
1

Random Quantum Walks and Non-Unitary Band Operators

Eman Hamza

Faculty of Science, Cairo University,

Cairo, 12613, Egypt

E-mail: emanhamza@sci.cu.edu.eg

Alain Joye
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1. Introduction

Quantum walks, deterministic or random, appear at the crossroads between Physics,

Computer Science and Mathematics, thanks to their versatility. They are used

as effective discrete time dynamics of complex quantum systems in appropriate

regimes, they appear as building blocks in the design of quantum algorithms as well

as tools to assess their efficiency, and they are also considered as non-commutative

extensions of classical random walks in deterministic or random environments, see

e.g. Ref. 1–3.

We define a quantum walk on an infinite graph as a unitary operator on the

Hilbert space of a particle with an internal degree of freedom or spin, which describes

the way the particle hops on the vertices, depending on the state of its spin. The

latter is also called “coin state”. The unitary operators only couple sites that are

nearest neighbors on the underlying graph. In case of the lattice Zd, the spin space

is C2d and a deterministic quantum walk is defined as the composition of the action

of a unitary matrix C acting on the spin variable only, followed by a shift on Z
d,

depending on the spin of the particle. A random quantum walk is supplemented by

site and spin dependent random phases which make the environment in which the

particle moves disordered. In both cases, the deterministic matrix C is a parameter

of the walk.

The spectral properties of quantum walks are closely related to the existence

of transport, see e.g. Ref. 4. For random quantum walk with i.i.d. disorder, it is
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known (Ref 5–7) that dynamical localization always takes place for d = 1, and for

d > 1 provided C is close enough to certain permutation matrices, a condition to

be interpreted as a large disorder regime. In case the underlying graph is a tree, a

spectral transition monitored by the spin matrix takes place as described in Ref. 8.

In this note, we consider random quantum walks Uω(C) on Z2 characterized by

a spin matrix C ∈ U(4) that allow the quantum walker to move freely horizontally,

but constraint it to move upwards only. We describe our recent results (Ref. 9) on

the transport properties of such random quantum walks addressed through their

spectra and their connections with random contraction operators on l2(Z) which

are non-unitary deformations of certain random CMV matrices. In a nutshell, we

consider the restriction of the random quantum walk to the horizontal subspace

to get a random non-normal contraction Tω with a band structure in the natural

orthonormal basis of the problem, which depends parametrically on C. It turns out

the structure and spectral properties of Tω are instrumental in the determination of

the spectrum of Uω(C). In particular, the fact that Tω is (generically) completely

non unitary implies that σ(Uω(C)), the spectrum of Uω(C), is purely absolutely

continuous, an expression of delocalization, see Theorem 5.3. Beyond this result,

motivated by the fact that the random contractions Tω obtained this way are natural

deformations of the well known (extended) CMV matrices of the theory of unitary

operators, see Ref. 3, we further analyze the spectrum of these non-normal operators

parametrized by the spin matrices C. We finally remark that the results described

here also hold, mutatis mutandis, for random quantum walks defined on trees with

coordination number 4, as explained in Ref. 9.

2. Random Quantum Walk on Z2

We define a random quantum walks on the regular lattice Z2 with spin space C4,

i.e. a unitary random operator on K = l2(Z2) ⊗ C4. The standard basis of C4 is

denoted by {|τ〉}τ∈I , where I = {+1,−1,+2,−2} and that of l2(Z2) by {|x〉}x∈Z2.

The corresponding basis vectors of the tensor product K will be written as |x⊗τ〉 =

|x〉 ⊗ |τ〉 and the unit vector in R2 by ej , j = 1, 2.

Let S be the spin state dependent shift operator defined on K by

S|x⊗ τ〉 = |x+ sign(τ)e|τ | ⊗ τ〉,

and C ∈ U(4) be a unitary spin matrix on C4. Then the unitary operator U(C) on

K is given by

U(C) = S(I⊗ C) =
∑

τ∈I

x∈Z2

|x+ sign(τ)e|τ |〉〈x| ⊗ |τ〉〈τ |C, (1)

defines a deterministic quantum walk.

