'/27%, Thus writing A, = {E € A : |[E—E*| < ¢'/?7%}
we find that for each m € N there exists C' > 0 with

M(E™*)

|Qo(E)l pgay| < Ce” e €™, (68)

and, by (C1) again

* 10 p* _Ep*\2
ME*®) _ MT(E )2(EE E™) (1+(61/2_5))'

|Qo(E)l{peay| <Ce” = e

Consequently, by scaling

M(E*)

* 10 * a2
1Qoll,: < Ce M(E )/E/efwﬂEJere* =,
R

< CeME)/1/2, (69)

Similarly, ||Qol| ;. < Ce™(E")/ecl/4 This shows the claim. O
Formulas (68) and (69) are also the key to the following

Proposition 6. Assume that V fulfills (V1)-(V4)m, and that Q fulfils (C1)-(C3). Put

A.={EeA:|E—-E*"| <e/?7%,

and
Xro(e, x,t) == /A Q(E,e)e*“E/Ech(e,x,E) cpS%(e,a:,E)dE. (70)
Then for all m > 0 there exist eg > 0 and C' > 0 such that for all € < g9 we have
_M@EYH
HXLO(‘g?'at)_XL(Ev'?t)HLQ Sce s e
Proof. Note that by (40) we have wilé(e,x,E) = (1 ) + 71 with 7 € (1,1 + v);
' p(z,

moreover, we have

1 i 2 1 o 2 2 2
1—erf(w) = — e " du < — —e v du=—e" (71)
I NI N

for w > 0 and erf(w) < 26’“’2/(7r|w|) for w < 0. This shows ¢z 1.(€, 2, E) 3022)(5,:5, E) =
e*%(rl + 1) with 7 € £1(0,1) and rg € £2(0). Then (68) and Lemma 1 shows that

for any m, the same holds for the corresponding L? norm, and the claim follows. O

_M(E™)
€

< (Ce
Ll

3

/ QE, )¢ "Flocy 16,2, E) o) (e, x, B)E
A\A,
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The final step in the proof of Theorem 4 is an effective description of the error
function in cs 1. Define z,(E) and a(x, E) as in (48) and note that E — z,(E) is C! by
(V3). Put

. 1 ifx>a(E),
i(z, E) = { 0 ifz < a(E).

Proposition 7. For any m >0, k> 0 and 6 > 0 we have

Esui) |erf(a(x, E)/Ve) — j(z, E¥)| joma, (B4)|>e1/2-25y € E1(m, k).
e €

Proof. Let us consider only the case © > x,(E*), the other case goes analogously. We
first show the estimate z — 2,.(E) = (z — 2,.(E*))(1+ O(£°)). By (V3) we have |z,(E) —
x:(E*)| < C|E — E*| for some C' > 0. Thus,

¢ —z,(E) = (z — 2,(E*) — C|E* — E|) > |z — 2,(E*)| — Ce/?79

on A., for another constant C' > 0. Since |z — z.(E*)| > £%/272% implies £!/27% <
|z — x,(E*)|e?, we find

z—z,.(E) = (z — z.(E*))(1 — C&%).
By (71) we find

Vra(z, E) '

Now since p(y, E) > ¢ for all y and all F, and since {.(E) is bounded away from 0, we
get

j(x, E7) — erf(a(z, B)/Ve) = 1 — erf(a(z, E)/Ve) < (72)

1 x
a(z, E) = \/ﬁ /x: p(y, E)dy > colx — a2, (E)|.

From the estimate above we find
a(z, E) > co(x — 2. (E*))(1 — Ce%)

on A, x {z : |v — x,(E*)| > '/?72%}. Plugging this into (72) and using Lemma 3, we
obtain the result. O

Now Theorem 4 follows by using Proposition 7 in the expression for cp 1, in Propo-
sition 6 in case |z —x}| > /279 while keeping ca, 1, for |z — 2| < /279, and then using
Lemma 1 again.

We now turn to the proof of Theorem 5. Let us recall the abbreviations

M(E) = &) + G(E), S(x, B,t) = &(B) + J(B) — 3&(x, B) + B,

and i
£@,B) —&(B)  Joimy P, B) dy

2.(E) 2.(E)

a(z, E) =
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We first take advantage of Proposition 6, i.e. the fact that we know E — E* is small in
the relevant area of A, and expand all quantities of E around E*. The only exception
is £(x, F) since © +— &(x, E) grows like p(co, E)x, and so in this case such an expansion
would not be uniform in z. We have

a(z,E) a(z,E*)  Opa(z, E*) . (E — E*)?

where the error term is not uniform in . By the Taylor formula with integral remainder

(73)

1
Z0 _ . 2
erf(z + zp) = erf(z) + / e (z+s20) ds, 74
(o+20) = ert(e) + 2L ()

we can write

ot (a(%E)> . <a(oi,/§*) N 3Ea52E*)(E_E*)> L0 ((13\/5)2> (75)

The error term is uniform in 2 here, because the error functions are. Since we are on A.,
by restricting attention to the set {|z — x| < '/27%} we actually get

E — E* 2 _
O <(\ﬁ)> 1{|x—x§|§51/2*5} S 51(81/2 267 OO) (76)
Hence, by (69) and Lemma 1 again, we find that once multiplied by Qo(E) and the , the
L?(dx)-norm of the corresponding d E-integral of this remainder is of order O (e~ D g1739),
Similarly, we expand

