Random Time-Dependent Quantum Walks

Alain Joye*!

Abstract

We consider the discrete time unitary dynamics given by a quantum walk on the lattice
Z% performed by a quantum particle with internal degree of freedom, called coin state,
according to the following iterated rule: a unitary update of the coin state takes place,
followed by a shift on the lattice, conditioned on the coin state of the particle. We study
the large time behavior of the quantum mechanical probability distribution of the position
observable in Z¢ when the sequence of unitary updates is given by an i.i.d. sequence of
random matrices. When averaged over the randomness, this distribution is shown to display
a drift proportional to the time and its centered counterpart is shown to display a diffusive
behavior with a diffusion matrix we compute. A moderate deviation principle is also proven
to hold for the averaged distribution and the limit of the suitably rescaled corresponding
characteristic function is shown to satisfy a diffusion equation. A generalization to unitary
updates distributed according to a Markov process is also provided.

An example of i.i.d. random updates for which the analysis of the distribution can be
performed without averaging is worked out. The distribution also displays a deterministic
drift proportional to time and its centered counterpart gives rise to a random diffusion
matrix whose law we compute. A large deviation principle is shown to hold for this example.
We finally show that, in general, the expectation of the random diffusion matrix equals the
diffusion matrix of the averaged distribution.

1 Introduction

Quantum walks are models of discrete time quantum evolution taking place on a d-dimensional
lattice. Their implementation as unitary discrete dynamical systems on a Hilbert space is
typically the following. A quantum particle with internal degree of freedom moves on an
infinite d-dimensional lattice according to the following rule. The one-step motion consists
in an update of the internal degree of freedom by means of a unitary transform in the
relevant part of the Hilbert space followed by a finite range shift on the lattice, conditioned
on the internal degree of freedom of the particle. Quantum walks constructed this way
can be considered as quantum analogs of classical random walks on lattices. Therefore, in
this context, the space of the internal degree of freedom is called coin space, the degree of
freedom is the coin state and the unitary operators performing the update are coin matrices.
Due to the important role played by classical random walks in theoretical computer
science, quantum walks have enjoyed an increasing popularity in the quantum computing
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community in the recent years, see for example [28], [3], [21], [23]. Their particular features
for search algorithm is described in [34], [4], [27] and in the review [31]. In addition, quantum
walks can be considered as effective dynamics of quantum systems in certain asymptotic
regimes. See e. g¢. [11], [1], [28], [26], [9], [30], for a few models of this type, and [6],
[8], [12], [14], [5] for their mathematical analysis. Moreover, quantum walk dynamics have
been shown to be an experimental reality for systems of cold atoms trapped in suitably
monitored optical lattices [19], and ions caught in monitored Paul traps [37].

While several variants and generalizations of the quantum dynamics described above are
possible, we will focus on the case where the underlying lattice is Z% and where the dimension
of the coin space is 2d. We are interested in the long time behavior of quantum mechanical
expectation values of observables that are non-trivial on the lattice only, i.e. that do not
depend on the internal degree of freedom of the quantum walker. Equivalently, this amounts
to studying a family of random vectors X,, on the lattice Z%, indexed by the discrete time
variable, with probability laws P(X,, = k) = Wy(n) defined by the prescriptions of quantum
mechanics. The initial state of the quantum walker is described by a density matrix.

The case where the unitary update of the coin variable is performed at each time step
by means of the same coin matrix is well known. It leads to a ballistic behavior of the
expectation of the position variable characterized by Eyy(,)(X,) =~ nV when n is large, for
some vector V. This vector and further properties of the motion can be read off the Fourier
transform of the one step unitary evolution operator.

In this paper, we consider the situation where the coin matrices used to update the
coin variable depend on the time step in a random fashion, that is a situation of temporal
disorder. Let us describe our results informally here, referring the reader to the relevant
sections for precise statements.

We assume the sequence of coin matrices consists of random unitary matrices which are
independent and identically distributed (i.i.d.) and we analyze the large n behavior of the
corresponding random distribution W*(n) of X¥. We do so by studying the characteristic
function ®¥(y) = EWw(n)(ein;;)' In Section 2, we first show a deterministic result saying
that the characteristic function at time n can be expressed in terms of a product of n
matrices, M;, each M; depending on the coin operator at step j only, in the spirit of the
GNS construction, see Propositions 2.9, 2.13. In the random case, the Mj;’s become i.i.d.
random matrices M.

Then we address the behavior of the averaged distribution w(n) = E,(W¥(n)) of X,
for n large in Section 3. Theorem 3.10 says under certain natural spectral assumptions on
the matrices E,(M,,) that X,, displays a ballistic behavior

Eop(n)(Xn) = n7 € R?

where T is a drift vector depending only on the properties of the deterministic shift operation
following the random update of the coin state. Moreover, the centered random vector
(X, —n7) is shown to display a diffusive behavior characterized by a diffusion matrix D we
compute:

Ew(n)((Xn - n?)Z(Xn - nF)j) ~ TLDZ']‘, 1,7 =1,2,--- d.

We also show in Theorem 3.10 that for any ¢ > 0, y € R% the averaged and rescaled
characteristic function e“[7v/ \/ﬁEw(Cbﬁn] (y/+/n)) converges for large n, in a certain sense,
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to the Fourier transform of superpositions of solutions to a diffusion equation, with diffusion
matrix D(v), v € T?, the d-dimensional torus:

e—z[tn]ry/\/ﬁEw(@ﬁn](y/\/ﬁ))_)/ 6_%<y‘D(”)y>dv/(2ﬂ')d.
Td

In Section 4, we briefly discuss the relationship between the drift vector 7 and the
diffusion matrix D in case the deterministic shift can take arbitrarily large values. Then we
investigate finer properties of the behavior in n of the averaged distribution in Section 5.
Theorem 5.2 states that a moderate deviation principle holds for w(n): there exists a rate
function A* : R — [0, 0o] such that, for any set ' € R% and any 0 < a < 1, as n — oo,

P(X,, —nF € n(@+V/21) ~ g7 infoer A(@) (1.1)

In Section 6, we consider a distribution of coin operators which allows us to analyze
the random distribution W% (n), without averaging over the temporal disorder. This dis-
tribution is supported, essentially, on the unitary permutation matrices. We show that in
this case W% (n) coincide with the distribution of a Markov chain with finite state space
whose transition matrix we compute explicitly. Consequently, we get that the centered
random vector X% — n7 converges in distribution to a normal law N (0, X), with an explicit
correlation matrix ¥, and an explicit deterministic drift vector 7 given in Theorem 6.6. In
turn, this allows us to show in Corollary 6.8 the existence of a random diffusion matrix D%
such that

Epom) (X5 —nr)i( X)) —n7);) =~ nDy, 4,5 =1,2,--- ,d,

whose matrix elements Df; are distributed according to the law of X¢ X > where the vector
X% is distributed according to A (0,X). Finally, a large deviation principle for the random
distribution W« (n) is stated as Theorem 6.14. This example also shows that we cannot
expect almost sure convergence results for random quantum walks.

We close the paper by showing how to generalize the results of Sections 3 and 5 to
the case where the random coin matrices are not independent anymore and are distributed
according to a Markov process with a finite number of states. See Section 7.

Let us comment about the literature. In a sense, the situation we address corresponds
to the cases considered in [29], [17], [15] where the dynamics is generated by a quantum
Hamiltonian with a time dependent potential generated by a random process. For quantum
walks, the role of the random time dependent potential is played by the random coin
operators whereas the role of the deterministic kinetic energy is played by the shift.

Quantum walks with unitary random coin operators have been tackled in some numerical
works, see [32], for example. On the analytical side, we can mention [24] (see also [16]) where
particular hypotheses on the coin matrices reduce the problem to the study of correlated
random walks. During the completion of the paper, the preprint [2] appeared. It reviews
and addresses several types of quantum walks, deterministic and random, decoherent and
unitary. In particular, the averaged dynamics of random quantum walks of the type studied
in the present paper are tackled, by means of a similar approach. The results we prove,
however, are more detailed and go beyond those of [2].



We finally note that there exist another instance of random quantum walks in which
the randomness lies in space rather than in time. In the present context, this means the
coin operators depend on the sites of the lattice and are chosen according to some law,
in the same spirit as for the Anderson model. Dynamical or spectral localization are the
phenomena on interest there. See for example [22],[16], [33] and references therein for results
about such questions.

Acknowledgements It is a pleasure to thank L. Bruneau, E. Hamza, M. Merkli and
C.A. Pillet for fruitful discussions and suggestions about this work.

2 General Setup

Let H = C?* ® 1?(Z%) be the Hilbert space of the quantum walker in Z? with 2d in-
ternal degrees of freedom. We denote the canonical basis of C* by {|7)},. 14, where
I, = {+1,42,...,4d}, so that the orthogonal projectors on the basis vectors are noted
P, = |7)(r|, 7 € I.. We denote the canonical basis of I>(Z%) by {|x)},cz4¢. We shall write
for a vector ¢ € H, 1 = Y, cza ¥(x)|z), where ¢(z) = (z[¢p) € C* and Y, cya [[¢0(2)|200 =
|l¥||*> < oco. We shall abuse notations by using the same symbols (-|-) for scalar products
and corresponding ”bra” and "ket” vectors on H, C?? and 1?(Z%), the context allowing us
to determine which spaces we are talking about. Also, we will often drop the subscript C2¢
of the norm.