Consider now TZ
2×I as a probability space with σ algebra generated by the

cylinder sets and measure P = ⊗ y∈Z2

τ∈I

dµ where dµ is a probability measure on the

torus T. Introduce accordingly the set of i.i.d. random variables ωτ
x ∈ T labeled by
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x ∈ Z2 and τ ∈ I, with common distribution dµ. We construct a diagonal random

unitary operator D(ω) on K by

D(ω) |x⊗ τ〉 = eiω
τ
x |x⊗ τ〉. (2)

Eventually, we define the random evolution operator Uω(C) : K → K as

Uω(C) = D(ω)U(C). (3)

We focus here on spin matrices C having a diagonal element of modulus one.

Without loss of generality, we assume C has the following form in the ordered basis

{|+ 1〉, |+ 2〉, | − 1〉, | − 2〉},

C =









α r β 0

q g s 0

γ t δ 0

0 0 0 eiθ









≡

(

C̃ 0

0T eiθ

)

∈ U(4), where C̃ =





α r β

q g s

γ t δ



 ∈ U(3), (4)

with θ ∈ T and 0 ≤ g ≤ 1. The assumption g ≥ 0 always holds at the price of a

multiplication of C, and thus of Uω(C), by a harmless global phase.

3. Reduction to the horizontal subspace

By construction, Uω(C) admits the subspace K−2 characterized by a spin variable

equal to −2, as an invariant subspace on which it acts as the shift, up to phases.

Using that the absolutely continuous subspace of a unitary operator U is given by

Hac(U) =
{

φ |
∑

n∈N

|〈φ|Unφ〉|2 <∞
}

, (5)

we get

σ
(

Uω(C)|K−2

)

= σac
(

Uω(C)|K−2

)

= S. (6)

Let K⊥
−2 be the complementary invariant subspace

K⊥
−2 = span

{

x⊗ τ | x ∈ Z
2, τ ∈ {+1,−1,+2}

}

, (7)

where the notation span means the closure of the span of vectors considered. On

K⊥
−2 the action of Uω(C) on the quantum walker makes it move horizontally back

and forth, but it only makes it go up vertically. In a sense, the dynamics induces a

leakage of the vectors in the direction corresponding to the spin state | + 2〉. Note

that by construction, for all x ∈ Z2, all τ ∈ {+1,+2,−1}

〈x⊗+2|Uω(C)
nx⊗ τ〉 = δn,0δ+2,τ , ∀ n ∈ N, ∀ x ∈ Z

2. (8)

In particular we get that all spectral measures dµx⊗+2(θ) = dθ
2π on T and

σ (Uω(C)|K⊥) = S as well. We thus have,

H2 = span
{

x⊗ τ | x ∈ Z
2, τ ∈ {+2,−2}

}

⊂ Hac(Uω(C)). (9)
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Next we look at the horizontal subspace defined by

H0 = span
{

(x, 0)⊗ τ | x ∈ Z, τ ∈ {+1,−1}
}

⊂ K⊥
−2 ⊂ K, (10)

and P0 : K → K, the orthogonal projector onto H0. To study P0Uω(C)
nP0, n ≥ 0,

we first note the following simple lemma;

Lemma 3.1. Let Tω : H0 → H0 be defined by Tω = P0Uω(C)P0|H0
and T =

Tω|ω=(··· ,0,0,0,··· ). Then, Tω is a contraction,

Tω = D
0
ωT, where D

0
ω = diag (eiω

τ
x ), (11)

and, for any n ∈ N, P0Uω(C)
nP0|H0

= T n
ω .

Identifying the subspace H0 with l2(Z), we get a representation of Tω by a

5-diagonal doubly infinite matrix. Let {ej}j∈Z, resp. {x ⊗ τ}
τ∈{+1,−1}
x∈Z

, be the

canonical orthonormal basis of l2(Z), resp. H0. We map the latter to the former

according to the rule e2j = j⊗+1, e2j+1 = j⊗−1, j ∈ Z, and relabel the random

phases ωτ
x accordingly, so that we can identify Tω with the matrix

Tω = D
0
ωT =























. . . eiω2j−1γ eiω2j−1δ

0 0

0 0 eiω2j+1γ eiω2j+1δ

eiω2j+2α eiω2j+2β 0 0

0 0

eiω2j+4α eiω2j+4β
. . .























, (12)

where the dots mark the main diagonal, the first column is the image of the vector

e2j , and the entries are constrained by (4). We explain in Ref. 9 how to extend the

spectral results on Tω below to random contractions of a more general five-diagonal

structure.

