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Abstract

This paper establishes dynamical localization properties of certain families of unitary
random operators on the d-dimensional lattice in various regimes. These operators are
generalizations of one-dimensional physical models of quantum transport and draw their
name from the analogy with the discrete Anderson model of solid state physics. They
consist in a product of a deterministic unitary operator and a random unitary operator.
The deterministic operator has a band structure, is absolutely continuous and plays the role
of the discrete Laplacian. The random operator is diagonal with elements given by i.i.d.
random phases distributed according to some absolutely continuous measure and plays the
role of the random potential. In dimension one, these operators belong to the family of
CMV-matrices in the theory of orthogonal polynomials on the unit circle.

We implement the method of Aizenman-Molchanov to prove exponential decay of the
fractional moments of the Green function for the unitary Anderson model in the following
three regimes: In any dimension, throughout the spectrum at large disorder and near
the band edges at arbitrary disorder and, in dimension one, throughout the spectrum at
arbitrary disorder. We also prove that exponential decay of fractional moments of the
Green function implies dynamical localization, which in turn implies spectral localization.

These results complete the analogy with the self-adjoint case where dynamical localiza-
tion is known to be true in the same three regimes.



1 Introduction

The spectral theory of Schréodinger operators and other selfadjoint operators H used to
model hamiltonians of quantum mechanical systems has a long history. It can be argued
that on physical grounds the main motivation for studying spectral properties is their close
connection (e.g. via the RAGE-Theorem) with dynamical properties of the correspond-
ing time evolution e "t i.e. the propagation of wave packets under the time-dependent
Schrodinger equation i)' (t) = H(t).

However, the dynamical information following from spectral properties is not very ac-
curate and examples have been found where spectral properties are misleading about the
dynamics. In particular, this is the case for operators with singular continuous spectrum
or dense point spectrum, spectral types quite common in quantum mechanical models of
disordered media such as quasiperiodic or random Schrodinger operators, see for instance
[20], [53], [29].

As a consequence, much of the recent work on hamiltonians governing disordered sys-
tems has focused on directly establishing dynamical properties. For example, it has been
shown that Anderson-type random hamiltonians exhibit dynamical localization in various
energy regimes, the property that wave packets 1(t) stay localized in space for all times,
see [43], [1], [2], [31], [23], [32], for example.

The central object of interest in understanding dynamics is the unitary group U(t) =
et rather than the hamiltonian H itself. As short time fluctuations will generally not
have a major impact on long time dynamics, one may discretize time by choosing a time
unit 7' > 0 and study U(nT) = U™ = e~™TH as n — oo, with the fixed unitary propagator
U=U(T).

To further stress the role of the propagator as the central object in studies of dynamics,
consider hamiltonians H (t) which depend periodically on time, H(t +T) = H(t) for some
T > 0 and all t. In this case the large time behavior of solutions of i)' (t) = H(t)y(t)
is governed by the unitary propagator U(nT,0) = U™, where U = U(T,0) is commonly
referred to as the monodromy operator of the time-periodic system. Note that in this
case U does not have a meaningful representation of the form €4 any more. While such
representations with selfadjoint operators A exist for abstract reasons, the operator A may
have little to do with the time-dependent hamiltonian H(t). Actually, in the periodic
or quasi-periodic cases, the operator A is linked to the so called quasienergy or Floquet
operator [37], [57], [10], [39].

One consequence of this last fact is that it becomes legitimate to study time periodic
systems by directly modeling the monodromy operator U based on physical properties. For
example, time dependent analyses of electronic transport in disordered metallic rings have
been considered within such a framework, [44], [6], [8], [7], [11]. Kicked systems, often used
in the study of quantum chaos, provide another example of such models, see e.g. [18], [21],
[22], [24], [26], [12], [45], [48]. Similar studies were performed on the dynamical properties
of pulsed systems, given by smooth Floquet operators, in [9], [38], [39], [28].

Our central goal here is to investigate the dynamics of one such model U,,, which we call
the unitary Anderson model, indicating the presence of disorder by the random parameter
w. The name is chosen by analogy to the selfadjoint Anderson model, which, in its discrete



version on £2(Z%), takes the form
he = ho + V. (1.1)

The potential in (1.1) is given by real-valued i.i.d. random variables {V,,(k)},cze and hg
is a deterministic selfadjoint operator, most commonly the discrete Laplacian on ZZ. By
comparison, following our previous works [40, 41, 35], for the unitary Anderson model we
choose a unitary operator on £2(Z4) of the form

U, = D,S. (1.2)

Here S is a deterministic unitary operator and D, a multiplication operator by random
phases, i.e. for every ¢ € ¢%(Z%) and k € Z7,

(Dwo)(k) = e o(k), (1.3)

with i.i.d. random phases 6} taking values in T := R/27Z. Note that, despite the formal
analogy, there is no simple relation between selfadjoint and unitary Anderson models. In
particular, due to non-commutativity, e ~**0+V%) is not a unitary Anderson model and, vice
versa, D, S can generally not be written in the form e~ (ho+Ve),

For S we choose what we consider to be a unitary analog of the discrete Laplacian. For
d = 11it has a five-diagonal structure which finds its roots in some physics models, see [13].
It turns out that S has the same five-diagonal structure as the so-called CMV-matrices,
which have recently found much interest in the theory of orthogonal polynomials on the
unit circle, where they arise as unitary analogs of Jacobi matrices, see [49, 50, 52] and
references therein. For d > 1 we define S as a d-fold tensor product of its one-dimensional
version. For details see Section 2. One of the reasons for this choice of S is that one can
view the CMV-matrix structure as the simplest non-trivial band structure which a unitary
operator on %(Z) can have, see e.g. [13], similar to the role of the discrete Laplacian
among selfadjoint band matrices. Moreover, we choose S such that it will be invariant
under translations by multiples of 2, yielding ergodicity of the unitary random operator
U,.

Monodromy operators of the form (1.2), though not necessarily incorporating Anderson-
type randomness, have also been proposed and studied in the physics literature [44], [6],
[11] (see also [48]). A mathematical investigation of these models was initiated in [13]
and continued in [40, 41, 35, 36, 27]. In particular, spectral localization for the unitary
Anderson model was established in [35] for the one-dimensional model and in [41] for
arbitrary dimension in the presence of large disorder. Here spectral localization refers to
the property that U, has pure point spectrum for almost every w.

We will provide proofs of dynamical localization (as formally defined in Section 3 be-
low) for the unitary Anderson model in three different regimes: At arbitrary disorder and
throughout the spectrum for the one-dimensional model as well as in the large disorder
and band-edge regimes in arbitrary dimension (see Section 3 for a detailed description of
these regimes). This coincides with the regimes where localization has been found to hold
for selfadjoint Anderson models.



Our approach to localization proofs will be via a unitary version of the fractional mo-
ment method, which was initiated as a tool in the theory of selfadjoint Anderson models
by Aizenman and Molchanov in [4]. Dynamical localization will follow as a general con-
sequence of exponential decay of spatial correlations in the fractional moments of Green’s
function (Section 5). To complete the proof of dynamical localization in the three regimes
described above, the latter property of Green’s function will then be established in those
regimes.

In fact, in the large disorder regime this has already been done in [41]. Its proof for
the one-dimensional model is one of the main results of the thesis [34], from where we
borrow the proofs presented here (Section 7). Some of our general results, in particular the
proof that exponential decay of fractional moments of Green’s function implies dynamical
localization (Section 5) and the proof that fractional moments of Green’s function are
bounded (Section 4), are also essentially taken from [34].

The hardest, but possibly also most rewarding part of our work, is the proof of expo-
nential decay of fractional moments of Green’s function in the band edge regime, which is
carried out in Sections 8 to 14. Several preparatory sections are devoted to building up
various mathematical tools which do not seem to be known in the context of unitary oper-
ators, such as the Feynman-Hellmann theorem from perturbation theory (Section 9) and
Combes-Thomas type bounds on eigenfunctions (Section 11). Along the way to localiza-
tion we establish the spectral theoretic precursor of Lifshits tails of the integrated density
of states for the unitary Anderson model (Section 12) as well as a decoupling procedure
required in the iterative proof of exponential decay of fractional moments near the edges
of the spectrum (Sections 10 and 13).

In Section 6 we also include a proof of the general fact that, in the context of the unitary
Anderson model, dynamical localization implies spectral localization, as previously known
for selfadjoint Anderson models. In the unitary context, this follows from a version of the
RAGE-Theorem provided in [30], whose proof we reproduce here.

As already mentioned, when d = 1 and when restricted to [?(N) our unitary Anderson
matrices U, bear close resemblance with the CMV matrices in the theory of orthogonal
polynomials on the unit circle, see [40]. These polynomials are determined by an infinite
set of complex numbers on the unit disc that are called Verblunsky coefficients. Actually,
U, corresponds to a choice of Verblunsky coefficients characterized by constant moduli r
and correlated random phases, see [35] for details. Other choices of random Verblunsky
coefficients have been studied in the literature, see e.g. [51], [52], [55] and references therein.
We note that for i.i.d. Verblunsky coefficients in the unit disc with rotation invariant
distribution, Simon proves dynamical localization in [51]. While not spelled out explicitly,
our results for the one dimensional case show that dynamical localization also holds for
the CMV matrices considered in [35] with constant moduli Verblunsky coefficients and
correlated phases.