A coin matriz acting on the internal degrees of freedom, or coin state, is a unitary matrix
C € Myy(C) and a jump function is a function r : Iy — Z.
The corresponding one step unitary evolution U of the walker on H = C2? @ [2(Z%) is
given by
U=S(C®I), (2.1)

where I denotes the identity operator and the shift S is defined on H by
S =Y Y Poltr@)el+ P+ r(—7)) x|
reZd re{l, ,d}

= Y S Polrtr(n)al (2.2)

xeZd TelL

By construction, a walker at site y with internal degree of freedom 7 represented by the
vector |T) ® |y) € H is just sent by S to one of the neighboring sites depending on 7
determined by the jump function r(7)

S ely) =In) @y +r(r). (2.3)

The composition by C ® I reshuffles or updates the coin state so that the pieces of the
wave function corresponding to different internal states are shifted to different directions,
depending on the internal state. We can write

U=)Y > PC&lx+r())l. (2.4)

xeZd TElL



Given a set of n > 0 unitary coin matrices Cy € My(C), k = 1,--- ,n, we define the
corresponding discrete evolution from time zero to time n by

U(n,O) =U,U,_1---Uy, where U,=S8 (Ck & ]I). (2.5)

Let f : Z* — C and define the multiplication operator F' : D(F) — H on its do-
main D(F) C¢ H by (Fy)(x) = f(z)(x), Vo € Z%, where ¢ € D(F) is equivalent to
Y rezd |f(x)|2|]w(a:)||(zcd < 00. Note that I acts trivially on the coin state.

When f is real valued, F' is self-adjoint and will be called a lattice observable.

2.1 Vector states

In particular, consider a walker characterized at time zero by the normalized vector ¥y =

o ® |0), i.e. which sits on site 0 with coin state ¢g. The quantum mechanical expectation

value of a lattice observable F' at time n is given by (F)y,(n) = (¢o|U(n,0)* FU (n,0)vy).
As in [16], a straightforward computation yields

Lemma 2.1 With the notations above,

Un,0) = Y > PCuP_Cny-- PGy

x€ZA 1,72, T €L

|z +7r(m) + -+ r(m)) x|

= Z Z Jp(n) ® |z + k) (x|, (2.6)

x€Z3 keZd

where
Jen)= Y PrCnP,_Cyh1---PrCy € My(C) (2.7)

T15T25ens TRElL™
n T(Ts) k

and Jp(n) =0, if >0 r(7s) ;é k. Moreover, for any lattice observable F', and any normal-
ized vector g = pg @ |0),

(F)yo(n) = (o|U*(n,00FU(n,0)¢0) = Y f(k){polJk(n)* Jx(n)e0)

kezd
= 2 J(k)Wiln), (2.8)
kezd
where Wi(n) = ||Jk(n)cp0\|(%2d satisfy
> Wiln) = 37 Is(n)eollzas = wollf = 1. (2.9

kezd kezd

Remark 2.2 We view the non-negative quantities {Wy(n)}nen+ as the probability distri-
butions of a sequence of Z*-valued random variables { X, }nen+ with

Prob(X,, = k) = Wi(n) = (o|U(n, 0)* (1@ [k)(k[)U (n, 0)0) = || Jx(n)¢ol|gea,  (2.10)

in keeping with (2.8). In particular, (F)y,(n) = By, (n)(f(Xn)). We shall use freely both
notations.



Remark 2.3 All sums over k € Z* are finite since Jp(n) =0 if max;—; 4
some p > 0 since the jump functions have finite range.

kj| > pn, for

We are particularly interested in the long time behavior, n >> 1, of (X?2),,(n), the expec-
tation of the observable X2 corresponding to the function f(z) = 2% on Z? with initial
condition 1. Or, in other words, in the second moments of the distributions {Wj(n)},enx-

Let us proceed by expressing the probabilities Wi (n) in terms of the Cy’s, k =1,...,n.
We need to introduce some more notations. Let I,(k) = {r1,---,7,}, where 7, € Iy,
l=1,...,nand > ;' r(r) = k. In other words, I,(k) denotes the set of paths that link

the origin to k& € Z% in n steps via the jump function r. Let us write g = Y orer, Or|T).
Lemma 2.4
n
Wi(n) = > Trgan (|CF ) (m|Cimo) [ [(ria|CF 7)) (mslCs 7). (210)

70’{717"',771}6[7%}9) s=2
) h YeIn (k)

s.t. Tn:TTI,L

We approach the problem through the characteristic functions ®,, of the probability
distributions {W.(n)}nen+ defined by the periodic function

O (y) = By (€¥) = > Wi(n)e™*, where y € [0,2m)". (2.12)
kezd

To emphasize the dependence in the initial state, we will sometimes write ®}° and/or
W7°(n). All periodic functions will be viewed as functions defined on the torus, i.e.
[0,27)% ~ T¢. The asymptotic properties of the quantum walk emerge from the analy-
sis of the limit in an appropriate sense as n — oo of the characteristic function in the
diffusive scaling

Tim ®, (y/v/n) (2.13)

Looking for a relation between Wy (n) and Wy (n+ 1), we find that the condition 7, = 7},
is a nuisance we can relax now and deal with later.

k

Consider the set of paths G, (K) in Z?? from the origin to K = <l<:’

) € 72 via the

(extended) jump function defined by
Ts (s
R:I2 - 7%, R( ,> = <TET,§> , (2.14)

Ts

that is paths of the form (T,---,T,-1,T,), where Ts = (T,) €3 s=1,2,...,n, and
S

>»_; R(Ts) = K. Then note that the generic term in Lemma 2.4 reads
(To1|C5 T |Cs T5—1) = (TL|Cs T4 ){(T5|Cs T51) = (107 |(Cs®C5) Ts-1®75_1), (2.15)
where, in the last expression, we introduced the unitary tensor product

V(s)=Cy®C,s in C*eC?, (2.16)
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The canonical basis of C?? @ C?? is {|7 @ 7’ )} rrye 12> hence, with the identification

T= (77_-/> ~ |t 1), (2.17)
we can write the matrix elements of V (s) as
(00 |(Cs0C) rar)=V(s)sr, S= (;’,) T = <TT,) el (2.18)

With the decompositions

Yo = Z a-|T) = Xo = o ®@ Py = Z ar;a|T @7 (2.19)
Tclt (r,)el}
we can write
_ T
<T1|V(1)X0> = Z V(l)TlToAToa where ATo = QroQr/, for Ty = <7_(/)> . (220)
0
ToEIi

With these notations, we consider the weight of n-step paths in Z2? from the origin to
K, with last step T, defined by

Wi (n) = > V(n)rr, - V(2)nn V(D 7ix- (2.21)

(T, ,Tn_l)eli"_l s.t.
(T1,+,Tp—1,T)EGn(K)

Note that by construction, see Lemma 2.4,

Wi(n) = Y WE (n) with K= <Z> and Hy = {(:) 7€ Ii}. (2.22)

TeH+

We also introduce corresponding periodic functions ®2, n > 0 by
ol(v) = Z eYEWE(n), where Y € T (2.23)
Kezz2d

and, see (2.20),
ol (V)= Arp. (2.24)

These definitions lead to the sought for relationships:

Proposition 2.5 Foralln €N, T € I3, K € Z*% and Y € T?,

Wikn+1) = > V(n+1)rsWg_ gy (n), (2.25)
Sei?

ol (V) = D V(4 1)pg®5(Y). (2.26)
Sei?



We can express these relationships in a yet more concise way as follows. Recall that for
each basis vector T ~ 7 ® 7/ and each vector Y = (y,7') € T% x T?, we have

YR(T) =yr(r)+y'r(7') € R. (2.27)
Introduce the vectors in C44” ~ C24 ®C?% with Y € T?¢ and n > 0

&,(Y)= Y Of(V)rer) and o= Y = Aplreor) (2.28)
T=(r,7)el? T=(r,7)€l?

where ®( is determined by the internal state ¢y only and is independent of Y.
With the matrices on C2¢ @ C24 ~ C4” expressed in the ordered basis I3 by

D)= > D rer)rer|, with YV eT¥, (2.29)
T=(r,7")el?
and
V(s)=Cs®Cs, Ms(Y)=DX)V(s), (2.30)
we get the

Corollary 2.6 For anyn >0 and Y € T?¢,
®,(Y) = M,(Y)Mp_1(Y)--- M1(Y)®y. (2.31)

Remark 2.7 The matriz D(Y') can be expressed as a tensor product of unitary diagonal
matrices. Let Y = (y,y') € T¢ x T¢. Then

D(y,y') _ Z ei(yr(r)+y/r(7—’))|7_ ® T/> (T Q 7_/| _ Z eiy’l‘(T)’T> <7_’ ® Z eiy/r(r')|7_/> <7_/‘
(r,7)€el? rels el
= d(y)®d(y) where d(y) = Z eV |7\ (7). (2.32)
TElL

Consequently, we can write
M(y,y') = d(y)Cs ® d(—y')Cs. (2.33)

Together with the fact that ®¢g = po ® @y, this yields

@,(y,y) = d(y)Cn---d(y)Cipo®d(—y)Crd(—y') - Ci o

= Tn¥)po @ Tn(—v) o = (Tn(y) @ Tn(=¥')) vo @ Po. (2.34)

We note here for future reference that 7, (y) is the Fourier transform of Ji(n):

Lemma 2.8 For any y € T¢

Tn(y) =Y ¥ Ji(n). (2.35)

kezd



Proof: With the convention (2.27), the right hand side reads

Z Z eiy(T(T1)+"'+T(T"))PTnCnPTn,lCnf1 POy

k‘EZd (71,7255 Tn>61in
E?:l r(rs)=k

= > V) |7, ) (7| o 1) |1y ) (71| Cray -+ €7 |1y ) (71 | €1

(71,72, Tn ) EILT

= d(y)Cnd(y)Cp—1---d(y)C1 = Tn(y). (2.36)
[ |

Eventually, the characteristic function ®,,(y) we are interested in, see (2.12), can be

obtained from @,,(Y). We shall denote the normalized measure on the torus T¢ by do =
dv
(2m)¢”

Proposition 2.9 For anyn € N and y € T?,

P70 (y) = /d<‘1’1’Mn(y —0,0)Mp_1(y —v,v)--- Mi(y — v,v)®0) do, (2.37)
T
where
U= > |T)=)> |re7). (2.38)
TeH+ TElL

Proof: Following (2.22), to get ®,(y) from {@Z(Y)}Te[i we need to restrict the sum in

(2.23) to K = Ky, k € Z¢, and to sum on all last steps T € H.
Let a be the distribution on C*°(T¢ x T9) defined by

o(f() = [ fv. vy (2:39)
Its Fourier coefficients satisfy a(K) = &y x/, for all K = (k, k') € Z*? so that
> EWEMn) g = axBL(Y) = a(BL(Y - -)). (2.40)
K=(k,k)

On concludes using periodicity and by observing that the form (¥q] yields the summation
onT € Hy. H

Remark 2.10 Noting that W1 =3 ;. |T®T), we get

) = 3 [ (19 - e TIT o ds

Tely

= /Ed Tl"(jn(y - v)|900><900’\.7;(—’1))) d

— [T - ol e do (2.41)



2.2 Density matrices

The analysis above can easily be adapted in order to accommodate more general initial
vectors or density matrices.