So(E,t) == +&.(E) + J(E) + Et
and M (E) to third order. The error stemming from this expansion is of order |E — E*|3 /e
and is uniform in ¢ and x. Thus, by the same argument, this remainder eventually yield
an error of order O(e_%el_‘m) in L?(dx)-norm on the set {|z — z*| < /2791,
Finally, we use (40) to see that o) (6,2, E) = ——— + 1 with r; € &(1,1 +v)

n,2 \/p(@,B)

and estimate the error term using the by now familiar reasoning. Defining

2P(0, E)sin (7y/2)
p(z, E)

Py(z,E) :=

and expanding around E* we obtain

Py(z,FE) = Py(z, E*) + O(E — E*),

1/2—6

with an error term that is uniform in x and of order ¢ , so that we have shown

Proposition 8. Define

Xea(e,a,t) = e (ME VS (B 2/ [ Py Br)e= T S0(E" 1)

_ (E—E*)? " E*Y1iS! (B* de(e a(xz,E* a (z,E* *
o EE O B 1S ) o€l Plerf (UEEY) | /@B (1)) dp,
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where all the primes denote E-derivatives. Then, for all 0 < § < 1/4,

— O(CfM(E*)/561745)'

‘MXLJ'_XLQN{MszSéM—Q L2(dz)
To get the result stated in Theorem 5 on the range {|z — 27| < £1/279}, we need to
expand the term ¢(z, F) around E* as

. ) *)3
@ E) _ o (€@ B )+€ (@.B")(B—B")+¢" (@.5") (B-E")?) <1 Lo <(EE)$)> ’
g
(78)

where primes denote E-derivatives. Over the considered set of ’s, the error term gener-
ated is dominated by |E — E*|? /e, and is dealt with as above. To arrive at the expression
Xnear, We change variables from F to y = (E — E*)/+/¢ in the remaining integral, and
note that extending the range of integration to the whole of R costs an error of order
EooefM(E*)/s.

We now consider the region £1/279 < |z —x%| < e % with 3 < 1/8 and 0 < § < 1/4.
The following proposition settles Theorem 5 for the intermediate region.

Proposition 9. Define xmod as in (50). Then there exist g > 0 and C > 0 such that
for each € < gy we have

_MEY) 45—
< Ce 14023

H(Xmod - XL,1)1{51/276<3;_95:<573}‘ L2 (de)
Proof. The leading term is obtained from the leading term of (78): we know from Propo-
sition 7 that we can replace the error function in (77) with 1 for the range of = we
consider, and then we obtain a purely Gaussian integral in (F — E*). Again, we can
extend the range of integration to all or R for the cost of an error of O(e=M(F")/eco0),
When integrated over ¢'/279 < ¢ —a < £ this error stays of that order, and distribut-
ing the various leading terms of (78) in the exponent changes the Sy and its derivatives
to S. For the error term we note that |F — E*| < ¢'/27% on A_, and thus

o) <|E - E*|3|x> < 0(81/2736—[3)
- )=

for || < 7P. Since the length of the range of integration in x is O(¢=?), the length
. . . . &) .
of integration range in E is ¢'/27%, and the factor e~ M i present, we obtain the

result. O

It remains to treat the region x > ¢~#. Since this has essentially been done before
[JoMa], we will be much briefer here. We use Lemma 2 in order to write

1{x>s*5}ei£(w7E) - e%(W(E)-l-p(O@E)w)(l + 1),

with 71 € & (6(m — v) — 1,v). By Proposition 7, we can replace the error function
by 1, and replace p(z, E) by p(co, E) with an error bounded by C/(x)™*3/2 and thus
by CePUAm=—v)(gyv+1/2 << Cehlm=r)=1(x)v+1/2 Integrating these error terms over E
against the Gaussian function gives a term whose L?(dx) norm is bounded by means
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of Lemma 1. The L'(dE) norm of the Gaussian in energy is of order £!/2, see (69),
so that the error term is eventually of L?(dz) norm of order O(e*M(f )Eﬁ(m’”)*l/z).

We need g(m —v) —1/2 > 3/4, so m > 5/(48) > 10 with 8 < 1/8. Finally, the
leading term can be computed by Gaussian integration. First we change variables from
E — p(oo, E) = \/E — V() to k — E(k) = k? 4+ V(00) and write f(k) = f(E(k)) for a
function f, just as we did in the proof of Lemma 2. Carrying out the resulting Gaussian
integration, we find that if m > 10, then there exists § > 0 such that

Xr,0(& 2,t) = Xtar(€, 2, t) + Oe™ MED 53/4+5))

where xfar is given by (51). This finishes the proof of Theorem 5.

It remains to prove Theorem 6. The idea of the proof is to observe that Ypear and
Xmod are sharply peaked around the classical trajectory ¢; of the reflected wave, i.e. the
solution unique solution of S'(E*, q;,t) = 0. This will allow us to expand the reflected
wave around its maximum in the variable x, and get the result. Since we already know that
Xfar 18 @ Gaussian centred around the asmptotically freely moving classical reflected wave,
[JoMa], it will be negligible for the times ¢ considered. We start by proving concentration
in z for finite times. Recall that by the change of variables y = (F — E*)/+/¢, we can
write, for any D € R

_ M(E*)4iS(E* @,t)
€

xr,1(e,x,t) = lizspyVePy(e, x, E)e (79)

a(z, £ 2 MIEN S (B ) g (E* gt
></ erf <(’) +a’(:c,E*)y> e Y 2 o~ vEIEL@Y g,
lyl<e=?