Finally, there is an underlying pedagogical goal to our paper: We use the unitary
models considered here to give a self-contained presentation of the mathematical theory of
Anderson localization via the fractional moment approach. Making use of state-of-the-art
techniques from localization theory, we revisit the peculiarities of the one-dimensional case
and techniques covering various regimes in the multi-dimensional case within a unitary



framework. This requires developing and adapting all necessary background, which we do
in a widely self-contained fashion.

Acknowledgments: E. H. would like to acknowledge support through a Junior Re-
search Fellowship at the Erwin Schrodinger Institute in Vienna, where part of this work
was done. Also, E. H. and G. S. would like to express their gratitude for hospitality at the
Institut Fourier of Université de Grenoble during visits at crucial stages of this work.

2 The Unitary Anderson Model

As the unitary Anderson model we denote a unitary random operator of the form
U,=D,S (2.1)

in £2(Z%). Motivated by earlier investigations in the physics literature, e.g. [11], this model
was studied mathematically in [13], [35], [40], [41] and [36], from where we take the following
definitions and basic results.

A deterministic unitary operator S on [?(Z%), sometimes referred to as the “free” unitary
operator or “unitary Laplacian”, is constructed as follows:

Starting with d = 1, let B; and Bs be unitary 2 x 2 matrices given by

r r —t
Bl:(—t 7“> and B2:<t 7“>’ (22)

with the real parameters ¢ and r linked by 7% + ¢ = 1 to ensure unitarity. Now let U, be
the unitary matrix operator in [?(Z) found as the direct sum of identical Bj-blocks with
blocks starting at even indices. Similarly, construct U, with identical Bs-blocks, where
blocks start at odd indices. Define Sy = U.U,, which will serve as the operator S in (2.1)
for dimension d = 1. The operator Sy is unitary, with band structure

rt —t?
r2 —rt
rt r2 rt —t2
Sy = 2.3
0 —t2 —tr 2 —rt ’ (2:3)
rt 2
2 —tr

where the position of the origin in Z is fixed by (eg_2|Sear) = —t2, with e;, (k € Z) denoting
the canonical basis vectors in [?(Z). Note also that Sy is invariant under translations by
multiples of 2. Due to elementary unitary equivalences it will suffice to consider 0 < ¢, < 1.
Thus Sy is determined by ¢. We shall sometimes write Sy(¢) to emphasize this parameter
dependence. The spectrum of Sy(t) is given by the arc

7(So(t)) = 2(t) = {e? : 9 € [~Ao, Mo]} (2.4)



with Ao := arccos(r? — ¢2). The spectrum is symmetric about the real axis and grows from

the single point {1} for ¢ = 0 to the entire unit circle for ¢ = 1. The spectrum is purely
absolutely continuous for ¢ > 0, e.g. Proposition 6.1 in [13].

To define the multidimensional unitary Laplacian, we follow [41] in viewing [*(Z%) as
®§-l:1l2(Z) so that for all k € Z%, ex ~ e, ® ... ® ex,. Using Sy = Sp(t) from above we
define S = S(t) by

S(t) = @F_150(t). (2.5)
The spectrum of S(t) is
a(S(t)) = {1 9 € [=dXg, do|}. (2.6)

Throughout this paper | -| will denote the maximum norm on Z%. Using this norm it is
easy to see that S(t) inherits the band structure of Sy such that

(erlSMey =0 i [k—1] > 2. (2.7)

For the definition of the random phase matrix D, in (2.1), introduce the probability
space (Q,F,P), where Q = TZ* (T = R/27Z), F is the o-algebra generated by cylinders
of Borel sets, and P = );,cza it, where p is a non trivial probability measure on T. The
expectation with respect to P will be denoted by E. We will assume throughout that y is
absolutely continuous with bounded density,

du(0) = 7(0)do, e L>®(T). (2.8)
The random variables 6; on (2, F,P) are defined by
0p:Q—T, 6¢=wp Fke2Zo (2.9)

In other words, the {6} ,c7a are T-valued i.i.d. random variables with common distribution
73
The diagonal operator D,, in £2(Z%) is given by
Dyej, = e ey, (2.10)

With this choice for D, and S = S(t) we define the unitary Anderson model U, via
(2.1).

This definition and the periodicity of S ensures that the operator U, is ergodic with
respect to the 2-shift in Q. U, also inherits the band structure of the original operator
S. The general theory of ergodic operators, as for example presented in Chapter V of [17]
for the self-adjoint case, carries over to the unitary setting. In particular, it follows that
the spectrum of U, is almost surely deterministic, i.e. there is a subset ¥ of the unit circle
such that o(U,) = ¥ for almost every w. The same holds for the absolutely continuous,
singular continuous and pure point parts of the spectrum: There are ., X5 and X, such



that almost surely 04c(Uy) = Zac, 0se(Un) = Bse and oy, (Uy,) = X,,. Moreover, we can
characterize X in terms of the support of i and of the spectrum of S;

¥ = exp (—isupp p) o(S) = {€™ : a € [~d\g, d\o] — supp p}. (2.11)
Here supp i denotes the support of the probability measure p, defined as
supp p:={a | p((a — €,;a+¢€)) > 0 for all € > 0}. (2.12)

The identity (2.11) is shown in [40] for the one-dimensional model, but the argument carries
over to arbitrary dimension.

Ast — 0, Sp(t) tends to the identity operator, whereas as ¢t — 1, So(¢) tends to a direct
sum of shift operators. Accordingly, if ¢ is zero then the operators U, are diagonal and
thus trivially have pure point spectrum. On the other hand, if ¢ = 1 then it is not hard to
see that all U,, are purely absolutely continuous (in fact, they are unitarily equivalent to a
direct sum of shift operators). Thus, excluding the trivial special cases, we shall from now
on assume that 0 < ¢t < 1. For the unitary Anderson model the parameter t takes the role
of a disorder parameter with small ¢ corresponding to large disorder, as this means that
U, is dominated by its diagonal part.

3 The Results

As discussed in the introduction, our main goal is to study regimes in which a quantum
mechanical system governed by the unitary propagator U, is dynamically localized. This
can be expressed in terms of the transition amplitudes (e;x|Ulve;), whose squares measure
the probability that a system initially in state e; evolves into state e after time n. By
dynamical localization we will refer to the property that the expectation of these amplitudes
stays exponentially small in the distance of k and [, uniformly for all times, i.e. the existence
of constants C' < oo and a > 0 such that

E(SEIZ; [(er|UMe;)]) < Cemok=t, (3.1)

In fact, what we will prove in several corresponding regimes is the stronger result that

E(St}p (el f(UL)en)l) < Cemet, (3.2)

where the supremum is taken over all functions f € C(S) with || f||sc := sup,es|f(2)] < 1.
Here S = {z € C: |z] = 1} is the unit circle.

Also, dynamical localization may only hold in an arc {e? : § € [a,b]} of the spectrum
of U,. In this case, the spectral projection [ﬁ’b] of U, onto this arc will be applied to the
state e; in (3.2), restricting the initial state to the localized part of the spectrum.

Our detailed results, stated in the following two subsections, fall into two categories:
We start with results which show that dynamical localization can be established by a

unitary version of the fractional moments method, using as a criterion the exponential



decay of fractional moments of spatial correlations of the Green function. We also show
that dynamical localization generally implies spectral localization, i.e. that U, almost surely
has pure point spectrum in the corresponding part of the spectrum. Finally, we state that
dynamical localization implies almost sure finiteness of all quantum moments of the position
operator. All these results hold for arbitrary dimension d, for general values of the disorder
parameter t € (0,1), and without restriction on the spectral parameter of the unitary
operators U,,.

Our second set of results concerns the proof of dynamical localization in three concrete
regimes: for the one-dimensional unitary Anderson model, as well as for large disorder
and at band edges in arbitrary dimensions. In each case this will be done by verifying
exponential decay of the fractional moments of the Green function.

3.1 Fractional Moment Criteria for Localization
For z € C with |z| # 1 let

G(2) = Gy(2) = (U, — 2)7 1, (3.3)
and
G(k,1;2) = (e} G(2)e), k,l ezl (3.4)

be the Green function of U,, (to use a term from the theory of selfadjoint hamiltonians in
the unitary setting).

The Green function becomes singular as z approaches the spectrum of U,. The first
insight which makes the fractional moment method a useful tool in localization theory is
that these singularities are fractionally integrable with respect to the random parameters.
This means that for s € (0,1) the fractional moments E(|G(k,; z)|*) have bounds which
are uniform for z arbitrarily close to the spectrum. This is the content of our first result. In
fact, we will need a somewhat stronger result later, namely that it suffices to average over
the random variables 6 and 6; to get uniform bounds on |G(k,[;2)|°. The role of bounds
of this type in localization proofs via the fractional moment method roughly corresponds
to the use of Wegner estimates in the approach to localization by the method of multi scale
analysis.

Theorem 3.1. Assume that the random variables {0y }cza are i.i.d. with distribution p
satisfying (2.8). Then for every s € (0,1) there exists C(s) < co such that

/ Gk, 1 2)[Pdp(Br)da(8)) < C(s) (3.5)

forall z € C, |z| # 1, all k,1 € Z¢, and arbitrary values of 0;, j & {k,1}. Consequently,
E(|G(k,1;2)[7) < C(s), (3.6)

for all z € C, |z| # 1.



The second statement simply derives from the bound (3.5), which uniform in the random
variables 0;, j ¢ {k,l}, and the independence of the #;. The proof of (3.5) is given in
Section 4.