A density matrix p is a trace class non-negative operator on H = C?? ® 12(Z9) which
can be represented by its kernel

p= (p(x7y))(x,y)€Zd><Zd7 where p(l‘,y) € Mgd(@) (242)
such that
p=">_ pla,y) @ z)yl. (2.43)
(z,y)€Z24
The matrix p(z,y) satisfies
plz,y) = p*(y,x) = pz,z)=p"(z,2) >0 (2.44)
and its elements are given by
por(x,y), (0,7) €L, sothat (¢ @z|pT @Y) = por(,y). (2.45)

Since p > 0 is trace class, and C¢ is finite dimensional, we have

™ Trole,2) = ol < oo, (2.46)
x€Z4
oz, )|| < Trp(z,z) < 2d|p(z, )] (2.47)

The expectation value of a lattice observable F' =1 ® f in the state corresponding to p
reads

(F)o=Tr(p(I@ f)) = Y f@)Tr(p(z, ), (2.48)

zeZ4

where the first trace is on H and the second on C?¢, assuming that the sum converges.
If po denotes the initial density matrix, its evolution at time n under U(n,0) defined by
(2.5) is given by
pn = U(n,0)poU"(n,0) (2.49)

and the expectation of the lattice observable F' is denoted by

(F)po(n) = Tr(pn(l® f)), (2.50)

if it exists.
Let us specify regularity properties on the lattice observable F' =1 ® f and the initial
density matrix pg which imply that all manipulations below are legitimate.

Assumption R:
a) The lattice observable is such that, for any u < oo, 3C), < oo such that

Fla+y)| < Culf@)], V(xy) €28 x Z¢ with[y] < p. (2.51)
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b) The kernel po(x,y) is such that

> oz y)ll < oo (2.52)
(z,y)€ZIXx 7%
> 1 @)lpo(z, )| < oo. (2.53)
x€Z4

In a similar fashion to Lemma 2.1, we can express (F'),,(n) in the following way
Lemma 2.11 The kernel of p, reads
pley) = Y Tuwpole — vy — K)Jp (). (2.54)
(k,k")ezdx 24

Let F =1® f and po satisfy Assumption R. Then p, satisfies Assumption R b) and
(Floo(n) = D> f(z) > Tr(Je(n)po(z =k, z = K)Jji(n))

z€Z4 (k,k")eZdx 74
= > ) D> T(Fpm)Jk(n)po(z — k2 — k), (2.55)
2€Z4 (k,k")eZex74

Proof: Since for all n € N, the summations on k and k" are restricted to ||k|| < p(n) and
|7k (n)]| < ¢(n), we need to control

ST D> oz = k2 =) (2.56)
z€Z4 (k,k")eZIx 7%

under Assumption R. Now, pg > 0 implies P.ypoPy, > 0, where P, is the orthogonal
projector on H

Poy =10 |z)(z[ +1® [z)(y| + 1@ [y){(z| + T |y)(yl- (2.57)
In other words, the following 4d x 4d block matrix is non-negative
pla,x)  pla, y))
. 2.58
(p*(ax y) rly,y) (2:58)

According to Lemma 1.21 in [36], this is equivalent to p(z,z) > 0, p(y,y) > 0 and IV,
W] <1 such that p(z,y) = p(z,2)"*Wp(y,y)'/*. Hence,

lp(z, Il < o, )Moy, y)]| /2. (2.59)
Applied to (2.56), this yields together with Assumption R and Cauchy Schwarz,

2 < D UMM YD leolz = k2 = R llpo(z — K,z = k)|

z€Z? (k,k")ezdx24

< Cu S S =Bl — k=R x

(k,k")ezd x 29 2€74

EAONTIENES
x(1f(z = K)lllpo(z = ',z = K)[)'/?

Crn Yoo 1] 2 l@lliee(e )] < oo (2.60)

Kl <p(n),[|K | <pa(r) A

IN
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This generalization of Lemma 2.1 allows us to give an interpretation in terms of classical
random walk on Z¢

P(X,=2) = Tr(pn(z,2)) = W(n), (2.61)

with corresponding characteristic function ®7°(y) = >, 4 €¥*W(n).
Due to the expression of W,(n) as a convolution, the characteristic function will be
expressed as a product of Fourier transforms.

For Y = (y,y') € T¢ x T¢, we define the matrix valued Fourier transform of a density
matrix pg by
Ro(Y)= Y W Fpo(k, k') € Myy(C). (2.62)
(k") €24 X 7

Because of (2.46) and (2.44), Ry is uniformly continuous in Y and satisfies
Ri(y,y') = Ro(—¢/, —y). (2.63)

Then, the Fourier transform of J, being J Lemma 2.8, the Fourier transform R, of p,
reads

Ru(y,y) = S ) N Ju(m)pol(a — k2l — K) T (n)
(z,2)EZ4 X 24 (k, k') EZAx 7
= Tu(y)Ro(y, v )T (=) (2.64)

Proceeding as above, we arrive at the generalization of (2.41)

Lemma 2.12 For any y € TY,
Oro(y) = / Tr Ry (y — v,v) do (2.65)
Td

—0)Ro(y — v, v) 7y (—v)) dv

\

Td

/ Tr (T (—0)Ta(y — v)Roly — v, v)) di.

Td

Let
Z (t|Ro(y,y)7') T @ 7') € C* @ C*°. (2.66)

T,T’)EI

Then, making use of the identity

My (y, 4" )My—1(y,y") - Mi(y,y) = Tn(y) @ Tn(—y"), (2.67)
it is straightforward to get from (2.65) the following generalization of Proposition 2.9

Proposition 2.13

Oro(y) = /Td(\IlﬂMn(y —0,0)Mp_1(y —v,v) - Mi(y —v,v)Rp(y — v,v))do. (2.68)

12



Remark 2.14 The map y — Ro(y — v,v) is continuous only under (2.46). Under As-
sumption R for an observable increasing at infinity, this map becomes more reqular.

Remark 2.15 The procedure consisting in extending the space C*¢ where the Cj’s act to
the tensor product C**® C2? where we consider C; ®6j 1s parallel to the GNS construction.
Once the Fourier transform in position space is taken, it allows us to write the action of
the one-step dynamics in the coin variables as the action of a unitary matriz in C2¢ @ C%
and to replace the density matrix by a vector.

3 Random framework

For a deterministic non periodic set of coin operators, not much can be said about (F'),(n)
in general. Therefore we consider the following random quantum dynamical system which
defines a quantum walk with random update of the internal degrees of freedom at each
time step. Let C(w) be a random unitary matrix on C>? with probability space (2, o, du),
where dyu is a probability measure. We consider the random evolution operator obtained
from sequences of i.i.d. coin matrices on (QN*,]-" ,dP), where F is the o-algebra generated
by cylinders and dP = Qgen+dp, by

Uz(n,0) = Up(@)Up—1(@) - - - U1 (@), where Ug(w) =5 (C(wg) ®1), (3.1)

and W = (w1, wo,ws,...) € QN The evolution operator at time n is now given by a product
of i.i.d. unitary operators on H. We shall denote statistical expectation values with respect
to P by E.

All results of the previous section apply, with each occurrence of C; replaced by C'(ws). A
superscript w will mention the resulting randomness of the different quantities encountered.
In particular, the random dynamical system at hands yields random matrices Ji'(n) €
My4(C), which, in turn, define random probability distributions {WZ(n)},en+ on Z¢ which
satisfy (2.9) for all n € N* and @ € QY. The corresponding characteristic functions i
become random Fourier series whereas ®%¥(Y') is obtained by the following product of i.i.d.
random matrices

(I)E(Y) - Mwn (Y)Mwn71 (Y) T Mwl (Y>@0 (3'2)
where, with Y = (y,v/),
M, (Y) = DY)V (ws) = d(y)C(ws) ® d(—y')C(ws) (3.3)

are distributed according to the image of du by the inverse mapping C' +— D(Y)C ® C.