NG
Proposition 10. For allm >0, all § > 0 and all C > 0 there exists C > 0 such that

m

M(E*)
T ¢

< (Ce
L2(dz)

HXLJ1{\zfqt|>el/276,|x\<é}‘

for allt € R.

Proof. Let us first note that we can extend the range of integration to all y € R in (79) at
the expense of an error bounded by Ce™ M emin L?(dz) sense, by the usual arguments.

For § > 0 choose k € N such that k > m/d. k-fold integration by parts gives

. _ MBS 4iS(E* @,t)
xea(e,z,t) = luspyVePol(e,a, E*)(—1)e c
k *
X / di <erf (CL(fC’E) + a’(x,E*)y) e—yz(M”(E*)-i-iS”(E*,9:7t))/2> %
R dy* Ve

k)2

—%S/(E*,x,t)y M m
X(—iS’(E*,x,t))ke Ve dy+(’)<e < € )

The k-fold derivative has the form f(e,x,y)exp(—y?M" (E*)/2), where

|f(e,zy)| < C(R)lyl" (80)
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uniformly in & > 0, in time ¢ and |z| < C. To see this, note that by the formula d%.g(a +
bz) = b"g" (a + bx), the I-th derivative of the error function is an Hermite function, i.e.
is given by

a'(aﬁ,E*)lHl,1 (a(m,E*)/ﬁ—i— a’(m,E*)y) e—(a(axc,E*)/\/E+a/(ac,E*)y)27

where H; is the [-th Hermite polynomial. Since Hermite functions are uniformly bounded
in their variable, the uniformity claim in e follows. Since the derivatives on the second
factor also produce Hermite functions, we have shown (80). Moreover, |S"(E*, z,t)| >
¢|lg; — x| for some ¢ > 0 uniform in ¢, and so

1 L<sk‘s/ F<em/ck
{|Qt7m‘>51/275}|SI(E*",L.7t)‘k7 = S :

Thus the dy integral is bounded by C(d, m)e™ and bounded uniformly in z and ¢, and

estimating the z integral by the area |z| < C times its maximum gives the result. O

In the region where x is moderately large but not finite as € — 0, we need a different
argument due to the broadening of the wave packet.

Proposition 11. Put

A=f{a e R: V20 /A(E) 4 257(E*, g 0P < |2 — qi] < = 7).

Then for each m € N we have

_ M(E*) . .
HXmodlA“Lz(dw) < Ke — = &M, uniformly int.

Proof. First recall that S”(E*,x,t) is independent of ¢ and grows with z like x. The
negative of the real part of the exponent of x4 is given by

S/(E*’ x, t)2M/l(E*)
(M”(E*)2 + S”(E*, x, t)2) :
Since |S’(E*,x,t)| > c|q: — x| for some ¢ > 0 and |S”(E*,z) — S”(E*,q)| < Clg: — x|
for some C > 0, we find

f@) =5

f(x) - C2|l‘ _ qt|2M”(E*)
T 2e(MV(E)? + 28"(E*, g1, t)? + 2C g — z[?)

(81)

Differentiation of the function y — #W shows that the right hand side of (81) is
minimal when |z — ¢;|?
Inserting this yields

is minimal, i.e. when |z — ¢ is equal to its lower bound in A.

o) > o2 CMIEY +25"(B" )M (E) o5 M'(EY)
= 2(M/'(E*)2+2S”(E*,qt,t)2)(1+2C€1_2§) 2(1+2051—26)
M(E*)

This shows that |Xmod| < Ce™" ¢ &™ for each m € N all x € A, with C uniform in t¢.
Now, since for ¢ large q; ~ t so that S”(E*,q;,t) ~ t, we get that on A, t < ¢;e=#~1/2+9,
so that |z| < cpe #1249 for some constants c;,c. Integrating over the range |z| <
CoeP~1/24% then shows the claim. O
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We can now complete the proof of Theorem 6. Define Xgauss as in Theorem 6. Put
Al ={z:o—a; <3c/?%%} and Ay = {z:2— 2] > 27}

||Xgauss - Xeff” S HXgauss(l./Lr + 1/\,)H + HXnearlA, H + HXfar1A+H +
+0 (e_%ew“‘s") ,

+ H(Xgauss - Xmod)1{51/2*5/2<x7m:<25*5}

where all norms are L? norms, and z¥ = x,(E*). Now for £'/?7% < |¢, — a%| < &5,
the first and third term are O (e*M(f )am) for any m > 0, as can be seen by direct

estimates on Gaussian tails. By Proposition 10 the second term is of the same order for
lg: — | > €'/27%. For the term in the second line, we may restrict our attention to the
region |z — ¢¢| < 51/2_5\/M”(E*)2 + 25"(E*, g4, 1)2.