In the next subsection we will identify several situations where the fractional moments
E(|G(k,1; z)|?) are not just uniformly bounded, but decay exponentially in the distance of k
and [. The following general result shows that this can be used as a criterion for dynamical
localization of U,,.

Theorem 3.2. Assume that the random variables {0y }cza satisfy (2.8) and that for some
€(0,1), C < o0, a >0, e >0 and an interval [a,b] € T,

E(|G(k,1; 2)]*) < Ceelkll (3.7)

for all k,1 € Z and all z € C such that 1 —e < |z| <1 and argz € [a,b].
Then there exists C such that

E[ sup [{ex|f(Uw) P yenl] < Ceolk=tl/a (3.8)
fec(s) ’
[l flleo<1

for all k,1 € 7.

Here, as usual argz € T refers to the polar representation z = |z|exp (iargz) of a
complex number. We prove Theorem 3.2 in Section 5.

It has been shown in [41] that fractional moment bounds of the form (3.7) for a unitary
Anderson model imply spectral localization via a spectral averaging technique, following an
approach to localization which is due to Simon and Wolff [54] for the selfadjoint Anderson
model. For completeness, we present a direct proof of the fact that dynamical localization
expressed by (3.8) implies spectral localization in the unitary setup. This follows from
a simple adaptation of arguments borrowed from Enss-Veselic [30], see also [15], on the
geometric characterization of bound states, i.e. a RAGE-type theorem for unitary operators.
We prove

Proposition 3.1. Assume that for an interval [a,b] there exist constants C < oo and
o > 0 such that

E[ sup (x| f(Uu) P yen)]) < Cemelhl (3.9)
feC(S)
[ Flloo<1

for all k,1 € Z¢. Then
(aa b) N Econt = wa (310)

where Yeont = 2se U Xge. In other words, almost surely P[‘g’b] U, has pure point spectrum.
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Another direct consequence of the dynamical localization estimate (3.8), is that it pre-
vents the spreading of wave packets from P[‘g 7b}l2(Zd) under the discrete dynamics generated
by U,. This dynamical localization property is measured in terms of the boundedness in
time of all quantum moments of the position operator on the lattice. More precisely, for
p >0 let | X |2 be the maximal multiplication operator such that

X [Pej = |jlke;, for j € Z7, (3.11)
where |j|. denotes the Euclidean norm on Z¢. We have

Proposition 3.2. Assume that there exist C < oo and o > 0 such that

E[ sup [{ex|f(U) P ye)|] < CemF (3.12)
feC(S)
Ifllee<

for all k,1 € Z. Then, for any p > 0 and for any v in 1>(Z%) of compact support,

sup ||| X|ZUS P ool < oo almost surely. (3.13)
nez ’

Similar results hold under weaker support conditions on . Our choice is made to keep
things simple. The proofs of Propositions 3.1 and 3.2 are given in Section 6.

3.2 Localization Regimes

The other main goal of our work is to identify three different regimes, where the frac-
tional moment condition (3.7) can be verified, and thus dynamical localization follows by
Theorem 3.2.

3.2.1 Large Disorder

As explained at the end of Section 2, the parameter ¢ € (0,1) used in the definition of
S(t) and thus, implicitly, also in the definition of U,, can be thought of as a measure of
the degree of disorder in the unitary Anderson model. Thus one can expect a tendency
toward localization for small values of ¢. This was confirmed in [41] where the following
was proven:

Theorem 3.3. Suppose that the i.i.d. random variables {0y }cza have distribution p sat-
isfying (2.8) and let s € (0,1). Then there exists to > 0 and C < oo such that if t < to,
there exists a > 0 so that

E(|(ej| V(U — 2)"'ex)|*) < Ce™ VM (3.14)

for all 5,k € Z* and all z € C with |z| # 1.

11



In fact, [41] considers a more general model in which different parameters t; are chosen
in each factor of (2.5) and shows (3.14) under the condition that ) . t; is sufficiently small.

Using (4.1) below this implies that (3.7) holds for all |z| # 1. Thus in the large disorder
regime t < ty dynamical localization holds on the entire spectrum of U,, by Theorem 3.2
(the spectral projection Py in (3.8) can be dropped).

3.2.2 The One-Dimensional Model

For the one-dimensional self-adjoint Anderson model, localization holds throughout the
spectrum, independent of the amount of disorder. The same is true for the unitary Ander-
son model, as implied by the following result:

Theorem 3.4. Let d =1 and suppose that the i.i.d. random variables {0y } ez have distri-
bution p satisfying (2.8). Then for every t < 1 there exist s > 0, C' < oo and o > 0 such
that

E(|G(k,1;2)]%) < Ce Ikl (3.15)
for all z € C such that 0 < ||z| — 1| < 1/2 and all k,1 € Z°.

By Theorem 3.2 this implies dynamical localization for the one-dimensional unitary
Anderson model throughout the spectrum.

Many of the special tools which have been heavily exploited in studies of the one-
dimensional self-adjoint Anderson model, are also available for the one-dimensional Unitary
model. First of all, there is a transfer-matrix formalism which allows the definition of
Lyapunov exponents. In particular, it has been shown in [36] that under assumption (2.8)
(in fact, for much more general distributions) the Lyapunov exponent is positive on the
entire spectrum and continuous in the spectral parameter. This is the central ingredient
into Lemma 7.1 stated in Section 7 below. For a proof of Lemma 7.1, which is a close
analog of a result proven for the selfadjoint one-dimensional Anderson model in [16], we
will refer to [34]. In Section 7 we will then explain in detail how this leads to (3.15).

3.2.3 Band Edge Localization

For notational simplicity and without restriction we assume for the following result that
supp 4 C [—a, a] with a € (0,7) and —a,a € supp pu. Furthermore, we assume that

a—+d\ <, (3.16)
which by (2.11) guarantees the existence of a gap in the almost sure spectrum ¥ of U,
{1 9 € (drg+a,2mr —dhg—a)} NE =0, (3.17)

and that ei(@rota) an(d i27—dXo—a) 5re band edges of ¥. Our main result is

12



Theorem 3.5. Assume (2.8) and let 0 < s < 1/3. There exist § >0, a > 0 and C < 0o
such that

E(|G(k,1;2)]%) < Ce Ikl (3.18)

for all k,1 € Z% and all z € C with |z| # 1 and argz € [d\g + a — 8,d\g + a] U [2m — dA\g —
a,2m —d\g — a+ 6.

Note that by Theorem 3.2 this implies dynamical localization for U, near the edges
dAo + a and 27 — dA\g — a of its almost sure spectrum.

The strategy of the proof of Theorem 3.5 is the following. We control the expectation
value of fractional moments of the infinite volume Green function in terms of the expecta-
tion value of fractional moments of the Green function of a finite volume restriction of the
operator. This requires addressing several distinct issues.

The first one is the definition of an appropriate finite volume restriction. We restrict
the problem to a finite but large box, by introducing appropriate boundary conditions
in Section 8. Our choice of boundary conditions is governed by the fact that we need
monotoncity properties which are similar to those of Neumann conditions in the selfadjoint
case. The link between the infinite and finite volume resolvents is provided by a geometric
resolvent estimate and a decoupling argument, similar to the self-adjoint case. Provided
one has good estimates on the expectation value of the fractional moments of the finite
volume Green function, this allows to lift such estimates to the fractional moments of the
infinite volume resolvent by means of an iteration, for large but fixed size of the box, in a
neighborhood of the band edges. This second step is addressed in Section 13.

To get the sought for estimates on the resolvent of the finite volume restriction, in the
band edge regime, we need to control the probability that the finite volume restriction of
U, has eigenvalues close to the band edge. Quantitatively, this amounts to showing that
the probability of a small distance, algebraic in the inverse size of the box, between the
eigenvalues of this finite volume restriction and the band edges is exponentially small, as
the size of the box increases, see Proposition 12.1. This is an expression of the fact that the
spectrum close to the band edges is very fluctuating which gives rise to Lifshits tails in the
density of states. To prove this, we follow the self-adjoint route, see [56]. We first study the
effect of Neumann boundary conditions on the spectrum of S in Section 8, and we make
use of a unitary version of the Feynman-Hellmann formula, Proposition 9.1, to control this
effect on the spectrum of the random operator U,,. Then, the Lifshits tail estimate together
with a unitary version of the Combes-Thomas estimate, Proposition 11.1, allow to show
that the expectation of the moments of the finite volume Green function is exponentially
small in a power of the size of the box, Proposition 14.1.

4 Boundedness of Fractional Moments

In this section we prove Theorem 3.1.
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As the bound (3.5) is trivial for |z| < 1/2, it suffices to consider |z| > 1/2 and |z| # 1.
Below we prefer to work with the modified resolvent (U, + 2)(U, — z)~!. Since
1

(U, —2) = 2Z[(Uw +2)(U, —2)7t =1, (4.1)

it easy to see that the existence of 0 < C' < oo for which

/ / erl(Us + 2)(Us — )" L) du(By) dyu(6y) < C, (4.2)

for all z with |z| # 1, all k,1 € Z¢, and uniformly in 0;, 7 & {k,1}, gives the required bound.

Key to the proof of (4.2) is knowledge of the exact algebraic dependence of the Green
function on the two parameters 0, and 6;. Similar formulas for rank one and rank two
perturbations of the resolvents of unitary operators have been derived in [49], Section 4.5,
from where we took guidance.

We mostly focus on the proof of (4.2) for the case k # . At the end of the proof we
comment on the simpler case k = [, where (4.2) only requires averaging over one parameter.