3.1 Diffusive averaged dynamics

We consider in that section the statistical average of the motion performed by random
quantum walk, and, more specifically, its diffusive characteristics. For the lattice observable
X2, we will derive results regarding the long time behavior of

E((X?)7,)(n) = E(Uz(n, 0)40| X*Ug(n, 0)th0) = E(Eyz ) (X3))- (3.4)
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It means, see (2.8), that we consider the motion corresponding to the averaged probability
distributions defined by

wi(n) :=E(WZ(n)), keZ necN, (3.5)
with corresponding characteristic function
(I)n(y) = IE’w(n) (einn) = Z wk(n)eiky' (36)
kezd

Remark 3.1 To stress the dependence on w in the distribution Wi(n), we shall denote
the corresponding random vector on the lattice by X¥. When we consider the averaged
distribution w(n) instead, we shall write X,, for the corresponding random vector.

Our results generalize those of [24] in the sense that the distribution of the random coin
matrices considered here is arbitrary. As a consequence, the analysis cannot be mapped to

that of a persistent or correlated classical random walk on the lattice, as was observed in
[24].

Let £ and M(Y) be the matrices defined by
E=E(V(w)) =E(Cw)®Cw)) and M(Y)= D(Y)E. (3.7)
Note that while V' (w) is a unitary tensor product, its expectation £ is neither unitary, nor
a tensor product in general. But ||£]| < 1 and therefore |M(Y)|| < 1.

Since the {C(ws)}sen+ are i.i.d., we immediately get from Corollary 2.6 and Proposition
2.9 that
E(®7)(Y) = (M(Y))" o, (3.8)
so that
B0 = [ (#1l(Mly = 0.0))"B0) (39)

The analysis of the diffusive scaling limit (2.13) now relies on the spectral properties of the
matrices £ and M(Y).

3.2 Spectral properties

The structure of these matrices implies the following deterministic and averaged statements:
Lemma 3.2 Let V(w) = C(w) ® C(w), £ = E(V(w)), M(Y) = D(Y)E and let S denotes
the unitary involution defined by Sp @ 1 =1 ® p, for all v, € C*.

Then, for all w and ally, ¥y =3 ;. |7 ®T) is invariant under V(w), &, M(y, —y),S
and their adjoints. Consequently

€l = Spr (£) = |[M(y, —y)|| = Spr (M(y, —y)) = 1, (3.10)
where Sprdenotes the spectral radius. Moreover,
SV(w)S =V (w), SM(y,—y)S = M(y,—y), SES=E, (3.11)
so that
V(@) = V@), (&) =a@), oMy, —y)) = a(My, ). (3.12)
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Remark 3.3 For M(Y'), we only have
Spr(M(Y)) < IM(Y)] < 1. (3.13)

Remark 3.4 Before taking expectation values, 1 is a eigenvalue at least 2d times degenerate
for the unitary matrices V(w) and My, (y, —y), for allw andy, because of their tensor product
structure (2.16), (2.33).

We shall work under an assumption which implies that in the long run, the averaged
quantum walk loses track of interferences and acquires a universal diffusive behavior. At
the spectral level, this is expressed by the fact that after taking expectation values, 1 is the
only eigenvalue of M(y, —y) = E(M,,(y, —y)) on the unit circle and it is simple.

Let D(z,7) C C denote the open disc of radius r centered at z € C.

Assumption S: For all v € [0,27)% = T9,
o(M(—v,v))N9oD(0,1) = {1} and the eigenvalue 1 is simple. (3.14)

Remark 3.5 Actually, because of the form of (3.9), it is enough to consider the spectrum
of the restriction of M(—v,v) to the M*(Y')-cyclic subspace for generated by ¥y. Set

7 = Span {M*(Y)*®, ke N, Y e T¢ x T, (3.15)

and let Pr = P5 be the orthogonal projector onto Z. If Pr # 1, we can work under the
weaker

Assumption S’: For all v € [0,27)% = T¢,

o(M(—v,v)|z) NOD(0,1) = {1} and the eigenvalue 1 is simple. (3.16)

Indeed, note that M*(Y')Pr = Pr.M*(Y )Pz so that, at the level of linear forms
(W1 M(Y)" = (M (Y)"Pri | = (I |(PLM(Y) Pr)" = ([ M(Y)|Z" . (3.17)
While it is often necessary in applications to use S’, see the examples, we keep working

under S below in order not to burden the notation.

Let o = W;/||¥1]. Under assumption S, ¥o spans the one dimensional spectral
subspace of M(—v,v) associated with the eigenvalue 1. Moreover, by Lemma 3.2, the
corresponding rank one spectral projector reads P = |¥q)(W¥o| and is v-independent. With
@ =1— P, we have the spectral decomposition

M(—v,v) =P+ QM(—v,v)Q (3.18)

where, under assumption S, 3 € < 1, independent of v € T? such that Spr QM (—v,v)Q < e.

In keeping with (3.9) and the diffusive scaling (2.13) to be used below, we perform a
perturbative analysis of the spectrum of M(y — v,v) for small values of ||y||, uniformly in
v € T?. Let us introduce the following notation for (y,v) € T?¢ x T¢

My(y) = M(y — v,v), so that M,(0) = M(—v,v). (3.19)
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Now, with D(y,y') = d(y) ® d(y'), see (2.32)

My(y) = D(y,0)My(0) = My(0) + > _ ("™ — 1)|7) (7| @ T M, (0)
Telt

= M,y (0) + F(y)M,(0), (3.20)

where || M,(0)]] =1 and [|F(y)M,(0)|| < c||y||, with ¢ independent of v.

Since the map (y,v) — M,(y) is actually analytic in C? x C?, we can say more. For
v>0,let Td={2€C? RzeT Sz; <v,j=1,...,d.} C C?beacomplex neighborhood
of T¢. For yo > 0, let B(0,y0) = {y € C? | ||ly|| < o}

Analytic perturbation theory, see [18], then yields the following

Lemma 3.6 Under assumption S, there exists 0 < 6 < 1, v =v(§) > 0 and yo = yo(d) > 0
such (y,v) € (T4 N B(0,y0)) x T2 implies

oc(Mu(y)) ND(L,6) = {Mi(y,v)} (3:21)

c(My(y) \ {Ai(y,v)} < D(0,1-4). (3:22)

Moreover, i (y,v) is simple, analytic in (T,2NB(0,40)) x T,2 and A1(0,v) = 1 for allv € T,2.
The corresponding spectral decomposition reads

Mv(y) = )\1 (y7 U)P(y’ U) + MQ(?/, U)v (323)

where P(y,v) is analytic in (T,2 N B(0,y0)) x T.¢ and P(0,v) = P for all v € T2.
With Q(y,v) = 1 — P(y,v), the restriction Mq(y,v) = Q(y,v)My(y)Q(y,v) satisfies
Spr (Mg(y —v,v)) <1-6.

We need to compute A\ (y,v) = Tr(P(y,v)My(y)) to second order in y. We expand
F(y) as

Fly) = Fiy)+ ) +0(yl?) (3.24)
r\T 2
= Y@ meer- Y YO e o
TElL Tel4

and introduce the (unperturbed) reduced resolvent S, (z) for v € 7.4 and z in a neighborhood

of 1 such that p

We have for a simple eigenvalue, (see [18] p.69)

M(p0) = 1+ Te(Fi(5)M,(0)P) (3.26)
+  Tr(Fa(y)My(0)P — Fi(y) My (0)S,(1)Fi(y) My (0)P) + Ou([ly]1*).

Explicit computations with symmetry considerations yield
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Lemma 3.7 For all v € T,% and y € B(0,y0), there exists a symmetric matriz D(v) €
M4(C) such that

Mlpo) = T+ 50 3 yr(n) + OullylP)

r\T 2
*od Z(y;”+ > <yr<¢>><yr<¢’>>{<7®f|5v< e - 21d}

TEl+ 7 ely
= 14 05 3 yr(n) — S + Oullyl). (3.27)
TEIi

The map v + D(v) is analytic in T,2; when v € T¢, D(v) € My(R) is non-negative and
D(v)r = ay?ig%/\(o,v), gk €{1,2,...,d}. Moreover, O,(||y||®) is uniform in v € T2.

Proof: Existence and analyticity in v of D(v) follow from analyticity of A; in y and
analyticity of S,(1) in v, see (3.25). Since D(v); ay 8y A(0,v), the matrix is symmetric.
For v € T?, the symmetry (3.11) implies SS,(1)S = S, (1) so that

(@7 |S,()T 1) = (@ 78S,(1)ST® 7) = (7' @ 7'|S,(1)T @ 7). (3.28)

Hence the matrix elements D(v) for v € T¢ are real as well. Finally, (3.13) implies that
(y|D(v)y) >0 for all y € T9.

Remark 3.8 Using the notation f = ﬁ > rer. f(7) for any function on I, D(v) reads

D) = -5 TI0T 3 3 oS, e )ir()l, (329

7,7 €11
where the "bra” and “ket” notation is understood in R? for vectors r(7) and in C*¢ @ C*
forT®T.

We are now set to prove the

Proposition 3.9 Under assumption S, uniformly in v € T,2, in y in compact sets of C
and in t in compact sets of R,

lim M (y /) = TP, (3.30)
lim MU (y/v/n)e /v — =5 IP@W) p, (3.31)
n—o0

Proof: Letvec T4 tc G C R* and y € K C C, G and K compact. We consider n large
enough so that y//n and y/n belong to B(0, 1), uniformly in y € K. The decomposition
(3.23) implies for any n large enough,

MU () = A (y,0) Py, v) + MG (y,v) (3.32)
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where Lemma 3.6 implies the existence of ¢ > 0 and 1 > ¢ > ¢, uniform in (y,v,t) €
T4 x K x G, such that

IME (g, ) < o™, (3.33)
Moreover, by Lemma 3.7,
itn] [tn]
W) = (14 0,1l ) (3.3
n—)oo 1tyr
- [tn]
[tn] ~iftn) & : Ty (yD(v)y) lyl®

AL Y/ Vs v)e { <1 +i—= T R G (3.35)

n—00 7% (y|D(v)y)

—_— ?
and both P(y/v/n,v) and P(y/n,v) tend to P as n — oo, uniformly in (v,y) € T,¢ x K. B

With these technical results behind us, we come to the main results of this section which
are the existence of a diffusion matrix and central limit type behaviors.