4. Polar decomposition of Tω

To tackle the non-normal random contraction Tω, we look at the properties of its

polar decomposition. First note that when g = 1, the original random quantum

walk characterized by (4) decouples into one-dimensional problems the solutions of

which are known, see Ref. 5. Thus, we assume 0 ≤ g < 1.

Let us consider the unique decomposition Tω = VωKω, where Kω is a non negative

operator on l2(Z) and Vω is an isometry on l2(Z). We note that due to (11), Kω is

deterministic since T ∗
ωTω = T ∗T = K2. A straightforward computation shows that

Proposition 4.1. The contraction Tω defined on l2(Z) by (12) admits the polar

decomposition Tω = VωK, where 0 ≤ K ≤ I is given by

K = P1 + gP2, with σ(K) = σess(K) = {1, g} and ‖K‖ = 1. (13)
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The isometry Vω is unitary on l2(Z) and takes the form Vω = D0
ωV , with

V =
1

1 + g























. . . γ(1 + g)− qt δ(1 + g)− st

0 0

0 0 γ(1 + g)− qt δ(1 + g)− st

α(1 + g)− qr β(1 + g)− sr 0 0

0 0

α(1 + g)− qr β(1 + g)− sr
. . .























,

(14)

the dots mark the main diagonal and the first column is the image of the vector e2j.

Remark 4.1. Actually, K is tri-diagonal in the canonical basis as the infinite

dimensional spectral projectors Pj , j = 1, 2 are given by

Pj =
⊕

k∈Z
Q

(k)
j , j = 1, 2,

with Q
(k)
1 = 1

|q|2+|s|2

(

|s|2 −q̄s

−qs̄ |q|2

)

= I2 −Q
(k)
2 acting on span{e2k, e2k+1}.

The unitary operator Vω defines a one dimensional random quantum walk studied

in Ref. 5

5. Analysis of the contraction Tω

5.1. Structure of Tω and Spectrum of Uω(C)

A contraction is said to be completely non-unitary, cnu for short, if it possesses no

non-trivial closed invariant subspace on which it is unitary, see e.g. Ref. 10.

Lemma 5.1. Let 0 ≤ g < 1. Then, for all ω ∈ Ω, the operator Tω is either cnu or

it is unitarily equivalent to the direct sum of a shift and of g times a shift;

σp(Tω) ∩ S = ∅, and for 0 < g < 1, σp(Tω) ∩ gS = ∅. (15)

Proof: Assume there is a closed subspace h0 such that Tω|h0
is unitary. For

ψ ∈ h0, we have ‖Tωψ‖ = ‖ψ‖. This implies with Tω = Vω(P1 + gP2), that

(I− T ∗
ωTω)

1/2ψ =
√

1− g2P2ψ = 0. (16)

Hence, h0 ⊂ P1H0, and, h0 being invariant under Tω, h0 ⊂ KerP2VωP1. A more de-

tailed study [ 9] of the operator P2VωP1 shows that KerP2VωP1 6= {0} ⇔ P2VωP1 =

0 and that this is equivalent to

C̃ ∈











α r 0

q g 0

0 0 δ



 ,





α 0 0

0 g s

0 t δ











⊂ U(3). (17)

Hence if (17) doesn’t hold, Tω is cnu. In case (17) holds, a straightforward calcu-

lation shows that the subspaces H+ = span {e2j}j∈Z and H− = span {e2j+1}j∈Z
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reduce Tω. We have, Tω = T
(+)
ω ⊕ T

(−)
ω , where, T

(+)
ω = Tω|H+

is unitarily equiv-

alent to |α|S+, similarly T
(+)
ω = Tω|H+

is unitarily equivalent to |δ|S−, with S±

the standard shifts on H±. Since g = min(|α|, |δ|), then σ(Tω) = S ∪ gS. This

finishes the proof of the first statement. The fact that eigenvalues cannot sit on the

unit circle is thus immediate, whereas, for g > 0, a similar argument applied to the

contraction (gT−1
ω )∗ = Vω(gP1 + P2) yields the last statement.

Remark 5.2. The operator Tω is cnu if and only if 0 ≤ g < 1, |α| < 1 and |δ| < 1.

Moreover, in case (17) holds, the corresponding random quantum walk operator

Uω(C) is purely ac by a general argument, see Ref. 9.