For k # | weborrow an idea from [3] and introduce the change of variables a = 3 (0, +6,),
B = 3(0) — 6;). This will have the effect of essentially reducing (4.2) to averaging over the
single parameter « (although this still corresponds to a rank two perturbation).

Let A= {k,I} C Z% and define

a, jeA

njg = { 0 j¢ A (4-3)
B, Jj=k
0, j¢A

~ 0, je€A

0]- = { 0;,7 idA (4.5)

Next, we define the diagonal operators D, Dg and D by

—in, i =~ —ib.
Doej=e Mie;, Dgej=e %iej, Dej=e e, (4.6)

Using these definitions we can write
U, = D,V,, (4.7)

with the unitary operator V,, = DgﬁS . In what follows we explore the relation between
the modified resolvents of U, and V,.

Let P4 be the orthogonal projection onto the span of {Vw_lej : j € A}. Using that
{V.te; : j € Z%} is an orthonormal basis of [2(Z%), simple calculations show that (U, —
Vo,)(I — Ps) =0 and VU, = e~ on range P4. In particular, U, — V,, = (U, — V,,) Pa
is a finite rank operator. Therefore,

U, =V,(I = Pa) 4+ eV, Py. (4.8)
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For z € C\ {0} with || # 1, let F, = Py(U, 4 2)(Uy, — 2) "' P4 while F, = Pa(V,, + 2)(V,, —
2)71Py, both viewed as operators on the range of P4 (i.e. 2 x 2-matrices). We see that

F.+ Ff = Pa(2I = 2|2))(Vl, — 2) (Vo — 2) " Pa. (4.9)

This shows that F, + 132* is invertible and F + ﬁz* < 0 for |z| > 1. Therefore, —iF, is a
dissipative operator, i.e. an operator A such that (A — A*)/2¢ > 0. Similarly, —iﬁz_l is
also a dissipative operator. In the case |z| < 1, we have that iF o iF —1 are dissipative.

Next we explore the relation between F, and F.. Following Section 4.5 of [49] we use
the fact that (z + 2)(z — 2) 7! = 1 + 2z(z — 2) ! along with (4.8) to obtain

F,— F, = —22P4(V,, — 2) "V Pa(e 7™ = 1) Py (U, — z) "' Py4. (4.10)

Using the definitions of F, and ﬁz, this can be rewritten in the form

~

PP = %(1 R —1)(1— ). (4.11)

For a ¢ {0, 7}, let m(a) = ilte"> ¢ R. A straightforward calculation shows that

T Yl—ete

~

F. = —i(—iF, + m(a)) " —i(—iF, " —m ™ (a)) " (4.12)

z

Note that F. ., depends on ( and the gj, but not on a.
From the definitions of F, and P4 and the fact that VU, = eI on span{V, e, :
j € {k,l}}, a simple calculation shows that

(ex|(Up 4+ 2)(Uy — 2)Le)) = (Vo ler|ELV ey, (4.13)

Therefore,

/ / erl(Us + 2)(Us — )" 1) * du(Br) dp(6y)

2 2
< Il /0 /0 Vo er EVS )| doy, doy

2 2
% / / |EL |1 do, do,
0 0
2

2l [ ([ 1 da ) as, (4.14)

where we have changed to the variables o and § and slightly enlarged the integration
domain into the rectangle 0 < a <27, -7 < g <.
We split the a-integral according to (4.12),

IN

IN

2 2 21
/ |Fo ) dor < / |(=iB, + ()~ * dart / N(—iF = m @) da. (4.15)
0 0 0

15



Recalling that m(«) has singularities at a € {0, 27}, we make the change of variables
z =m(a),

21 R
/0 (—iF. + m(a))"|[*da

R 92 N

R—o0 Rl’Q
> [ o)
= 2 / —iF, + )" ||? dx
2 z
= x —|—1
1 n+1 R 1
nez n

We can now complete the proof of (4.2) by treating the cases [z > 1 and |z| < 1 separately.
If |z| > 1 then —iF, is dissipative and Lemma 4.1 shows boundedness of the mtegral on
the right of (4.16), uniform in n, |z| > 1, § and 0 Thus, after summation, fo |(—iF, +
m(a))~H]F < O(s ). The second term on the r1ght of (4.15) can be bounded in a similar
way, using that —zF ! is dissipative as well. Inserting these bounds into (4.14) makes the
B-integration trivial and Completes the proof of (4.2) for the case |z| > 1.

If |z] < 1, then —iF, and —iF ! and anti-dissipative. As Lemma 4.1 obviously also holds
for anti-dissipative matrices A, the proof of (4.2) goes through with the same argument.

The proof of (4.2) for the case k = is similar but simpler. We don’t need a change of
variables, but directly work with one of the parameters ; instead of «, leading to rank one
perturbations. The objects corresponding to F, and ﬁz become scalars and we only have
to use the trivial scalar version of Lemma 4.1 to conclude.

We finally provide an elementary proof of the following Lemma which was used above.
A much more general result of this form is given as Lemma 3.1 in [3].

Lemma 4.1. For every s € (0,1) there exists C(s) < oo such that
/ (A +2D) Y| dz < C(s) (4.17)
E

for every dissipative 2 X 2-matriz A and every unit interval E.

Proof: First observe that a general dissipative 2 x 2-matrix A is unitarily equivalent to
an upper triangular dissipative matrix (choose as unitary transformation any matrix whose
first column is given by a normalized eigenvector of A). Thus we may assume that

A= ( “(1]1 412 > , (4.18)

a22

which implies

ag2+x

1 _ ai2
(A+a2I)t = < e (a11+2)(az+z) ) (4.19)
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The bound (4.17) follows if we can establish a corresponding fractional integral bound
for the absolute value of each entry of (4.19) separately. For the diagonal entries this is
obvious.

We bound the upper right entry of (4.19) by

a2 |a1z|
(a1 + z)(az2 + z) Im ((a11 + z) (a2 + 2))|
1
B xImau—i—Im az | Im(ajiaze) |’ (4'20)
|arz] laiz2]
The positive matrix
1 L
ImA=_—(A-A%) = < may 5019 ) (4.21)
2 —5;012 Imag
has positive determinant, i.e. det Im A = Im aj1Im ags — |aia|?/4. We thus get
’Iman + Ima22 2 > 21ma11h2na22 > 1 (422)
aiz |a12] 2
The latter allows to conclude the required integral bound for (4.20). |

5 Dynamical Localization via Green’s Function

Here we will prove Theorem 3.2, i.e. that exponential decay of fractional moments of Green’s
function implies dynamical localization.

Our proof uses an idea which in the context of selfadjoint Anderson models is due
to Graf [33], namely that second moments of an Anderson model’s Green function can
be bounded in terms of its fractional moments (including, however, a scalar factor which
becomes singular as the spectral parameter approaches the spectrum). While the details
of the proof are more involved than in the selfadjoint case, we find a bound of this form
for unitary Anderson models in Section 5.1.

Another tool we use is the integral formula (5.28), which expresses operator functions
f(U) in terms of the resolvent of U. In Section 5.2 we provide a proof of this formula,
which combines the spectral theorem for unitary operators with the representation of Borel
measures on T by Poisson integrals.

Equipped with these tools we complete the proof of dynamical localization in Sec-
tion 5.3.

5.1 A Second Moment Estimate

We start by a bound of second moments of Green’s function in terms of its fractional
moments, which holds pointwise in the spectral parameter.
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Proposition 5.1. Assume that the {0} },cza satisfy (2.8). Then for every s € (0,1) there
exists C(s) < oo such that

E((1 - [zP)G(k,;2)*) < C(s) Y E(G(m,12)°) (5.1)

lm—k| <4

for all |z| < 1 and k,1 € Z°.

Proof: Throughout the proof we will assume z # 0. The bound (5.1) carries over to
z = 0 by continuity.

For 6 € T, let n,, = e~ U0 +0) _ =i Then define Df, = D, + np P, where Py is the
orthogonal projection into the span of e. Let Uf, = DgS . Using the resolvent identity we
have

(U8 =2 = (Us—2) " = —(U8 = 2) ' PS (U — )7 (5.2)

for all z € C such that 0 < |z| < 1. Letting F(z) = S(U, — 2)~" and Fs(z) = S(U% — 2)71,
the last equation takes the form

Fs(2) — F(z) = —Fs(2)ne P F'(2). (5.3)

Denoting F'(i, j, z) = (e;|F'(2)e;) it is easy to see that

F(z)P.F(2)
F, —F(z)=— . 4
() = () = e e (5.4)
Therefore, for all [ € Z¢
F(k,l,2)
Fs(k,l,z2) = . 5.5
On the other hand, we also have that
‘F(S(kvl’z)|2 < Z ‘F(s(kayv'z)F
y€Z4
= (exlS(WUL = 2)7[(US — 2) 7" S"ex). (5.6)
Since U? is a unitary operator, the following identity holds
5 oyt _ —Llos 15
(WS =2 = 2 Wh - ) (5.7
Thus, it follows that
-1 1
[Falk, 1, 2)* < —{exl S(WUZ = 2)7H(US — 2) 7" Dien)
o —i(0¥+9) 1
e "%k _ _
= —— (@IS -7 (U - 2) ew). (5:8)
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Again using the resolvent identity, we see that