Let A'(0,%) denote the centered normal law in R? with positive definite covariance
matrix ¥ and let us write X* ~ A(0,%) a random vector X* € R with distribution
N(0,). The superscript w can be thought of as a vector in R? such that for any Borel set
AcCR?

%w|2 Lw

P(X¥ e A) = e dw. (3.36)

(2m) d/ 2/det(X /
The corresponding characteristic function is &V (y) = E(e¥X”) = e~z (WlBy),

The first result concerning the asymptotics of the random variable X,, reads as follows.

Theorem 3.10 Under Assumption S, uniformly in y in compact sets of C and in t in
compact sets of R,

nh_{glo (I)EPO (y/n) — eztyr (3.37)
lim e —i[tn] 5 \F(I)goo (y/\/ﬁ) _ e—%<y|D(v)y> dv, (338)
n—00 [tn] Td

where the right hand side admits an analytic continuation in (t,y) € C x C2.
In particular, for any (i,7) € {1,2,...,d}?,

lim S =X = 07);)u (1) _ / D; ; (v) db. (3.40)
n—00 n Td

Remark 3.11 We will call diffusion matrices both D(v) and D = [, D(v) do.
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S1 Sd
For any s = (s1,52, .. .,54) € N® with |s| = Z 155 “”dDS_<671) (8—) ,

(XX - X3 ) ()

nh_)rrgo " =TT T, (3.41)
X ) (X — ) (X — 7)) )
n—00 n|s|/2
= (=) [ (Dm0 gdn, (3.42)
T

which shows that all odd moments (|s| odd) of the centered variable are zero whereas all
even moments can be computed explicitly.

Proof: This is a direct consequence of Proposition 3.9 and definition (3.9). The unifor-
mity of the convergence in the variables (v,y,t) in compact sets provides analyticity after
integration in v € T% and commutation of the limit and derivations.

For initial conditions corresponding to a density matrix pg, we have

Corollary 3.12 Under Assumption S, for any t > 0,

nh_}ngo e (y/n) = T, (3.43)
i e e/ = [ PO R (o))
= /Td e~ WD) Ty (Ro(—v,v))dv, (3.44)
where
Ro(—v,0) = Y e po(k,k+1). (3.45)

(k,l)eZdx 72

Remark 3.13 Under Assumption R for the observable X2, we deduce that for any (i,j) €
{1,2,...,d}?,

lim A =X = n7)j)po () / Di;(0)Tr (Ro(—v,0)) d5.  (3.47)
n—o00 n Td

From Corollary 3.12, and Theorem 3.10, we gather that the characteristic function of the
centered variable X,, — n7 in the diffusive scaling T' = nt, Y = y/\/n, where n — oo,

converges to
P e (R do 3.48
L7 o gmems ) @) ™ (ol s (3.49

where the function under the Fourier transform symbol F is a solution to the diffusion
equation

(3.49)

b Z Dy (v

4,j=1
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As explained in [17], [15], it follows that the position space density wy([nt])d(y/nz — k) con-
verges in the sense of distributions to a superposition of solutions to the diffusion equations
(3.49) as n — oo.

In case where the diffusion matrix D(v) = D is independent of v, Theorem 3.10 with
t = 1 says that the characteristic function of the rescaled variable (X,, — n¥)/y/n defined
by E,, (n)(eiy(X"_”F)/ V) converges to e~ 2WIPY) which is the characteristic function of the
normal law A(0,D). Hence, by Lévy’s continuity theorem, see e.g. Theorem 7.6 in [7],

Corollary 3.14 Assume S, suppose D(v) = D > 0 is independent of v € T?. Then, for
any initial vector Yo = o ® |0), we have as n — oo, in distribution,

X, —nr
Vn

Remark 3.15 All results of this section hold under Assumption S’ only, mutatis mutandis.
In particular, if the invariant subspace I coincides with span {|oc ® 0)}ser,, the matriz
My (y) is actually independent of v, because D(—v,v) acts like the identity on the latter
space. Consequently, the diffusion matrixz is independent of v as well.

X¥ ~ N(0, D). (3.50)

Remark 3.16 We have chosen to randomize the coin state updates only, but it is possible
to adapt the method to deal with random jump functions as well.

3.3 Example

0 1 1 1
. . . . . 2 . 1
For d = 1, consider the set of three unitary matrices in C* given by {H, ( 1 0) ' 5 ( 1 1> }

and the distribution which assigns the probability p/2 > 0 to the first and second matrices
and ¢ = 1 — p to the third one. Let r be the jump function defined by r(+1) = £1 so that
7 = 0. Then, in the ordered basis {| —1®—1),[1®1),|—-1®1), |1®—1)}, the corresponding
matrix £ reads

L q q

1

1 1 —q —q
E=_ 3.51
2lg —¢ p—q¢ 1 (3:51)

¢ —¢ 1 p—gq
and D(—v,v) = diag(1,1, €Y, e~%2?). We introduce the following orthonormal basis whose
first vector is Wy:

{(-1e-1)+1e)/V2,(-1e-1)-1e1))/V2[-181), 1 -1)}
= {0, o1, 2, p3}. (3.52)

In this basis, M, (0) = D(—v,v)E writes

1 0 0 0
0 0 X3 @
V2 V2
MU(O) o evaL i (r—q) ei2vl =1® N,, (353)
V2 2 2
0 67120% 67121)% 67121) (P;fI)



where N, is the restriction of M, (0) to the subspace orthogonal to C¥q. In order to make
computations easier, we specialize to the case p = 1/4/2, so that

g/V2=(p—q)/2=(V2-1)/2=1. (3.54)

This way we can write in (CW¥q)+

—1 7 ol
N, —T=| ey e2vy—1 el . (3.55)
€7i2'u,y e*l’21}% €7i2v,y -1

We have det(N, —I) = 2cos(20)(v> + ) — (293 + 3/4) < 0 for all v € T so that C¥ is
the only invariant subspace under M, (0). Hence S,(1) = (N, —I)~!. To get the diffusion
constant D(v) we need to compute (7 ® 7|S(1)7' @ 7’) for 7,7/ = 1, where S(1) is defined
on (C¥o)t = QC* We have Q| +1® £1) = F¢1/v2, so that

(r oS &) = Ttprl(V - ) Ny = o2 S ZEBN UL (3.5
Taking into account the r(7) = 7 in formula (3.27), we get
D(v)y* = —y*(1 + Hp1| (N =) 7hen)), (3.57)
which, plugging in the value of ~y, eventually yields
e -

4 Einstein’s Relation

An interesting feature of the previous results is that the asymptotic averaged velocity 7
depends on the jump function r only and is independent of the coin distribution. This is
reminiscent of the asymptotic velocity v(F') reached by a particle subject to a deterministic
force of amplitude F' in a random dissipative environment modeled by random forces. Given
an asymptotic velocity, the mobility vector u is defined as the ratio

= li F. 4.1
= lim vp/ (4.1)

This mobility p is then related to the fluctuations of the system around the asymptotic
trajectory by Einstein’s relation which says that the diffusion matrix is proportional to

[l
In the present framework, neither dissipation nor forces can be directly traced back to

describe the asymptotic motion
(X)wo(n) =nT+o0(n), n— oo. (4.2)

Moreover, the motion taking place on a lattice, the asymptotic velocity 7 has a minimal
amplitude 1/(2d), if it is non zero, which prevents a behavior similar to (4.1). Nevertheless,
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the jump function r which characterizes the deterministic motion can be thought of as an
external control parameter, similar to a driving force.

In order to get an asymptotic velocity which vanishes with the exterior control param-
eter, we rescale the lattice Z? to (Z/1)?, with [ > 0. This means we consider the variable

Y, = X, /l € (Z/1). (4.3)

Then we introduce a parameter s € N as follows. Let r; and ry be two non-zero jump

functions such that
1 =0 and 75 #0. (4.4)

We define a new s-dependent jump function by
re(7) = sr1(7) +ro(1) € Z¢ such that 75 =T7g (4.5)

and we will consider the large s limit. Hence the rescaled variable Y,, satisfies

nh_)rgo <Y>17Z;0(n) _ TZE — ’UY (4.6)
— Nrg); — NTs)j)apo (N 52 ~
Tim (& ) (Yn Jileo (™) _ = (/Td DW, ;(v) do —|—O(1/s)> =D} (4.7)

where ]D)(l)(v) is the diffusion matrix computed by means of the jump function r; and the
remainder term is uniform in v € T¢. Therefore, choosing the scale [ = s € N, we get that
the diffusion matrix DY is finite for large s whereas the asymptotic velocity tends to zero.
Hence, setting F' = 1/s, we get for s large

— li Y/F =70 4.8

K F:llﬁsl—ﬂ)v / "0 ( )

DY = /]D(l)(v)d17+o(1/s)—>K||M||, as s — o0. (4.9)
Td

The last formula is admittedly a consequence of a rather ad hoc construction. On the other
hand, assuming that 7 # 0, we get with the same scaling v¥ = 77 which never vanishes.

5 Moderate Deviations

The spectral properties of the matrix M(y — v, v) proven in Section 3.2 allow us to obtain
further results on the behavior with n of the distribution of the random variable X, defined
by (2.2). This section is devoted to establishing some moderate deviations results on the
random variable X,.