This follows from Proposition 11 for xmed, and from direct Gaussian estimates for
Xgauss- For these z we expand the exponent of xmoq; We have to investigate

S (E*,x,t)? B (x — q1)?
(M"(E*) +1S"(E*,z,t))  4ep(E*, q)2(M"(E*) +1S"(E*, q,1)) |

d(z,t) ==
0=
Since both |0,5'(E*, z,t)| < C and |0,5"(E*, z,t)| < C uniformly in = and ¢, we have

PRV
S'(E*,2,)? — (T —aq)” < Olz — g,

4p*(E*, q1)
and
1 _ 1
(M"(E*) +iS"(E*,z,t))  (M"(E*) +iS"(E*, g,t))
|z — a1

_ :
= R @) + 197 (B2, O M (E) + 15" (B, v, )]

Then we plug this into the expression for d(z, t), and make use of the inequality |ab—cd| <
|a — c||b] + |b — d||c|, and of the estimate

M"(E*) +1S"(E*, x,t) =

= (M"(E*)+1iS"(E*, q:,1)) (1 MCHCIL ) S”(E*’q“t))>

M"(E*) +1S"(E*, ¢, 1)

_ 10\ s QI ']
= (M"(E") +i8"(E", q,,1)) (”O <M~<E*)+15~<E*7qt,t>|>)' 2

On the set |z — | < V2e/279|M"(E*) +iS"(E*, g, t)|, the last term of the parenthesis
of order £'/2=% uniformly in z,t. Eventually, we get on the set

|z — ¢ < 51/2_6\/M”(E*)2 1 257(E*, i, 1),

for uniform constants C, Co,

C
d(z,t) < —1|x — q,5|3 < Ol ™39,
€
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It then remains to make use of these estimates in the computation of the modulus of
Xgauss — Xmod On the set |z — q;| < e¥/27%/M"(E*)2 + 28" (E*, g,t). We finally get,
with a constant C3 uniform in ¢,

| (Xgauss — XmOd)l{sl/Q*J/2<x—zj<25*5}| < CB|XgaHSS|51_35‘

Explicit integration of the right hand side above finishes the proof.
Let us finally remark that in a similar way, one can expand the expression (79) for
the near region, and get an approximate expression for the transition region as well.

5 Superadiabatic representations

In this section we will prove Theorem 1. We start with equation (11) which we repeat
here for convenience:

0c0(6) = HEOWEO =5 ( 0y 9 ) (e (53)

While the ultimate aim is to construct the superadiabatic transformations 7;, from the-
orem 1, we start by constructing superadiabatic projections. For this matter, write

1
©=3( 0 0 )0 TO=1-m400).

for the spectral projections corresponding to the eigenvaluse +1/2 of H. The n-th su-
peradiabatic projection will be a matrix

™ = zn:akﬂk, (84)
k=0
with mo(z) = 74 (z) and
(ﬂ.(n))Q _ 7_‘_(n) — O(En+1), (85)
[ieag _H, 77(")] — O, (86)

Here, [A, B] = AB — BA denotes the commutator two operators A and B. Likewise, we
will later use [A, B], = AB + BA to denote the anti-commutator of A and B. Equation

(85) says that 7(™) is a projection up to errors of order "*!, while (86) states that if
€+ h(€) € C? solves (83), then also & — 7™ (&)2h(€) solves (83) up to errors of order
€n+1

We construct 7(™ inductively starting from the Ansatz (84). Obviously (85) and
(86) are fulfilled for n = 0. In order to construct m, for n > 0, let us write G,,(t) for the
term of order " in (85), i.e.

(r™)? — () = " H1G, 4 + O(e™T?), (87)
with
n
Gri1 = Zﬂjﬂ'n-ﬁ-l—j' (88)
j=1
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The following proposition is taken from [BeTel] and the proof there applies literally
also to the present case.

Proposition 12. Assume that 7™ given by (84) fulfills (85) and (86). Then a unique
matriz w41 exists such that 7"V defined as in (84) fulfills (85) and (86). T, 11 is given
by

Tn+1 = GnJrl - [Gn+17ﬂ-0]+ —1i [71-;” 770] . (89)

Furthermore 7!, is off-diagonal with respect to mo, i.e.
mom,mo = (1 — mo)m,, (1 — mp) = 0, (90)
and G, is diagonal with respect to my, i.e.
T0Gnt1(1 — ) = (1 — 79)Gry1mo = 0. (91)

As in [BeTel] we represent the matrix recurrence relation (89) with respect to a
special basis of C2*2, in order to arrive at a more tractable set of scalar recurrence rela-
tions for the coefficients. While the following matrices are different from the one chosen
in [BeTel], they satisfy algebraic relations very close to those obtained and utilized in
[BeTel]. As a consequence most of our proofs require only slight adjustments as compared
to those in [BeTel, BeTe2]. Let

(=10 B -1,
X_< 0 1), Y=-2H Z=_Y,

where 6’ = p'/p. Together with the identity matrix 1, X, Y (£) and Z () from a basis of
R2%2 for every & € R. The following relations now follow without effort:

X'=0, Y=-02z 2 =-0Y, (92)
(X,Y], =[X,Z], =[V,Z], =0, X’=Y?’=-2%=1, (93)
[X,?To]ZZ, D/,Tf'o] :0, [Z,?To] :AXV7 (94)
1-[1,m], =Y. (95)