1 z 1
0 Nl 1 2 o . \—1 __ 0 -1
U =27~ D7 = g (W =97 Wl - )7 (59)
Hence,
2 6_Z(9w+5) 5 -1 s 1
|[Fs(k, 1, 2)|° < T2 {{erlS(UG = 2) " er) — (el S(UG = 2)ew)}- (5.10)
From (5.7), the definition of US and the fact that (U3 — z)~! = —1[I — U(US — 2)71], it
follows that
1. _ _ (e 11k
(exl S(US — ) lep) = —ze/ 0T (er][(U) — 2) """ ex)
_ 261’(0“’-&-5){ <U6(U6 - Z)_1€k|€k>}
= U1 — RIS (k, k, 2)}. (5.11)
Therefore, we now obtain that
1 it
‘Fé(kal,2)|2 S 1—7|,2;‘2{2§R[6 (ek +6)F5(k7k52)] — ].}
- 1—7’2‘2{’}7‘5(}{7,]{5,2)‘2_ |€ (6k+6) —Fg(k,k’,Z)’Q}, (512)

since |z —y|? = |z|?> + |y|? — 2R[Zy]. Using (5.5), to rewrite Fs(k, k, 2) in terms of elements
of F, along with the definition of n; we get

1 |F(k7k7z)|2 B |ei92’ B F(ka k72)|2

Fs(k,1,2)* < . 5.13
This inequality gives, in particular, that F'(k, k, z) # 0. Therefore
1—|1—e%F(kk,2)"1?
(1= [P\ sk 1, o) < 2oL F R )] (5.14)

‘77]6 + F(ka k: z)_IP

Finally note that the last inequality allows us to conclude that |1 — e F(k, k, 2)~1| < 1.
One can also use the fact that

[Fs(k K, 2)| < [|(US = 2) 7Y < o7 (5.15)

for all § € T, to get a different upper bound on (1 — |2|?)|Fs(k,1, 2)|%. Since (5.5) can be
rewritten as
1 F(k,l,2)

Fs(k.1,2) =
5(k.1,2) e+ Fk k,2)~L F(k.k, 2)’

(5.16)

it follows that 1 — |ns + F(k,k,2)~!| < |z|. Then by choosing 6 such that e™® =
1—e%k F(k,k,z)~1
|1—€inF(k,k,Z)71|’

11— e Bk, k, 2) 72| < |z]. (5.17)

we see that
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Using this along with (5.16) we obtain the following upper bound

(1= [2[*)| F5(k, 1, 2)* <

1—|1—e%F(k,k,2)

P EK L)

Ik + F(k, k, 2)

P F (R R 2P

(5.18)

Combining the two estimates (5.14) and (5.18) and using that for 0 < s < 1 we have

min(1, |z|?) < |z|*, it follows that

1—1—e%F(k k,z)"?

|E'(k, L 2)]°

1- Fs(k,1,2)* < : : 5.19
(=P NEs L AP < Fo =P, A DR 1k, B ) 19
Letting y = 1 — €% F(k, k, z)~', this can be rewritten as
2 2 _ (11— ly[*)I1 = yl* s
(1 - ‘Z| )|F5(k¢,l,2)‘ < |e,i5 — y|2 |F(k§,l,2)‘ : (520)
Since the expectations of F' and Fjs are related by
E[[F(k,1,2)2] = IE[/ du(6r + 8)|Fs(k, 1, 2)[?), (5.21)
it follows that
E[(1 — [2*)|F (k. 1, 2)[)
1-— 1—
< lrlloE[|Fh L2 sup / ap L WOyl
{yeCily|<1} [e7® —y|
2m 1—
< 25HTHOOE[]F(I€,Z,Z)\S sup / dé%]. (5.22)
{yeC:|y|<1}Jo e — 9|
Next we evaluate the integral
21 2 2T —i§
1—
/ a5 L= WD) / FA ——
o le7? =yl e —y
27 26—15
= dé| 2
§R/ =5 -1 (5.23)

The latter integral can be easily evaluated using Cauchy integral formula, by simply sub-

stituting z = e~ and gives

27 1— 2
0 le=® —y|
Therefore,
E[(1 = [z[})|F (K1, 2) ") < 2° x| || B F (K, 1, 2)[]. (5.25)
Since S is a unitary operator with band structure, we see that for s € (0, 1)
E[|F(k,1,2)])] = E[[(S"ex|(Us —2) " ter)]”]
< Cils) Y, Ell{em|(Us —2)"e)]]. (5.26)
m—k|<2
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Finally, in order to get the required bound of the second moment of elements of (U, —
2)~! we use again that S is a unitary operator with band structure. Therefore, for k,1 € Z¢

E[(1 - |2){exl(U — ) e ] = E[(1 - |z1?)|(SexlS(Us — )" en) 2
< S El(L - [P)Fm L) (5.27)
lm—k|<2

Combining (5.27), (5.25) and (5.26) gives (5.1). |

5.2 An Integral Representation for f(U)

We will reduce bounds for f(U) to bounds on resolvents by the formula

f(U)=w— lim Lo /Qﬂ(U —re)THU — re )7L f () db (5.28)
0

r—1- 2T

for f € C(S) and U a unitary operator. This is a simple consequence of the representation
of Borel measures on T by Poisson integrals:

Let ¢ € H be normalized and consider the non negative spectral measure du, on T
such that

(olU) =/Tei°‘d<90!E(a)so> =/Temdw(a), (5.29)

where E(-) denotes the spectral family of U. We can thus rewrite for 0 <r < 1

6\ — — —if\— 1—7?
(=AU =) O =re ) = [ )

1—r?
= d = 6 5.30
/T 1472 —2rcos(f — a) () u(r,6), (5:30)
which coincides with the Poisson integral of the measure dji,. As a function of z = z+iy =
re'® | with the standard abuses of notations, the RHS of (5.30) is non negative and harmonic
in the open unit disc ([47] Sect. 11.17), but it is not bounded as » — 17 at the atoms of
dp,. Now, Theorem 3.9.8 in [46] on the representation of non negative Borel measures on
T says that for any f € C(S) we have
: o 10 d0 za
lim u(r,0) f f Jdpe(a) = (@l f(U)p). (5.31)

r—1= Jo

Considering the matrix element (| - 1) for arbitrary ¢ and v in H, we get the equivalent
result by polarization, which proves (5.28).

If P, ) denotes the spectral projector of U on the arc [a,b] C T and ¢ € H is normalized,
then

(| Py E(Q)p) = dult? (@) = dup(a) |- (5.32)
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By the same argument with Py, ;¢ in place of ¢, i.e. with dm[g Py place of dpu.,, we
have for any f € C(S)

Poyf(U) = w— lim Lor /(U—rew)_l(U_l—re_w)_lf(e’e)dﬁ

r—1- 27
= w-— hI{lﬁ fr(U). (5.33)

5.3 Conclusion of the Proof of Theorem 3.2
Let f € C(S) such that || f|lcc <1 and consider

fv) =1 ;7:2 /b(U —re®) U = e )T f () db. (5.34)
We compute ’
x5 0)
c1r / eel(U — re) U = remi0) e () o
1_r /a D el = re®) e |[(e|(U = re) " er)|db, (5.35)
lezd

which is independent of f. Hence, using Fatou’s Lemma and Fubini’s Theorem and taking
the supremum over all f € C(S) such that ||f|lc < 1,

E[Sljlcp [(ex|Plap f(Usw)es) ]
= E[Sl}P lim [{ex|fr(U)e;)l]

< [hmlr_lf sup [{ex|fr(U)e;)]]
r—1 HfHoo<1

/ ZE (e (U — rei?)~1 l)H(ej\(U—reie)_lelﬂ]]dﬁ. (5.36)

lezd

< lim inf
r—1-

By the Cauchy-Schwarz inequality and the second moment bound (5.1), we have

E[|(1 — r*){exl (U —re®) e[ [{e; (U — re’) ~tey)]]
< (B[ = r*) el (U = re”) e PDVAENL = r2) (e |(U = re®) e *])?

1/2 1/2
< G| ), E@GmLre”)P) Y. EGm L))
m:m—k|<4 m:m—j|<4
< 026*04’?*”/26*041*”/2’ (5.37)

where ultimately the assumption (3.7) on exponential decay of fractional moments of
Green’s function was used. Since there exists a finite ¢ such that

$ ealle=tlHli=t/2 < cemolkil/d (5.38)
lezd
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we finally get

Efsup |{ex| P pf (Un)es)[] < Cemom a1, (5.39)
f

with C' = ¢Cy. This completes the proof of Theorem 3.2.

6 Dynamical Localization implies Spectral Local-
ization

We start by recalling the geometrical concepts and results introduced in [30] in a general
framework.

Let U be a unitary operator in a separable Hilbert space 3 and let 3,,(U), respectively
H.(U) denote the pure point, respectively continuous, spectral subspace of U. We will
denote the spectral resolution of U by Ey.

A practical characterization of the vectors of 3(,,(U) and H.(U) in terms of their be-
haviour under the discrete dynamics with respect to families of finite dimensional subspaces
of H is provided in [30] and reads as follows:

Let P = {P,},>0 be a family of projections on H such that

[ - ; al r <00, and s — lim r5 = 1. .
P.=P?=P’, Rank P, ds— lim P, =1 6.1

r—00

We define the set of bounded trajectories with respect to the family P by

My(P) = {¢ € 3| lim sup (I — F)U™] = 0}. (6.2)

Similarly, the set of propagating trajectories with respect to P is defined by

N

Mp(P)={y € H | lim i > IRU™ | =0, vr >0}, (6.3)
n=—N

Both MY, (P) and MZ,(P) are easily seen to be closed subspaces of .
Then the following holds.