We consider initial conditions of the form 1y = o ® |0) and we will be concerned with
X, —n7. Moderate deviations results depend on asymptotic behaviors in different regimes
of the logarithmic generating function of X,, — n7 defined for y € R% by

An(y) = (Eyny (VX 7"7)) € (—00, 0] (5.1)

This function A,, is convex and A, (0) = 0.
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Let {ay }nen be a positive valued sequence such that

lim a, =00, and lim a,/n=0. (5.2)
n—oo n—oo

Define Y, = (X,, — nF)/y/na, and, for any y € R?, let A,(y) = In(Ey () (™)) be the
logarithmic generating function of Yj,.

Proposition 5.1 Assume S and further suppose D(v) > 0 for allv € T¢. Let y € R%\ {0}
and assume the real analytic map T? > v — (y|D(v)y) € R is either constant or admits a
finite set {v;(y)}j=1... s of non-degenerate mazimum points in T¢. Then, for any y € R%,

tim =Ry (any) = 5 (4ID (01 (5)9) (53)

n—oo @ TL

which is a smooth convex function of y.
Proof: This proposition essentially follows from Lemmas 3.6 and 3.7 and the asymptotic

evaluation of an integral. Let b, = \/ay,/n s.t. lim,, o, b, = 0. By construction, An(any) =
Ay (bry) where, according to Lemma 3.6 and 3.7, there exists v > 0 s.t. for n large enough,

2 n
exphalbus)) = [ (14 50D + 0,0 (1+0bup) do+ O
= / e 5 WD) +Ou(anbny®) (1 4 O, (byy)) do + O(e ™). (5.4)
Td

All remainder terms O,(---) are analytic in v € T, as well as D(v). An application of
Laplace’s method around each of the non-degenerate maximum points, yields for 1/3 <
a<l1/2

J
exp(Ay( Ze%" (D (v; (1))y)+O(bny? ))(Gj(y)/aflﬂ + Obuy) + O(1/a> 1))
7j=1
+O(e™ ™) + O(e Ko™y, (5.5)

where G(y) > 0, K > 0, from which the result follows. The case where D(v) is indepen-
dent of v follows directly from (5.4). The convexity of the limit follows from the convexity
of A,. The assumed non-degeneracy of the maximum point ensures that the functions
R4\ {0} > y > v;(y) are all smooth by the implicit function theorem. |

Let us recall a few definitions notations. A rate function I is a lower semicontinuous
map from RY to [0, 00] s.t. for all a > 0, the level sets {x | I(x) < a} are closed. When the
level sets are compact, the rate function I is called good. For any T' ¢ R%, T'° denotes the
interior of I', while I' denotes its closure.

As a direct consequence of Gértner-Ellis Theorem, see [13] Section 2.3, we get
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Theorem 5.2 Define A*(x) = sup,cga ((yz) — 3 (y[D(vi(y))y)), for all x € R:. Then, A*
is a good rate function and, any positive valued sequence {a,}nen satisfying (5.2) and all
I c R4

~inf A*(z) < liminf — In(P((X, — nF) € yranT))

zel0 n—0o0 QG
1
< limsup — In(P((X,, — n7) € v/na,I')) < — inf A*(z). (5.6)
(079 zel

Remark 5.3 As a particular case, when D(v) =D > 0 is constant, we get
* 1 —1
AN (z) = §<$|D ). (5.7)

Remark 5.4 Specializing the sequence {an}nen to a power law, i.e. taking a, = n®, we
can express the content of Theorem 5.2 in an informal way as follows. For 0 < a < 1,

P((X,, — nr) € nl@tD/2T) ~ o= infacr A%() (5.8)

For a close to zero, we get results compatible with the Central Limit Theorem and for o
close to one, we get results compatible with those obtained from a large deviation principle.

Let us come back to the example in section 3.3. The diffusion coefficient D(v) given in
(3.58) admits , as a function of v € T, a single non-degenerate maximum at v = 0 where it
takes the value D(0) = 2v/2 — 1. Thus we get from the foregoing that a moderate deviation

principle holds for this example, with the good rate function A*(x) = 25(20) =20 j;_ ok

6 Example of diffusive random dynamics

The results obtained so far can be viewed, essentially, as an adaptation to the quantum
walk dynamics setup of those proven in [29], [17], [15] for the averaged dynamics and as an
extension of [24], [16].

In this section we consider a specific example of measure du on U(2d), the set of coin
matrices, for which we can prove convergence results on the associated random quantum
dynamical system (3.1) for large times, in distribution rather than in average. In particular,
our example shows that almost sure convergence results cannot be expected in general.

As noted in Section 3.2, the spectra of V(w) and M, (y, —y) lying on the unit circle
and admitting 1 as a 2d-fold eigenvalue prevent us from using the same spectral methods
as above. For the same reason, the results about products of random contractions in [10]
do not apply. However, the structure of the example at hand allows for a direct approach
which, eventually, reduces the analysis to that of a central limit theorem for a Markov chain.
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6.1 Permutation matrices
Let Go4 be the set of permutations of the 2d elements of I, = {+1,+£2,...,4+d}. For
T € Gy and © = {Qj}je[i S TQd, define

C(m,0) = Z V=) (1)) (1] € U(2d) so that Cyp(m,0) = eie"égﬂr(ﬂ. (6.1)

Telt
With A(0) = diag (¢?) and C () = C(r,0), we can write
C(r,0) = A©)C(n), (6.2)

where C() is a permutation matrix associated with 7. We recall the following elementary
properties: For any 7,0 € Gqq,

C)=1, C*x)=CT(x)=C(x1), C(x)C(o)=C(no). (6.3)

Moreover, Birkhoff-Von Neumann Theorem asserts that the set of doubly stochastic ma-
trices of order n is the convex hull of the set of permutation matrices of order n whose
extreme points coincide with the permutation matrices.

The matrices C(m, ©) allow for explicit computations of the relevant quantities intro-
duced in Section 2. It is easy to derive the next

Lemma 6.1 Let v : I. — Z% be a jump function. Given a sequence of n permuta-

tions my, T2, ..., Tp, let (T1,T2,..., ) € I be the sequence parametrized by 1 given by
(11, m2(11),m3(12), ..., Tn(Tn—1)), i.e. such that
Tj = (mjmj—1 - m)(11), j=2,...,n. (6.4)

Let ©1,02,...,0, be a set of phases, ©; = (01(j),...,0n(5)). Then, with the convention
C; = C(rm;,0;), we get for all k € 74,

Te(m) = Y @Ot n)in ) (e (), (6.5)
Tleli s.t.
Tr_ r(ry)=k

and Jy(n) =0, if Y70_, r(1;) # k.

Consequently, the non-zero probabilities Wy(n) on 7% read for any normalized internal state
vector (g and any density matrix pg

Wen) = |kmeol®>= Y Kr ()l (6.6)

T1€lL s.t.
£y r(rj)=h

Tk k)= 30 3 (w (m)lpolk — Gk — ) (m).

jEZd T1ElL
G=5n_, r(rs)

Wit (n)
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Note that the sets of phases ©;, j = 1,...,n play no role in the computation of expectation
values of lattice observables. We set 71 = 71(79) and note

Yo = Z ary|T0) = |<7Tf1(71)|@0>’2: Z \GTO|2571,W1(T0). (6.7)

ToEl+ ToEl+
Hence W (n) =3, <1, |a70]262?:1T(T].)’k so that for FF =1® f and 1o = ¢o ® |0)(0]

n

(Flyo(n) =Y W) f(k)= Y lanPf()_r(m). (6.8)

kezd ToE £ Jj=1

Remark 6.2 In other words, given a set of n permutations, there is no more quantum
randomness in the variable X,,, except in the initial state.

Therefore the characteristic functions take the form

Corollary 6.3 With 7; = (mjmj—1---m1)(10), for j =1,...,n,

o) = Y Vg, 2 (6.9)
To0El+

o) = 3 eTiar) / (ol Roly — v, v)m0) di. (6.10)
To€l+ T4

The dynamical information is contained in the sum S,, = Z?Zl r(7;) which appears in the
phase. The next section is devoted to its study, in the random version of this model where
the coin matrices are i.i.d. random variables with values in {C(r,0), m € gy, © € Z24}.

6.2 Random dynamics

Assume a random variable C(w) with values in {C(7,0) € U(2d), (7,0) € Gaq x T2} is
defined on a probability space (£2,0,dv). The foregoing shows that only the marginal «
defined on the discrete set {C'(7) € U(2d), 7 € Go4} or, equivalently on {m € Sy4}, matters

w(m) = pla(w) =) = v({C(w) = C(1,0) |0 € T*}), 7€ Gy (6.11)

We shall use the notation a(w) = w € Gy and Q = Syy. The corresponding process is
denoted by @ = (w1, w2, ws,...) € OV and dP = Qpen-dpu.

Given ¢y € C?¢ an initial internal state and a random sequence of permutation matrices

(w1, ..., wn), the random variable S, (W) = 37 75(w) € 7% is the sum of random variables
7;(@W), j = 1,...,n whose properties are given in the next lemma:
Lemma 6.4 Let pg = ) ar|70) be the initial condition. The path (79, 71,...,7) is a

Markov chain with finite state space I+ characterized by the initial probability distribution

po(T0 = 00) = \aoo’2
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and by the stationary transition probabilities

P(o',0) = Prob(ry(@) = ol 1 (@) = 0'), k=2,3,...,n (6.12)
given by
P(OJ’ U) = Z /’L(Tr)éaﬂr(a’)‘ (613)
71'662(1

The corresponding transition matriz P = (P(o’,0)) € Msg(R™) is doubly stochastic and
P =E(CT(w)). (6.14)
Remark 6.5 The transition matriz P is unitary iff p(m) = 0xyx for some m.