The relations (92)—(95) agree almost exactly with the corresponding relations derived
and used in [BeTel]. The only differences are a sign change in the last equation in (92)
and in the last equation in (93). These relations show that this basis behaves extremely
well under the operations involved in the recursion (89). This enables us to obtain

Proposition 13. For alln € N, w, is of the form
Tn = Tp X +y,Y + 2,7, (96)

where the functions x,,y, and z, solve the scalar recursion

Tn+1 — 712;; + lalyn (97)

Unir = O (TiTni1—j + Yilni1—s — ZZni1—g) (98)
=1

Zn+1 = —ll',ln 5 (99)
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and satisfy the differential equations

T, = izpga, (100)

Yo = 02, (101)

Z’;L = ixn+1+elyn- (102)
Moreover, _
i

21(€) = 50'(€), 11 (©) = =) =0. (103)

Remark 1. Hence, for all even n, x, = 0, while for all odd n, y, = 2z, = 0. Moreover,
Ty is always purely imaginary, while y,, and z, are real.

Proof. For n =0 we have G; = 0 and thus

m = —i[m}, mo] = =0'[Z, 7] = %G’X,

!
2
which shows (103). For the rest we just have to stick (96) into the recurrence (89) and
use the relations (92)—(95). For G,,+1 we use (93) to obtain
Curr = Y (@ X + Y +22) @ar1-X + Yns1-5Y + 201-52)
=1

<
I

(TjTps1—j + YjUnt1—j — Zj2ns1—5) 1.

|
M=

1

<.
I

With (95) this yields
Gn—l—l - [Gn+177r0]+ = Z (xjxn—}-l—j + YiYn+1—5 — ijn+1—j) Y.
j=1
Next we compute with (92) that
m, =, X +yY +2,7 -0y, Z —02,Y, (104)
which implies with (94) that
[, w0l =xhZ + 2/, X — 0"y, X .

In summary we obtain
n
Tntl = Z (.Z‘ja;‘n+1_j + YiYnt+1—5 — Zj2n+1_j) Y —i (JJ;Z + Z%X — O’ynX) 5
j=1

(99) can be read off. While (100) and (102) follow directly from (97)

from which (97)-
(101) we observe that

and (99), for
0= mom,mo = (—y,, + 0'zn)m0 ,
where the first equality is (90) and for the second equality we use mo X7y = moZmy = 0

(a consequence of (94)) and 7Y 7wy = —m (a consequence of (95)) in (104). O
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Remark 2. From (100) through (102) we may derive recursions for calculating x,, or
Zn, 1.€.

Enial€) = —2l(6) 4 0/(6) ( [r@s@ae- c) . (105)

and

€)=~ (z;(@ —0©) ( [ ©mac+ O)) . (106)

The constant of integration C' must (and in some cases can) be determined by comparison
with (97)—(99). In the case where 6’ is given as in Assumption 2, this strategy will lead
to fairly explicit expressions of the leading order of the coefficient functions z,, y, and
zn, cf. Proposition 16; from these we will extract the asymptotic behaviour of x,,, ¥, and
Zn-

Using (100)—(102), we can give very simple expressions for the quantities appearing
in (85) and (86). As for (86), we use (92) and the differential equations to find

[igag _H, w<”>] — il = e (o 1 X 2 Z). (107)

The term by which 7(") fails to be a projector is controlled in the following proposition.

Proposition 14. For each n € N, there exist functions gny1,k, k < n, with

((r™)2 — ) (g) = (Z €"+’“gn+1,k<£>> 1. (108)
k=1
For each k < n,

/ .
In+1,k = 2(xp2nt1 — ZeTngl)-

Proof. Recalling (84) we have that

n n—=k
(O =7 = 3k S .
k=1 7=0

As before we compute

n—k n—k
> Thpimo; = (@t X + Ykt Y + 2645 2) (@n—j X + Yn—jY + 20— Z)
3=0 3=0

n—k

= (ThtjTn—j + YtYn—j — Zktj2n—3) 1 =t gnt161.

=0
With Proposition 13,
n—k
/ H / /
Int1k = Z 1(2hgjr1Tn—j + Trpjzn—jsr1) + (0" 2k iyn—j + O Yrtjzn—j) +
j=0
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. / /
—(Thrjr12n—j + 2k tiTn—jr1) — (O YrriZn—j + 0 2y jyn—j) =
n—k
I (B4 418 = Zhg Tl + ThopjZnji1 — Thij12n—j) =
=0

= 2i(zpzpt1 — ZkTnt1)-

The last equality follows because the sum is a telescopic sum. O

Since 1 = id is independent of ¢, Proposition 14 gives the derivative of the correction
(7r(”))2 —7(™) to a projector. As above, this gives an easy way for estimating the correction
itself provided we have some clue how to choose the constant of integration.

Our next task will be to construct, from the superadiabatic projections 7™, the
transformation T into the n'" superadiabatic representation. By (84) and (89), (™) is
almost a projection. Thus it has two eigenvectors v,, and w,,. Let

w=(3): == %)

be the eigenvectors of 7y, and write
vn = avg + Bwo, W, = awg — Bug (a, B € C). (109)

We make this representation unique by requiring that 0 < a € R and o + |B]? = 1,
where the latter condition ensures that the determinant of T is constant equal to 2,
which is the value for Tj.