Lemma 6.1. For any unitary operator U on a separable Hilbert space H, and any family
P asin (6.1),

MY (P) = Hyp(U)  and MP(P) = H(U) (6.4)
While the definition above suffices for our purpose, more general families of operators

than P can be considered, see [30]. For completeness, we provide a detailed proof of this
Lemma, which is a slight adaptation of the argument in [30].

Proof of Lemma 6.1 in three steps:
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First, H,,(U) C M¥(P):
If Up = e'®p, then

(I —P)U"p| =|(I —Pr)¢|| — 0, uniformly in n as r — oo. (6.5)

We conclude using that H,,(U) = {¢ | Up = ey} and the fact that M2 (P) is closed.
Second, M, (P) L MZ,(P):
Let ¢ € M@(P) and 1 € MY (P). Then

N 1 N
(ply) = 2 {el) =5 +1ﬂ_§_jN<U"so|U"w>
1 N
= g X Ul = P)UT) + (Ul B UT). (6.6)
n=—N

By our choice of v, for any € > 0 there exists r(¢), uniform in n, such that [(U"p|(I —
Pr())U™)| < e. And our choice of  and the selfadjointness of P, imply

N
> (Ul P Um)| <
—
which shows that (p[y) = 0.
Third, H.(U) C MZ,(P):
Let ¢ € H.(U) = P.(U)H, where P.(U) is the spectral projector of U on the continuous
spectral subspace of U. Since the orthogonal projector P, is finite dimensional for any r,
there exists vectors ¢; € Ran P, such that we can write for some m < co

1
2N +1

1
_2N+1

Z P Ul |9]] — 0 as N — oo, (6.7)

P =) lei{eil, where (pilp;) = di;. (6.8)
Hence, |P,U™p||? = Y1 [{pi|U™)|?. Now, by the Spectral Theorem we have

Forw() = (@ilU™) = /T T (6.9)

where dpg () = d(Pe(U)pi|Ey(x)P.(U)y) is a continuous complex valued measure.
Thus, by Wiener’s Theorem,

1
NN T _Z_ Fouw)® = 3 lnguu({z = 0. (6.10)

n= zeT
}1/2
m 1/2
= {22 Z \foru(n } (6.11)
i=1
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Consequently, making use of Cauchy-Schwarz,

1 N 1
P.U" <
2N +1 ZN“ Ut < {2N+1
n—— e




which tends to zero as N — 0.
Finally the decomposition H = H,,(U) & H.(U) leads to the conclusion. |

Proof of Proposition 3.1
Coming back to the random situation at hand, we construct a suitable family of pro-
jectors P = {P,},>¢ by means of

Pr=Y"ler){exl, r>0, (6.12)
kez?

k|<r
and consider the vectors of the form P[‘(‘I’ b)Ci> j € Z%. We have for all n € Z
1 = PULPE yesll = {32 [{exl Py Ultes 212, (6.13)
kezd

|k|>r

Therefore, since ](ek\P[“;yb]UﬂejH <1,

sup [|(I — P)UZ Py 65l = {sup Z |<€k|PfZ,b}Ufej>|2}l/2
" " pezd
|k|>r
< {sup > |{ex| Py yUle;)}2. (6.14)
" pezd
|k|>r

Thus, by Fatou’s Lemma and Cauchy-Schwarz inequality,
E(lim sup |(I — P)USF yeill)
- 1/2
< liminf E({Sgp Y Herl Py yUlen}?)
keZe|k|>r

lim inf {E(sup 3 [(ex| P Ule) )} /2. (6.15)

kezd
|k|>r

IN

Now, by Fubini’s Theorem,

E(sup Z er| P nUses)) < E( Z sup [(ex| Py, UL €;)])
" pezd kezd "
|k|>r |k|>r
= > E(sup |(ex| P yUle;))

kezd
|k|>r

G emalk=illt < Gealil/t 37 emal/t (6.16)

kezd kezd
|k|>r |k|>r

IN
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where the right hand side decays exponentially fast to zero as r — oco. As a consequence,

E(lim sup (I — P)URPE e ) =0, (6.17)
r—o0
so that there exists a set €2; C 2 such that P(€2;) = 1 and for all w € Q;
lim sup [|(I — P)U; Py ye5]l = 0. (6.18)
T—00 g ’

In other words, P e; EN:pr(Uw)’ Vw € Q;. Then, Q = Njezaflj is a set of probability
one such that for all w € Q, P[‘(‘; b€ € Hpp(Us), Vi € Z%. Hence,

Pyl (Z%) € Hyp(Us), ass. (6.19)

Proof of Proposition 3.2
By assumption, ¢ = ), ¢rey satisfies ¢, = 0 if |[k| > R, for some R > 0. Hence, by
Cauchy-Schwarz

X 1EUSPE ol > el XU Py g
j

2

> (e [ULPE yer) v
k

= Yl
J

< 0 PN UL PG en) Pl
J |kI<R

< S0 iU uRPE yeall ), (6.20)
J |kI<R

since |<ej|U£P[‘(’; b]ekﬂ < 1. By the same steps as those performed in the previous proof,
one gets that

E(sup [|IXIPUS P l) < o0 it 37 37 1jPE(sup [es UL P yer)) < oo. (6:21)
ne i |k|<R "

That the latter sum is finite follows from (3.8), which ends the proof. |

7 One-Dimensional Localization

In this section we prove Theorem 3.4.
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7.1 Basic Properties of the One-Dimensional Model

The proof of Theorem 3.4 uses a number of tools, which are specific to the one-dimensional
model, where the operators studied here can be considered as unitary analogs of Jacobi
matrices. We start this section by briefly presenting the properties which we will need.
While we have a somewhat different point of view, much of this is related or equivalent to
facts on CMV-matrices, which can be found throughout [49, 50].

Due to the specific band structure of U,,, the generalized eigenvectors can be studied
using complex 2 x 2-transfer matrices. Specifically, generalized eigenvectors are solutions
(not necessarily in I?) of the eigenvalue equation

Usp =2, = e, (7.1)
keZ
for z € C\{0} and characterized by the relations
7/12k+1> W pw <¢2k—1>
— T.(6%, : 7.2
<¢2k+2 (051, 05%41) ok (7.2)
for all k € Z. Here the transfer matrices T, : T2 — GL(2,C) are defined by
_e T gito—my _ €
t z

(7.3)

z
T, (07 77) = r e~ 2t r2
(1=
(=)

_ L ()
2z e < e 2

Note that det T, (05,05, ) = "3 =%41) has modulus one and is independent of z. We
have for any n € N

(7/1;2”1) = To(05(n—1) O5(n—1)41) - T=(05, 07) (t;) =Tx(w,n) (Z;) , (7.4)

<¢12i2;1> = TZ(GO—JQrw 92271-1—1)_1 e Tz(gf% 9011)_1 <1/;b_01> = Tz(wv _n) (gfp_ol> . (75)

We also set T (w,0) = 1.
The transfer matrix formalism allows to introduce the Lyapunov exponent 7(z);

) i EOITCm) )

n—oo n

Positivity and continuity of the Lyapunov exponent for all values of z under the current
assumptions was proven in [36]. A consequence of these properties of (z) is the following
unitary version of Lemma 5.1 of [16].

Lemma 7.1. Assume that the random variables {0y} .cza satisfy (2.8), then for each com-
pact subset A of C there exist « = a(A) >0 and 0 < 6 =0(A) <1 and C = C(A) < 0
such that

E[||T:(w, n)ol| ] < Ce™ (7.7)

for all z € A, n >0 and unit vector v € C2.
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We omit the proof of this lemma which is very similiar to the one given for the self-
adjoint Anderson model in [16], see Appendix A in [34] for details.

We will frequently work with restrictions of the infinite matrices U, to discrete finite
intervals [a, b] or half-lines [a, c0) and (—o0, b], respectively. Here we slightly abuse notation
and write, for example, [a, b] for [a,b]NZ. To guarantee that the restrictions remain unitary
we have to choose suitable boundary conditions. At each finite endpoint these boundary
conditions can be labeled by a parameter in T.

For a € Z and n € T, the unitary operator S%a’oo) on [?([a, 00)) is constructed as follows:

If a = 2n is even, let the 2 x 2 matrices By and By be defined as in (2.2), then let UE”’OO)
be the unitary operator in [2([2n, 00)) found as the direct sum of identical B;-blocks with

blocks starting at 2n. On the other hand construct 0[2"’00) starting with a single 1 x 1
block e, then identical Bs-blocks starting at 2n + 1. Now let 57[72n’°°) = Ue[Qn’OO)U(?"’OO).
The operator SE"’OO) on 12([2n, 00)) will have a band structure
rem ot —t?
—te  r?2  —rt
2n,00) 7t r? rt  —t2
Sn ’ — —t2 _t,r 7,,2 _,,,.t . (78)
Tt r?
—t? —tr

The parameter 7 can be thought of as a boundary condition at 2n.