Proof: By Lemma 6.1, 7,(w) only depends on {w;};j—1.... x and 79 and is given by 73,(@) =
wi(7g—1). Hence

Prob(7y(w) = o|mp_1(@) = ¢') = Prob(w(mp_1) = o|mp_1 = 0’) (6.15)
= ufwlw@) =0} = Y wm)bsr(on,
T€Gaq

where we used the independence of the wy. Finally, (6.1) shows that the right hand side is
the expectation of CT(w) w.r.t . |

Considering the diffusive scaling (2.13), we are thus naturally lead to investigate the
large n behavior of the quantity

L w) = i Y (7 (W
(@) = ﬁz (7(@)), (6.16)

i.e. to a functional central limit theorem for the Markov chain (79,71, 72,...) with finite
state space Ii, initial probability pg and transition matrix P.

There are simple conditions under which a functional central limit theorem holds for
Markov chains with finite state space, see e.g. in [7]. Let us recall the few basic notions and
results associated to Markov chains with finite state space, I, characterized by a transition
matrix P € M|p|(Ry) s.t. Y P(o,7) = 1 that we will need below.

A transition matrix P is iérreducible if, Vo, 7 € F, 3n € N* such that P"(o,7) > 0. A
probability distribution pg, considered as a vector in RI¥l, is invariant for the transition
matrix P if PTpy = pg. If po is invariant, then the Markov process is stationary,

Prob((ro, 71, --) € B) = Prob((rg, Tk41,---) € B), Yke€N, Bc F". (6.17)

If P is irreducible, the invariant distribution pg is unique and po(7) > 0,V7 € F. If P is fur-
thermore doubly stochastic, the invariant distribution wg is uniform ug(7) = 1/|F|,Vr € F.
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In terms of spectral properties, an irreducible stochastic matrix P admits 1 as a simple
eigenvalue. If it is furthermore doubly stochastic, the uniform vector ug is invariant under
both P and P*.

Hence, if we take as initial distribution the uniform measure uo(7) = 1/(2d) V71 € Iy,
which is invariant for the doubly stochastic transition matrix P = E,(CT(w)), the Markov
process is stationary. Moreover,

Eyo(r(m0)) = — r(r) =T. (6.18)

From Thm 20.1 in [7] and its applications page 177, or [25], we have

Theorem 6.6 Let o = . ;. a;|7) and py s.t. po(T) = la,|?. Assume the transition
matriv P = E(CT(w)) is irreducible. Then, limn_wo%Z?:l r(1;(@)) = T almost surely

and, with convergence in distribution,

1 . — — n— 00 w
ﬁz (r(r;@) —7) "7 XY ~N(0,%), (6.19)
j=1
provided the covariance matriz
1 _ 1
Bij = —ggrilrs) + v — o0 (el SW)rg) + (s 1S (1)r3)) (6.20)

is definite positive, where S(1) denotes the reduced resolvent of P at 1.

Remark 6.7 An alternative formulation for X is

1 _ _
T = g (rille — Fo) g + Po)rj) + (rjl(lq — Po)~'(Ig + P)ri)) . (6.21)
where the projector Q@ and the operator Py are defined in the spectral decomposition of P
P = 2d|ug)(ug| + Py, with Pg=QPQ and Q = Q* = Q* =1 — 2djug){ug|.  (6.22)

Proof: Our assumptions imply that P is irreducible, doubly stochastic and that wug is
invariant for P and P*. This together with (6.18) allows us to apply Thm 20.1 of [7] and
the remarks p.177 or the results of [25]. It remains to compute the covariance matrix. Let
us define the centered random vector

r(r(@)) =r(r(w)) -7 (6.23)

such that E,,(7(70)) = 0, where E,,, denotes the expectation with invariant initial measure
ug. The first mentioned reference yields the following expression for the covariance matrix

Sij = Buo (7(70)iF(70)5) + Y Bug (F(10)iF (71(@)); + #(7(@) )i (70) ), (6.24)
k=1
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for i,j =1,2,...,d, where 7#(7); denotes the j** component of 7(7) € Z¢. We compute for
any k € N

Ew(Fr)(m))) = 5t

Note that the right hand side of (6.25) is equal to

Tz’P T]> - TZT] (625)

;d (trilPH(ry — 27 j00)))  with (| (ry — 2d75u0)) = 0. (6.26)

By (6.22), for any v,w € C%,
v—2dTup = Qu and (w|Qv) = (w|v) — 2dwv. (6.27)

Thanks to (6.26), we can write

Mg

Z PF(rj —2dTjug)) = Y  Ph(rj —2d7up)) = (Ig — Po) ' Po(rj — 2d7jup),  (6.28)

>
Il

1

where I is the identity reduced to the subspace QC??. Therefore,
(Ig — Po) 'Po =—(8(1) + 1), (6.29)
where S(1) = QS(1)Q = (Pg — HQ)’@EM denotes the reduced resolvent of P at 1. Hence

Sy = galrlr) s — oo (il (S() + T)(ry — 2d7u0)

T (S(L) + Ig) (s — 2dTiu0)))
= o tril@rs) — 5 (rlSr) + (rylS(1)r)

=-i%WMQ+%ﬂWﬂ+@MQ+wGWM
= L (tnil(lg — Po) " Tg + Po)rs) + {ryl(lg — P) ™ Ig + Po)r) - (630

The convergence of —= ZJ L (r(j(w)) —7) for any initial measure pg s.t. po(7) = |a,|* in

distribution to X% ~ N (0 ¥)) implies the convergence of the characteristic function and of
its derivatives, which are continuous functions of the random variable ﬁ > = (r(75(@)) 7).
In particular

_8yj8yke_iy?\/ﬁq)£0 <> ’y 0= Z ‘a70|2 1 (Z( l(w)) _?)j Z(T(TZ(E)) —T)k) y
To€l+ =1 =1
(6.31)

whose limit, as n — oo yields the elements of the random diffusion matrix.
We have
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Corollary 6.8 Under the assumptions of Theorem 6.6, the following random wvariables
converge in distribution as n — oo:
The random rescaled characteristic functions

VIR V) = D fan? (M EOEET) (6:32)
ToE £

VIR (y/ ) = 3 TR Em @) / (7ol Ro((y/v/n — v,v)m0) di
To€l+ B
— XY where XY ~ N(0,%), (6.33)

and the random diffusion constants

> \%I% (Z(T(Tz(w)) —7); ) (r(n(@)) - T)k) — D, (6.34)

ToEl % =1 =1
2 / (ol Hoy/vn = v, v)ro) do <Z< (n@)) =7); Y (r(n@)) —m)
ToEl+ =1 P

— ]D);'Jk’ (6.35)

where ID);”k is distributed according to the law of X7 X}, where X* =~ N(0,Y).
Remark 6.9 In particular we get

Eo, (D) = . (6.36)
Proof: For the case of initial density matrix pg, it is enough to note that

Z / (10| Ro(—v, v)T0) d¥ —/ TrRo(—v,v) do = ®4(0) = 1. (6.37)

T0EL+

One concludes using the convergence results stated in [7], p. 28 and 30. |

At this point one may wonder if the assumption P = E,,(CT (w)) is enough to apply The-
orem 3.10 and compare the results concerning the averaged distribution w(n) = E(W¥(n)).
The next proposition answers this question positively

Proposition 6.10 Under the hypotheses of Theorem 6.6, assumption S’ holds. Moreover,
the diffusion constant D(v) given by Theorem 8.10 is independent of v € T?.

Proof: We need to consider

M(y,y) =Dy.y)E= Y Oz rer|E, (6.38)

7,7 ElL

where £ = E,(C, ® C,,), with v and C(w) defined above (6.11). We first observe that the
M*(Y)-cyclic subspace generated by Wi, Z, is given by Z = span{|c ® o) },cr, . Indeed,
W, € 7 and 7 is invariant under D(Y) for any Y = (y,9') € T?? since D(y,y')|oc ® o) =
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ei(y+y’)r(0)yg ® o). Then, for any C(7,0) = >
a, € C, we compute

C(m,0)®C(r,0) Z aslo®@o) = Z a|m(o) @ w(o))

oelt oelt

= C(maC(m) Y adowas). (639

oelt

rer, €O r(n)(r| and any {ag}oer..

This shows that Z is invariant under (C, ® C,)*, and thus under its expectation as well,
which is enough to prove the claim. Moreover, (6.39) shows that, when restricted to Z, any

matrix C(m,©) ® C(m, ©) acts like C(7) @ C(7) does. Consequently, we can consider the
finite measure pu on Go4 defined by (6.11) instead of the original measure v. Altogether we
get

M(=v0)lz = D(=vv)lz 3 u(m)C(r) & Oz
TEGoq

= Y u@)Cm) © Cm)lr =€z (6.40)

TEGoy

which is independent of v € T?. It remains to show that ¥, is the only invariant vector
under £|z. But the equation for the coefficients a,

> uwmCE) @Cm) Y aslo@o) =" aslo®@0) (6.41)

TEGoy oelt oelt

is equivalent to > g p(T)r-1() = o, for all o. This is in turn equivalent to requiring
that the vector @ € C?? with components {ay}ser, be invariant under PT. P being
irreducible by assumption, the only invariant vectors have constant components and thus
are proportional to ¥. |

Remark 6.11 The assumption S doesn’t always hold for the case under study. In case
© =0, the vector ¥ = Z(TJ,)E@ |7 @ 7'} is also invariant under M(0,0) = £.

We close this section by providing a general relationship between the diffusion matrix
D“ computed by means of W% (n) and the diffusion matrix D computed by means of the
averaged distribution w(n) = E,(W%(n)) in Theorem 3.10, provided both exist.