Let T be the linear operator taking (v,,w,) to the standard basis (e;,es) of R? |

ie. ss w3
T = (p,wn) = ( NG b ) (110)
(a=B)vp —(a+P)yp
and

— Ot*ﬁ
1 P
Y CREO N E (111)
VP
where all vectors are column vectors. 7. diagonalizes 7("), thus

Tl — p = ( Aol A02 ) 7 (112)

where \; o are the eigenvalues of 7™, Although «, # and A1,2 depend on n, € and &, we
suppress this from the notation.

Lemma 4.

I
/N
X L
o |
~
~—
|

N =
=l
/N
S ™
| o
|
~——

T, = ( g _f ) and  To(T: 'Y
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Proof. Just compute, using

and
(T = ( 2 a/\;g, ) A ( — -7 >
(o =B)vp —(&+3)yp 2p\ (a=B)yp —(a+0)/p

It will turn out that §,a’«a, and 3’ are small quantities, \], A}, and Ay are even
much smaller, while a? and \; are large, i.e. of order 1+ O(g). This motivates the form
in which we present the following result.

Proposition 15. Suppose \1 # \o. Then for each n € N,

a2€n+1

L _— —
T.(ie0s — H)T. ' = iede — oonpr | 2 PYEY ($n+11 Znt1) ‘R
W(x"+1 + Znt1) -3

with

n+1 2

T)i(anrl Znt1) —|B1? + e(Im(BB") + i’ aRef3)

Proof. Let us write T (ie0¢ — H)T- ' = (M, ), i,j € {1,2}. My and M> 5 are calcu-
lated in a straightforward manner, using Lemma 4 together with the fact To HT; =
dlag(%a _%):

T.(iede — H)T- ' = iede +ieT. Ty 'To(To ) — Ty "o HT, ' T To =
= ie0¢ +ie <

ﬁ)(a’ o -5 —;9'a>
a 6/ 19/ 04/"’%‘913

1 1

(% a) (o

)0
- «
Carrying out the matrix multiplication yields
My = ied¢ +ie(ad + BB — 0 aReB) — %(a2 — 8%
Myy = icde +ic(aa’ + BB +6'aRef) + L(a® - |6]%).

)

o ( 1812 — e(Im(BA') + 6 aRef3) B gt + 2nt1) )

This gives the diagonal coefficients of M when we use a? + |3]? = 1, so that o — |3|? =

1-2|8]? and aa’ = —%(ﬁﬁ/—&—ﬁﬁ’ ). Although we could get expressions for the off-diagonal
coefficients by the same method, these would not be useful later on. Instead we use (112),
ie. T-'D = 7(MT-1 together with (107) and obtain

T.(ied¢ — H)T.'D = DT.(ie0¢ — H)T. ' — "M T (zpn X + 2,1 2)T0. (114)
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By multiplying (114) with eje; from the left and by exej from the right, j,k € {1,2},
j # 0, and rearranging, we obtain

(A — Aj)eje; Te(iede — H) T lepef = (115)

€

= —e"tle e; Te(zn1 X + wpy12) T leef.

€

From the equalities TOXTO_1 = ( _01 _01 ), TOZTO_1 = < _01 é ) and Lemma 4 we

obtain B .
nxTti= | —oB+B) —(a®-5) )
: <—®?—W) o(6+7)
— —2
TEZT_l — a(ﬁ - ﬁ) o? + 57 ;
: (—«ﬁ+ﬂ% ~a(8-TD)
The expressions for M 2 and Mz ; now follow from (115). O

We now use our results from the previous section to express o, f and A; 2 in terms
of xk,yr and 2, k < n. Let us define

X = x(ne8) =Y (), (116)

n = nneé) =5 e (©), (117)

¢ = ((ne & =Y 1_¢ ko (€). (118)
Moreover, let

9= g(n757£) = ZZ:lEn+kgn+1,k(€) (119)

be the quantity appearing in (108).
Lemma 5. The eigenvalues of 7™ solve the quadratic equation
)\%72 - )\1’2 —g= 0.

Proof. By (112) and Proposition 14 we obtain

A2 — A 0 " PN e _ g O
(oM gty ) 2 —nart = (80 )

O
Lemma 6.
a®(A1 = A2) =1 —n— Xy, and aB(A —A2) = —x— (.
Proof. From (109) and o? + |3]?> = 1 one obtains
vy = av, — Bw, . (120)
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Thus, using again (109), we find

71'(”)’00 = )\10[1)” — )\gﬂwn = (/\1042 + )\2|ﬂ|2)v0 + ()\1 — )\Q)Ozﬂ’wo =
(a2(/\1 — )\2) + )\2)’()0 + (/\1 — )\g)aﬂwo.