The fact that Tω is completely non-unitary has immediate consequences on the

spectrum of Uω(C). In particular,

Theorem 5.3. If 0 ≤ g < 1, then σ(Uω(C)) = σac(Uω(C)), for all ω ∈ Ω.

Proof: We drop the dependence on ω and C in the notation for this proof, for

simplicity. By Lemma 5.1, we can assume T is completely non-unitary. Let Psing

be the spectral projection onto the singular subspace Hsing = Hpp(U) ∩ Hsc(U)

and recall that P0 is the orthogonal projection onto H0. We first show that the

subspace H0 ∩Hsing reduces the operator U . Let ψ ∈ H0 ∩Hsing ,

Uψ = UPsingψ = PsingUψ = Psing

(

P0Uψ + (I− P0)Uψ
)

, (18)

where (I−P0)Uψ ∈ Hb, see (9). Using PsingHb = 0, we get that Uψ = PsingP0Uψ.

But then ‖Uψ‖ ≤ ‖P0Uψ‖ ≤ ‖Uψ‖ implies Uψ = P0Uψ = P0PsingUψ as well.

Hence H0 ∩ Hsing is invariant under U . By a similar argument, this subspace is

invariant under U∗ as well. Consequently, Hsing reduces T = P0U |H0
, which shows

that Hsing ∩H0 = {0} since T is cnu and g < 1. Repeating the argument with H0

replaced by arbitrary horizontal subspace yields Hsing = {0}.

5.2. Spectral Analysis of Tω

We simply state a few of the results on the spectrum of Tω provided in Ref. 9. We

denote the spectral radius of Tω by spr (Tω) and its resolvent set by ρ(Tω).

The polar decomposition of the operator Tω in Proposition 4.1 strongly suggests

a block decomposition with respect to the orthogonal projection Pj , j = 1, 2, and

the use of the Feschbach-Schur method. This allows us to localize the spectrum of

Tω in an annulus. Consider PjV Pk = Vjk, j, k ∈ {1, 2}, as operators on PkH and g

as a control parameter.

Proposition 5.1. Let Tω = Vω(P1 + gP2), where Pj are defined in (13) and 0 ≤

g < 1. If ‖V11‖ < 1, and g < (1− ‖V11‖)/(‖V21‖‖V12‖+ ‖V22‖(1− ‖V11‖)) then,

the set {|z| < g} ∪ {r(V ) < |z| ≤ 1} ⊂ ρ(Tω) for all realizations ω ∈ Ω, where

r(V ) =
1

2

(

‖V11‖+ g‖V22‖+
√

(‖V11‖ − g‖V22‖)2 + 4g‖V21‖‖V12‖‖
)

< 1. (19)
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Note that ‖V11‖ depends on g, so that the condition on the size of g is implicit.

Moreover, it is worth noting that the bound spr (Tω) < 1 is not satisfied in general,

even for small g, as illustrated by the following special case;

Proposition 5.2. Assume g = 0 and dν(θ) = dθ/2π. Then, Tω = VωP1 satisfies

σ(Tω) = {0} ∪
{∣

∣|α| − |δ|
∣

∣ ≤ |z| ≤ |α|+ |δ|
}

, a.s. (20)

For |α|+ |δ| = 1, the peripheral spectra of the relevant operators coincide with S,

σ(Tω) ∩ S = σ(P1VωP1|H1
) ∩ S = σ(Vω) = S, a.s. (21)

We can get informations on the angular localization of the spectrum by means

of the following general result about the spectrum of products of normal operators.

Proposition 5.3. Let T = AB, where A, B are bounded normal operators on H0

and let Bc(r) denote the open disc of radius r > 0 and center c ∈ C. Then,

B−1 ∈ B(H0) ⇒
⋃

τ∈ρ(A)

⋂

b∈σ(B)

Bτb(|b| dist(τ, σ(A))) ⊂ ρ(AB),

A−1 ∈ B(H0) ⇒
⋃

τ∈ρ(B)

⋂

a∈σ(A)

Bτa(|a| dist(τ, σ(B))) ⊂ ρ(AB). (22)

Since Tω = VωK, we show in Ref. 9 that the above result provides non trivial explicit

subsets of the resolvent set of Tω, if ρ(Vω) contains an arc of positive opening. We

also provide explicit examples displaying the stated hypotheses.
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