To deal with the whole diffusion matrix at once, we let z € R?\ {0} be fixed and consider
the non-negative random variables

w w w w Xroi) —nr
n

With these notations, Eq ) (Dn) = EuEwe ) (Dy) — D by Theorem 3.10 and Eyyw (,y (D5;) —
D% where D¥ = (z|D“z) as n — oo, if the limit exists.
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Proposition 6.12 Consider the initial condition Uy = po®10) and assume the hypotheses
of Theorem 3.10 hold for the distribution w(n). Further assume the random variables defined
in (6.42) satisfy Eyyo ) (Dy)) — D in distribution. Then

Eo(D”) = lim BBy (D5), (6.43)

which implies E,,(D*) = D.

Proof: Let d;; = Eyyw(,)(Dy;) > 0 which converges in distribution to D“. By Theorem 5.4
of [7], if sup,, B, ((d¥)!7¢) < oo, for some € > 0, then the limit and expectation commute:
lim,, 00 By (d%) = E, (D*), which yields the result. Now, Remark 3.11 below Theorem 3.10
implies the condition with € = 1. |

Remark 6.13 When applied to the case discussed in the section, the proposition yields

E,(D¥) =% = / Ddo = D. (6.44)
Td
6.3 Large Deviations

We can complete the picture for the model at hand by looking at its large deviations
properties. Because the analysis reduces to the study of a finite state Markov chain, a large
deviation principle is true for the model, see [13], Theorem 3.1.2.

For A € R?, let IIy, € Myy(R™) be the matrix whose non-negative elements read
(o, 7) = P(o,7)eN ), (6.45)

where P is the transition matrix and r is the jump function. As P is irreducible, II is
irreducible as well. Hence, by Perron-Frobenius theorem, for all A\ € R?, the largest real
eigenvalue of IIy, p(A) > 0, is simple and o(II)) C D(0,p())). As a function of A\ € RY,
p()) is real analytic. For every z € RY, define

I(z) = f;lﬂgd(Ql@ —In(p(A)))- (6.46)

The function I is a good rate function.

Theorem 6.14 Under the hypotheses of Theorem 6.6, the random variable Z,, = % Z?Zl r(75)
satisfies a large deviation principle with convex good rate function I: For any o € I+ and
any T c R?

1
— inf I(x) < liminf —In(P,(Z, € I"))

el n—oo N

1
< limsup - In(Py(Z, €T)) < — in%[(x), (6.47)
Te

where P, refers to the initial law po(T) = do.r
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6.4 Example
We end this section by a simple example which allows us to make explicit all quantities
encountered so far.

In dimension d = 1, we consider the jump function r defined by r(+1) = £1, so that
7 = 0. We define the distribution x4 on &5 by the Bernoulli process which assigns probability

. . . . 1 .

p > 0 to the identity matrix and ¢ = 1 — p to the matrix <(1) O>' The corresponding
transition matrix reads

L (p 4\ oy (p oyt 1RO )]
P_<q p> b (P=2)Th = i (6.48)

with ¥y = % (1), Y1 = % (_11> Consequently S(1) = %. Thus, the averaged

diffusion constant D = 3 computed from (6.20) with r = (_11) reads

1 1
2 = —rlr) = 52rIS(1)r) =

SIS

(6.49)
Therefore the random variable Eww(n)(%) converges in distribution to X* ~ N (0,p/q)

and the corresponding random diffusion constant D% is distributed according to the chi-
square law with density 2 f(-£) where

o t/2

Ft) = T 120 (6.50)

Next we compute the rate function I such that PU(EWw(n)(%) el) ~ e infeer 1@ for n
large. With our choice of jump function, the matrix Il reads

pe*  qe
I, = (qe’\ pe_’\> s.t. detIly =p—q and Tr I\ = 2pcosh(\). (6.51)

Thus we have

p(A) = pcosh(N) + \/p2 sinh?(\) + ¢2 (6.52)

so that supycr(zA —1In(p(XN))) is reached at A(x) = arsinh (p\/%) for |x| < 1. Hence

x T 22—
I(xz) = x arsinh (p\/f—ix2> —1In <q i @) if |z| <1 (6.53)

and I(z) = oo otherwise.
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7 Generalization

In the light of the last example, it is natural to generalize the results of Section 3 to the
case where the random coin matrices C'(w) are distributed according to a Markov process,
in the spirit of [29], [17], [15]. We briefly do so in this last section, mentioning the main
modifications only and considering finitely many coin matrices for simplicity.

Consider a finite set {C1,Cy,--- ,Cr} of unitary coin matrices on C2d and assume that
for any n € N, the set of random matrices {C(w1),- - ,C(wy)} is determined by a Markov
chain characterized by an initial distribution {po(j )}f’:1 and an irreducible transition matrix

{P(j,k)}jkeqr,. ry- Correspondingly, for any Y € T¢ x T?, the sequence of matrices
{M,,;(Y)}jen has the same distribution, assuming the C; ® Cj, are distinct, so that

P({Mwn (Y)7 M,, (Y)7 o My, (Y)} = {Mkn (Y)a My, _, (Y)7 - My, (Y)})
= po(kl)P(k‘l, kz) s P(k‘n_l, kn) (7.1)

We introduce the matrices

acting on C?? @ C?? and the operator acting on CF ® (C?? @ C?¢)
MY) = > lej)er] @ Myx(Y), (7.3)
jke{l, F}

where the e;’s are the canonical basis vectors of CF and the "bra”’s and "ket”s refer to the
usual scalar product in CI". Similarly, let My(Y) be the vector in M2 (C)* defined by

Mo(Y)= > polj)lej) ® M;(Y). (7.4)
je{lv"' ’F}
If y1 = Zje{l,--- F} lej) € CF and T is the identity operator on C?¢ ® C2¢, we obtain
E(My, (Y) My, (Y) - My, (V) = (x1 @ [IM(Y)" "M (Y)). (7.5)
Hence, with ¥y =3, [T ®7) and ®¢ € C?? @ C??, we can write
E(®E(Y)) = (x1 ® T1|M(Y)" " Mo(Y)®y), (7.6)

where x1 ® W1 and Mo(Y)®o = >_; po(d)lej) ® M;(Y)®o belong to CF ® (C* @ C*) and
"bra”s and "ket”s should be interpreted accordingly.

This brings us back to the study of large powers of an operator, M(Y), which has
essentially the same properties as M(Y):

Lemma 7.1 The matriz M(Y) acting on CF' @ (C?*? @ C??) is analytic in Y € C2? x C2.
Assume P is irreducible, and let x, € CT' be the unique real valued vector s.t. Py, = x,
and (xplx1) = 1. Then for any v € T¢,

M(=v,v)[xp @ ¥1) = [xp @ ®1) and M*(=v,v)]x1 @ ¥1) = |[x1 ® ¥1). (7.7)

For any Y € T¢ x T¢,
SprM(Y) = SprM*(Y) < 1. (7.8)
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Proof: The first two identities follow from explicit computations. The second prop-
erty is a consequence of the fact that if one endows C¥ @ (C?¢ ® C?¢) with the norm
122565 ® ¥jlloo := max; [|[¥;lc2agcea, then M*(Y) becomes a contraction. This is due to

the fact that P, as a stochastic matrix, is a contraction with the sup norm on C¥. The
spectral radius of M*(Y") thus cannot exceed one. |

We shall work under the

Assumption S”: For all v € T¢,
o(M(—v,v)|z=) N9dD(0,1) = {1} and the eigenvalue 1 is simple, (7.9)

where Z* is the M*(Y')-cyclic subspace generated by x; ® ¥;.

Then we can proceed with a spectral analysis similar to that of Section 3. Ignoring the
restriction |7+ in the notation, we note that Assumption S” implies that for all v € T.¢9, a
complex neighborhood of T¢, we can write

P
(M(—v,v) —2)"" = T + Sy(2), z ¢ o(M(—v,v)), (7.10)

where P = 11\, ® ¥1)(x1 ® 1| is independent of v, and the reduced resolvent S,(z) has
the same analyticity properties as that of M(—v,v). Moreover, introducing

AY) = lej)ej @ DY) (7.11)

we see that M(y — v, v) = A(y, 0)M(—wv,v) where

Ay, 0) = Z le){ej| @ (L+ Fi(y) + Fa(y) + OlylP)), (7.12)

see (3.24). Therefore, if (y,v) € B(0,y0) x T2, for yo > 0 and v > 0 small enough, Lemma 3.6
holds for M(y — v,v). Applying the same perturbation formulas for the isolated eigenvalue
of M(y — v, v), noted A\ (y, v) again, for y € C? small enough, we reach the same conclusions
by explicit computations:

M) = 1405 S yr(r) — S b))+ OullylP), (713)

1
2

for all v € T,%. The first order term in y is the same as the one of (3.27). On the other
hand, the explicit form of the quadratic term in y which defines the (analytic) diffusion
matrix D(v), depends on the transition matrix P

r\t 2
o) = —5 > @) (7.14)

Tel+

LS wrmyeren {ere b e o) - —
d 2d

T, elt
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Moreover, the corresponding rank one projector P(y,v)js analytic and thus tends to P
uniformly in v € T4, as y — 0. With Q(y,v) = I — P(y,v), the matrix Q(y,v)M(y —
v,v)Q(y,v) has spectral radius strictly small than one, for v € 7, and y € C¢ small
enough.

Therefore we can state that all conclusions drawn in Section 3, e.g. Theorem 3.10, and in

Section 5, e.g. Theorem 5.2, for i.i.d coin matrices under Assumption S are true for finitely
many coin matrices forming a Markov chain, under Assumption S”, mutatis, mutandis.
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