On the other hand, from (84) and (89) we have

n
™ = 1 + Z f (e X +yrY + 21.2), (121)
k=1
and since Xvg = Zvg = —wy, oo = vg and Yvg = —vg, we find

7™y = (1= n)vo — (x + Qo
Comparing coefficients finishes the proof. O

We can now prove Theorem 1, which we restate here in slightly different form. To
make the connection, note that x, is purely imaginary and z, is purely real, so that
indeed x,, + z,, = —Tn, + Zn.-

Theorem 7. Let g > 0 be sufficiently small. For e € (0,e0] assume there is a bounded
function g on R such that x(£), n(€), (&) and their derivatives x'(£),m'(£), ' (§) are all
bounded in norm by £q(§). Then

) 34+ 0(e%q) —"H (@nt1 = 2n41) (1+ Oeq))
=10, — '
¢ e (zpi1 + 2n41) (14 O(eq)) —3 +0(%q)

Proof. From (121) and our assumptions it follows that 7(") — 7wy = O(eq). Thus \; =
1+ O(gq) and A2 = O(eq), and from Lemma 5 we infer ¢ = O(gq) and

M= (1+VIFD) . =4 (1- VI dg) .
Since A\; — A2 # 0, Lemma 6 yields

2o LEVIFdg -2 —¢-¢
2y/T+4g V1+4ga

Hence o? = 1+ O(eq), and 3,8 and aa’ = (a?)'/2 are all O(gq). We now plug these
into the matrix R in Proposition 15. This shows the claim. O

8=

6 Asymptotic behaviour of superadiabatic represen-
tations
The next step in the program is to understand the asymptotic behavior of the off-diagonal

elements of the effective Hamiltonian in the n*" superadiabatic basis for large n. Accord-
ing to (122) this amounts to the asymptotics of x,, and z, as given by the recursion
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from Proposition 13. It is clear that the function 6" alone determines the behavior of this
recursion. As in [BeTel, BeTe2] it will in fact be the poles of this function closest to the
real axis that play the dominant role; thus we first investigate the special case

(&) =~ (5;& + 5_11&) : (123)

and then turn to a perturbation as allowed in Assumption 2. Fortunately, all the changes
relative to [BeTel, BeTe2] occur in the error terms of the explicit part stemming from
(123), and so we have to redo only a small part of the work.

We use (106) in order to determine the asymptotics of z,. From Proposition 13
together with (97)—(99) it is clear that y, must go to zero as & — +oo. This fixes the
constant of integration in (106), and we arrive at the linear two-step recursion

¢
Znt2(§) = —d% (Zil(é) - 9'(5)/_ 0'(s)2n(s) d8> : (124)

Let us define

0= with  f) =

€ et
and let us put o; =1 — 20¢ j, i.e. 0; = —1 for j = 0 and 0; = 1 otherwise. We obtain
Lemma 7. For each m > 1,
~ v m—2 1 k+1
O'Re(f™) = LIm(fm) - L Z () Im (f™F) (125)
3 & 2 \2
5 m—1
—= Y 0,27 Im (fmHI 126
m\/ _ m m+1
(/™) =~ Re(f"), (127)
Re(f") = & tm(f"*). (128)

Proof. We have ff = Z(f + f), and thus

PF= N+ B = 54 )
and
. . m—1 k+1 m
!/ rmo_ -1y m mzF\ __ -1y m 1 m— 1 T
o= (g f)—€C<f “—;_()(2) - (3) f>. (120)

Taking the the real part of (129) yields (126). To prove (127) and (128), it suffices to
observe that (f*) = %fk+1). ©
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Proposition 16. For each evenn € N and j = 0,...,n — 1, let the numbers ag-n) be
recursively defined through

o =1, d?P=o0, (130)
M2 = n+tl-j (n—j) (n) _ ~? Z Ji=k Z ThmalV (131)
J (n+1)n "

for 3 <n and a™? = 0. Then

n+1

Zn = - ( — 22 J (n Re(f™7) (n even), (132)

c =0
O ] Bty A R n) o
Yn = -7 - 22 J ,Zaj_kak Re(f"™7) (n even), (133)
¢ j=0 "I

J

. (’fl — 1)‘ "—127]' n (n+1) I n—j dd 134

T, = 1Y m 7n—jaj m(f"7) (n odd), (134)
C JZO

Proof. We proceed by induction. We have x; = i6’/2 = glm(f), and thus by (100) and
(128),

2o = —iz} = —?Re(f )-
This proves (132) for n = 2. Now suppose that (132) holds for some even n € N. Then
by (100) and (128), (134) holds for n — 1. To prove (133) for the given n, we want to use
(101). (126) and the induction hypothesis on z, yield

(nfl)'"_l n—j—1
elzn = _72 n+1 : Zagn) Z Uin(k+j)Im(fn+1i(j+k)) =
¢ j=0 k=0
_ o (n—1)! - —m - (n) n+l—m
= ?;02 (;0 Om—ja;” | Tm(f ). (135)

Since (135) only contains second or higher order powers of f, it is easy to integrate using
(128). Let us write

(136)

Then by (128) we obtain

/ 0 (s)2n(s) ds = —> 21! ZZ‘mb(”)R (),
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proving (133) for n. It remains to prove (132) for n 4+ 2. We want to use (124), and
therefore we employ (126) and our above calculations in order to get

o' (t) 0'(s)zp(s)ds =

1 n—j+1

s(n =D~ : n+l—j
=7 §n+1 2 Zgjfkbk Im(f )
¢ 0

k=0

’ (n—1)! = —j (n) . n+l—j
2 = = 277 (n — ) Im(f).
C _720

Now we take the difference of the last two expressions, take the derivative of that and
obtain

(n—1)! J .
e = <y 22 in+1-7) (( al — 2Zaj_kbk> Re(f+29).
k=0
Comparing coefficients, this proves (132) for n + 2. O

(n)

We now investigate the behavior of the coeflicients a; " as n — oc.