Ue(_oo’znﬂ} is found as the direct sum of identical Bj-blocks with blocks

(

starting at even indices, while UO_OO’%H] has identical Bs-blocks starting at odd indices,
with (Ué_OO’QnH])(Qn +1,2n + 1) = €. Thus,

Similarly,

rt —t?
r? —rt
S(—oo,2n+1] _ rt 7’2 rt —t2 (7 9)
K —t2 —rt 2 —rt . '

rt r2  te™
—t2  —pt rem

To define 5’7(7_00’2n] and S’T[I%H’OO) we slightly modify this construction, this time filling

up U?nﬂ’oo) and Ue(foo’%} with a 1 x 1-block e, respectively, yielding
rt —t?
( on] r2 —rt
—00,z2Nn
Sy T = rt o r2 ot —2 | (7.10)
—t2 —rt r?  —rt
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while

rem  —te
rt r2 rt —t2
2 2
57[]2n+1,00): —t* —rt 7 —12"75 ) (7.11)
rt r
—t? —rt

In similar fashion, for integers —oco < a < b < co we can construct the unitary operator

S%Z’,%b with 7, boundary condition at a and 7, boundary condition at b, for example we
have

refmn  pt 2
—tel2n p2 —72“t ,
oo = j2 ot :g :f"t : (7.12)
tem;m retm
Finally, we define
UL%;;J;%: [abls[ﬂigb’ (7.13)

where the diagonal operator D" on 12([a, b]) is defined as in (2.10). Similarly, we define
[a 00) (—o0,b]
Uy and Uy .

As before, the generalized eigenvectors of Ui,anlj s UL%OO) and Ui, M X are characterized
by the relations (7.2) are supplemented with appropriate relations to reflect the boundary
conditions, see [34] for details. In the proof of Theorem 3.4 we only use n = 0, so for the
rest of this section we write U[a b] = ylad], U[aooo) — Ul®) and U( ool _ (ool for

simplicity, also frequently leavmg the w- dependence implicit. Other boundary conditions
will be used later, see Section 8.

In the following discussion we use the notation Ul*? for general —oco < a < b < o0, i.e.
we write U000l yla:col and Ul=o0tl for U, U@ and U=t

Another feature of the one-dimensional model is that Green’s function G(k,; z) can be
expressed in terms of two generalized eigenfunctions to z which, separately at each endpoint
a, b, are square-summable or satisfy the boundary condition at the endpoint.

For a solution ¢ of (U — z)p = 0, we define ¢ by

~ 2
AN rt Yan—1
<§52n+1> B <7“75 r? — 26i92"> < V2n ) ' (7.14)

A straightforward calculation shows that ¢ is characterized by the relations

<~S02k ) (9219 1;02k‘) (‘P% 2> (715)
P2k+1 P2k—1
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for all k € Z. Here the transfer matrices 7% : T2 — GL(2,C) are defined by
T2(0.) = T!(n,0), (7.16)

where T (n, 0) is given by (7.3) and T* denotes the transpose of T'.
For —o0o <a < b< oo let

Gll(2) = (Ul — 2)~1, (7.17)

To any z not in the spectrum of Ut choose generalized eigenvectors ¢® and ¢ as follows:

If a is finite, then ¢® is the unique solution of (U*) — 2)¢% = 0 with ¢%(a) = 1, i.e.
a generalized eigenvector to z which satisfies the boundary condition at a. If a = —oo,
then for ¢ we choose a non-trivial solution of (U — z)p® = 0, which is square-summable
at —oo. In the latter case p® is determined up to a constant (one can construct if from the
tail of (U — z)"leg at —oo and the fact that the transfer matrices (7.3) have determinant
of modulus one shows that there can’t be two linearly independent solutions which are
square-summable at —oo). Similar we choose ¢ with prescribed boundary behavior at b.

The following proposition gives an expression of the elements of G [“’b](z) in terms of ¢*
and ¢? and the corresponding $%, @” defined as in (7.14).

Proposition 7.1. For all finite k, | with a < k, 1 <b, ifl=2n orl=2n+1,

G[a’b](k, i 2) = clg??go% sz <l ork=1 are even, (7.18)
apier ifk>1ork=1 are odd,

o1t

where ¢; = —

b ~a b "
o192 — PanPon+1
Proof: A straightforward, if rather tedious, calculation shows that the matrix whose

entries are given by the right hand side of (7.18) is indeed the inverse of Ui,a’b] — z, see [34]
for details. |

We conclude this section by proving the following lemma that is used later in the proof
of Theorem 3.4.

Lemma 7.2. For z € C with 0 < ||z| = 1] < 1/2, a € Z and s € (0,1) there exists
0 < Cyu(t,s) < oo such that

[ o) 1 <cues)] ()]

|t@S_1 + (r — zef2m)pg |5 O3

—S

, (7.19)

for allm > a+ 2.

Proof: First note that both 5, _; and ¢, are independent of 63, and can not vanish
simultaneously. This follows from the fact that the transfer matrices needed to construct
them via (7.2) from ¢®(a) = 1 only contain ,, ..., 02m—1.

Therefore we have the following cases:
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Case 1: ¢§, = 0, using that H <(‘02m 1) H < 2|04,,—1] + 2]¢5,,], the bound follows

directly.

Case 2: ¢35, # 0. In this case

2w 1

dp(f2m) ;
/0 R e [
1 2n 1
= — dp(2m) —a . (7.20)
|£5m1° Jo " ]t% + (1 — zeifem)|s

Let M = sup{|r — ze'®m| : 0 € [0,27],0 < Hz| — 1] < 1/2} < oo and distinguish between
two subcases;

Case 2a: If ¢ wgg” > 2M, it follows that
G . t 9% —
‘t%gj L (rizewzm)‘ > | P2mo ‘ (7.21)
@Qm 2 @Qm
On the other hand
P
[ ()| < 2 gl (7.22)
Pom

Using these estimates we conclude that

21 s+1
1 25707 | 7| oo 1 04
dp(0 A < 2 o H (7.23)
/0 #(O2m) [tp%,. 1 + (r — zeifm)pl |5 = ts (2+37 M
Case 2b: Assume that ¢ % < 2M. For all 0 < s < 1 there exists 0 < C\,(s) < 0o
such that for all g € C
/d O)— < ous) (7.24)
. s .
G
see e.g. [41]. Using this we get the bound
2m s(1)
1 2°C), 7 (s)
dp(O2m) : < F (7.25)
/0 " ‘tgpgm—l + (’I“ - Zewzm)(p%m‘s ‘cp%m‘s
However, under the current assumption we have
(p%m—l o s
" 4 + 2)%|05, 1%, (7.26)
Pom
which gives the required bound. |
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7.2 Proof of Theorem 3.4

We now turn to the proof of Theorem 3.4. The proof is done in three steps: first we prove
that it suffices to deal with even matrix elements of Green’s function, i.e. that we only
need to show (3.15) for the case that k = 2n, [ = 2m. This mainly serves the purpose of
avoiding to cover four separate sub-cases. Then we show that proving the bound (3.15)
for an element (2n,2m) of (U, — 2)~! can be reduced to proving the same bound for the
element (2n,2m) of the resolvent of the finite volume operator UU[JQn’Qm] at z. Finally, we
prove that expectation of fractional moments of G[2%2™(2n, 2m; ) decays exponentially.
Based on the Green’s function formula (7.18) this will be found by combining Lemma 7.2

with Lemma 7.1.

Step One: The following Lemma shows that the expectation of a fractional moment
of any element G(k,[;z) can be reduced to the expectation of fractional moments of even
matrix elements of G(z). This comes at the cost of enlarging the fractional exponent s due
to the use of Holder’s inequality.

Lemma 7.3. Let s € (0,1/4) and k,l € Z such that |k — 1| > 4. Choose n,m € Z such
that k € {2n,2n + 1}, 1 € {2m,2m + 1}. There exists k(t, s, pu) < oo such that

1
B|G(k, 1 2)]°] < k(t,s,11) Y (E[G(2n + 2i,2m — 2j; 2)[*])
i,j=0

for all z € C with 0 < ||z| — 1| < 1/2.

4 (7.27)

Proof: Using the definition of n,m and that |k — [| > 4 one has |n — m| > 2. Since
T, defined by (7.14), satisfies (7.15) and (7.16), a straightforward calculation shows that
1
~+oc0

s QW Al 1
2/ 10 0
© = 0, re(e2m 4 ev2m—1 — —

—Ze ( 2m+02m 1 ]&;EOO t2 Z02m()02 } (728)

Using Theorem 7.1 along with (7.15) it follows that for k£ ¢ {2m — 1,2m}

i@‘é’erl ) —i0s
'Hi {[ (1 4+ e~ (05,05, 1) _ &
rt(ezm-1 —1/z)

G(k,2m;z) — t2ei(95)m*1_0§)m*2)6’(k, 2m — 2; z)} (7.29)

G(k,2m +1;z)

— 251
) — 2]

By Holder’s inequality and (7.24) it follows that for s € (0,1/4) there exists 0 < C,gl)(s, r) <
oo such that

E[|G(k,2m + 1; 2)|%]
< C(s,7) ((BIG(k,2m; ) )2 + (BIG (k. 2m — 25 2) ) 2) (7.30)

Similarly, using (7.2) and (7.3) we obtain

+oo o
Pon+1 = r(e Sl — 1/ { <P2n+2 + 6 E 80 S (731)
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Thus, for [ ¢ {2n,2n+ 1}, s € (0,1/2) and all z € C with 0 < ||z] — 1| < 1/2,
E[|G(2n +1,1; 2)|%]
< CP(s,r) (BIGEn +2,1:2) )1 + BGEn. 1 2))?). (7.32)
It readily follows from (7.30) and (7.32) that for |n —m/| ¢ {0,1} and all s € (0,1/4)

1
E[|G(2n + 1,2m + 1;2)°] < &1 (s,7) Y (B[IG(2n + 2i,2m — 2j; 2)|*])
,j=0

Y4 (7.33)

This proves the Lemma for the case k¥ = 2n + 1, I = 2m + 1. The other cases are more
direct. [ |

Step Two: Let ’[k,l]‘ denote the interval [min{k,}, max{k,(}]. In what follows we

show that the expectation of fractional moments of G(2n,2m;z) can be reduced to that of

G‘ [2n,2m]| (2n,2m; z).
Lemma 7.4. For s € (0,1/3) and n,m € Z with In —m| > 2, we have

E[|G(2n, 2m; 2)[*] < Cu(t, s)(E[|GIB2mI(2n, 2m; 2)|3))1/3, (7.34)
for all z € C with 0 < ||z| — 1] < 1/2.