Proposition 17. Let agn) be defined as in Proposition 16.

(n) - sin(*wr/?)
(o) o = =02 (140 (35)).
(b) There exists C; > 0 such that for alln € N

Inn
-1

la (”)| < Cl
(c) For each p > 1 there exists Co > 0 such that for alln € N

C
supp~I[al”| < —2
§>2 n—1

Proof. (a) By (130), agz) =1, and

2
n+2 n Y
aé ):aé)(l—nz).

Comparing with the product representation of the sine function ([AbSt], 4.3.89)
sin(ma —7T.TH (1—) ,
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we arrive at (a).
(b) Put v, = (n — 1)a{™. Then by (131),

2,2
oY 2 1 1 (n)
nas = (11— —90L ) — - — .
Qn42 04( (n—1)2> 70001<n+n_1)a0
thus for n — 1 > v, we have
1 1 m
lon 42| < |O‘n|+'72 <n+n—1> Inrllg}N(\a(() )|»
which shows (b).

(c) Put cg") =(n— l)p*jagn), and ¢™) = max;>o |c§")|. We will show that the sequence
(") is bounded. We h
™ is bounded. We have

. J k
(_n+2) _ n+1-—j o (n) 2 Oj—k _J.l,_m (n)
¢ Py ((n j)e; vy kZZn : ZQU;C,
: Ok0j—k ! Ok—-101
—(n—1)p iy ( & Z nij n) Z )) . (137)
k=0
Now
’ : (| < o L P2
—m —J+m (n < n 138
and _
j . _;
» 1 (+1)p 1
J < < . 139
A Dy e B Ty (139)

We plug these results into (137) and obtain

(n+2) w((n+1—=7m—7)  (+1-j)*p* 1
CRNEE A)( n(m - 1) m—ﬁ@—UQMn—U)+
(n+1—j)p*y? (

1 (n) (n)
nn =7 Deip @ [T larD-

By (a) and (b), a(()n) and agn) are bounded. Taking the supremum over j > 2 above, we
see that there exist constants By and By with

Jnv2) o (P22 B ) B
n n(n—1) n

) o 1 (( By ) )y 32) _
n -1

Now let n — 1 > By. Then for ¢(™ > By, the above inequality shows ¢("t2) < ¢ while
for ¢ < By, c(n12) < () + By/n < By(1+1/n). Thus ¢ is a bounded sequence. [

)

hence
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Corollary 4. Let b;n) be given by (136). Then for each p > 1, there exists C5 > 0 such

that o
supp ™~/ b;") < 3
520 n—1

Proof. For j <n—1, we have n — 1 < j(n — j), and thus Proposition 17 (c) gives

) —J ) C 2 )

—ip) < P ), > P 1) <
p J — n_j (ao +a1 )+n_1p_1( ) —
o e a™) G 1 Gy
- n—1 p—1n—1"n-1"

O

Given the results of Proposition 17 and Corollary 4 together with Lemma 7, we can
now derive Theorems 2 and 3. The proofs are word for word the same as in [BeTel] and
[BeTe2| from here on, and so we omit them.

7 Appendix

In this appendix we discuss the validity of the assumption &5y € C3(A), which is part of
Assumption (V3), for a class of potentials including our example V(z) = exp(—xz2/0?)
from Section 3. The following considerations suggest, however, that the assumption
should hold generically.

Let V(z) satisfy (V1)-(V4) and assume that z.i(F) lies on the positive imaginary
axis for all F and that V(z) is real on the imaginary axis. In addition assume that we
are in the natural situation when V(zeit(F)) = F and V'(2¢it) # 0. Then

Zcrit(E) _izcrit(E) 1
(E) = Im / 2z, E) 'dz = / - dz
€.(2) [ #eE) | v
1
1
= —izcrit(E)/ dy > 0.
0 \/E = V(zait(E)y)

To show existence of £/ we need to differentiate the integrand, since zeit(F) is analytic
by the implicit function theorem. We find

d 1 1 1 ) .
AE VB Vo ®) 28— V@i eV G () (140)

To see that this is still integrable we make a Taylor expansion at y = 1 for the two terms
appearing and use that differentiating V(zeit(F)) = F yields 2z (E)V/ (zait(F)) = 1:

crit

YU BV (ze(B)y) = #(E)V'(2e(E)) + (y — 1) (2L(E)V'(e(E)) + #(E)ze(E)V" (2 (E)) )

(v =) (1+UE)z BV (=(B)) + O((y - 1)?)
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implies that
1= g2l (B)V' (2e(E)y) = (1= ) (14 2UE)ze E)V" (e(E)) ) + O((y = 1)?) ,
where we abbreviate z. := z.it. On the other hand
E~V(z(B)y) = (1 - y) 2(E)V (2(E)) + O(y — 1)%)..

Since V'(z.(E)) is bounded away from zero on the compact interval A, we can find a
bound on the integrand (140) of the form C'(1—y)~*/2 uniform in E on compact intervals.
Differentiating (140) once more, similar arguments yield &.(E) € C3(A).

A slight generalization of the above argument still shows &. € C3(A) if we drop the
symmetry assumptions and only assume that V(zei5(E)) = E and V' (2erit) # 0. Instead
of integrating along the imaginary axis one integrates along the upper part of the Stokes
line connecting zcit and Zepit-
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