Proof: For definiteness, assume that m > n + 2, the case n > m + 2 being similar.
Using the definition of Ul (7.13), we see that

U, = UU(J_OO’QTL_I] @ U(LQn,oo) +Ie, (7.35)

where I'¢ is given by

(rt —t)e=®m—2  k=2np—-21=2n—1
—t2¢02m—2 k=2n—2,1=2n
(r2 —r)e -1 E=29p—-1,1=2n—1
—rte”02n—1, k=2n—-1,1=2n
I (k1) = { rte”02n k=2nl=2n-1 7.36
n b b
rd—r e*w?", k=2n,l=2n
(
—t2e"02nt1 k=2n+1,1=2n-1
—rt+t)e Wt k=92n+1.1=2n
( ) ; ,
0, otherwise.

\

Denote G"(z) = G(=°22=1l(2) @ G2 (2). By the first resolvent identity, we have

G(z) — G"(z) = —G(2) L G"(2). (7.37)
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Therefore, it follows for all m > n + 2 that

G(2n,2m;z) = {1+t2e n2G(2n,2n — 2;2) 4 rte"2n-1G(2n,2n — 1; 2)
—(r? = r)e" 0 GQ(2n, 2n; 2) — (t — rt)e P21 G (20,20 + 15 2)}
G2 (2, 2m; 2). (7.38)

A similar application of the first resolvent identity, this time to the difference G12°°) (z)—
GP2m () @GR H120) (2), allows to express G12>°)(2n, 2m; 2) in terms of G122™)(2n, 2m; 2)
and ultimately leads to

G(2n,2m;z) = {1 + th_w?“‘QG(Qn, on — 2;2) + rte”2n-1G(2n, 2n — 1; z)
(2 = )eT G (20,205 2) — (¢ rt)e G20, 20+ 132) |
X {1 e~ 02m[(rt — )G (2m — 1,2m; 2) +
(r? — r)GI™ °°)(2m 2m; z) 4 rtG) (2m 4+ 1,2m; z)
2GR (9 4 2, 2m: 2)] }G[Qn’gm] (2n, 2m; 2). (7.39)

If A and B denote the two {-}-factors on the right hand side of (7.39), then it follows from
s < 1/2 and Theorem 3.1 that

E(lA*) <G, E(BF*)<C (7.40)

uniformly in |z| # 1. Here we are using that Theorem 3.1 remains true with identical proof
for the Green function of UE”’O"). An application of Holder’s inequality to (7.39) yields

1/3
E[|G(2n, 2m; 2)|°) < (B[ AP (B (EIGE2) (20, 2m; 2)*]) , (7.41)
which gives (7.34) when combined with (7.40). |

Step Three: Now that we have reduced the problem to dealing with fractional mo-

ments of elements of the form G‘Z[Qn’Qm” (2n,2m), we show that expectations of such objects
decay exponentially, in particular we show;

Lemma 7.5. Assume that {0% }rez are i.i.d. with probability measure du() = 7(0)d6,
where T € L*(T). There exist so € (0,1), 0 < C1 < 00, a1 > 0 such that

E[|GIE2mll (20, 2m; 2)|%0] < Creotm=l, (7.42)
for all z € C with 0 < ||z| — 1| < 1/2, and all m,n € Z such that |m —n| > 2.

Proof: For m > n + 2, let ¢*® and ¢*™ be two solutions that satisfy the boundary
conditions at 2n and 2m, respectively, such that ¢3? = 1 and @37 = 1. Using (7.18), we
have

eif)zm

G[Qn’Qm](Qn, 2m, Z) — _ §52m. (743)
Q%an‘P%m ‘P%nm@%%ﬂ am

34



Since ¢?™ satisfies the boundary condition at 2m, it follows that
PAm — tzet%m, (7.44)
By = (r — 1)zen. (7.45)
Using this along with the definition of $*", we obtain

oif2m

G2l (9, 2m; 2) = (7.46)

05 N 2n

tSO%%fl + (r — zeim )30,
Now, for s € (0,1) the expectation of the s-moment of G1?2™(2n, 2m; 2) is given by

2 1
dpi(0am) _ o (7aT)
/o |todm 1 + (1 — ze%m)p3n |#

where E is the expectation with respect to the random variables {0} } ycz\ (2m}- By Lemma
7.2, we have

E[|GR™2™)(2n, 2m; 2)|*] = E

E(|GE™2m) (2, 2m)[%) < Cyu(s, t)E [

(pZn
Tz(wam_n) < 2g51> ‘

Pan

_T . (7.48)

Using Lemma 7.1, it follows that there exist a1 > 0 and sg € (0,1) and C( )(80, t) < oo
such that

E[|G22m] (20, 2m)[*0] < CM (sg, t)e 1 (M=), (7.49)

forall ze Cwith 0 < ||z] =1/ <1/2,0 <€ < 1/2 and m,n € Z such that m —n > 2.

In the case n > m + 2 let ™ and ?>™ be solutions of (U — z)1) = 0 that satisfy the
boundary condition at 2n and 2m, respectively, with 13" = ¢3™ = 1. Using (7.18), (7.14),
we obtain that

1
(t%m 1 +(1-7) %:Ln,)

In order to bound the expectation we first integrate with respect to 65, ,_, and use the

GRm.2n] (2n,2m; z) =

(7.50)

same procedure as before. [ |
Proof of Theorem 3.4: Without restriction we may assume |k —[| > 4 (as (3.15) for
|k—1| < 4 only requires the a-priori bound (3.5)). Pick m,n € Z such that k € {2n,2n+1},

l € {2m,2m + 1} and |m — n| > 1. Thus using the results of Lemma 7.3 and Lemma 7.4,
there exists 0 < k(¢, s, ;1) < oo such that

1
E[|G(k,1;2)[*] < #(t, s, ) Z (B[|GIB+22m=21ll (9, 4 24 2m — 25; 2)| ') /"% (7.51)
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Next the result of Lemma 7.5 gives that there exist so € (0,1), 0 < C; < 00, a > 0
such that

1

E[G (k.1 )] < CWn(t,s0,1) 3 eelzn-2m+2i42i] (7.52)
i,j=0
Using the definition of m, n this yields (3.15). |

8 Neumann Boundary Conditions

In this section we study in detail the properties of one of the finite volume restrictions of
the “free” unitary operator S introduced in Section 7.1. This particular restricted operator
will share many of the properties of selfadjoint Neumann Laplacians. We will therefore
think of them as restrictions of S to finite volume with Neumann boundary conditions.

8.1 Neumann Boundary Conditions for d =1
Let e =r +it, L € N, and on [*([0,2L — 1]) define

retmn rt —t2
—te! 2 —pt
rt r2 ot —t?
—t2 —rt % —rt
g2t . (81)
rt r2 rt  —t?
2 —rt 2 —rt
rt 2 te
—t2 —rt e

which is a special case of the restrictions of Sy to finite intervals defined in Section 7.1. To
characterize the spectrum of SJ[S’QL_I] define \, = arccos(r?—t2 cos(kn /L)), k =0,1,...,L,
i.e. in particular Ay, = 0 and \g = arccos(r2 —t2), the latter coinciding with A\ as introduced
in Section 2 and giving the band edges of Sy as e***o,

Proposition 8.1. The 2L eigenvalues of SJ[S’M*” are non degenerate and given by

o (ST = (o ¢ide = 1} U {eFM ik =1,. L — 1}, (8.2)
In particular, U(S][\O,’M_l]) C o(S). Moreover,

¢o = (i,1,4,1,--- ,4,1)" (8.3)
is an eigenvector associated with e and

or = (i, 1, —i,— 1, , (=1)FF, (—1) ! (8.4)

s an eigenvector associated with 1.
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To prove Proposition 8.1 we will use the transfer matrix formalism, i.e. solutions of
U,y = zv are characterized by the relations

(G2 ) = moseon (20 ). (85)

VYok42
for all k € Z, where the transfer matrices T, : T? — GL(2,C) are defined by (7.3). In the
“free” case Sptp = €™, the transfer matrix takes the simple form
—iA r —iA
_ (]
T(N) := TLir (0,0) = < < e > . (8.6)

Fl-e™) —F -

The following lemma will be used in the proof of Proposition 8.1.

Lemma 8.1. The vector (i,1)! is an eigenvector of T(N\)" if and only if X € {0, arccos(r? —

t2)}U{X:cos(\) =2 —t2cos(kn/L),k=1,..,L — 1}.

Proof: In order to simplify the analysis we distinguish between two cases:
(i) (i,1)! is an eigenvector of T'(\). A straightforward calculation shows that this is
only true for A € {0, arccos(r? — t?)} with corresponding eigenvalues {—1,1} respectively.
(ii) The second case is when (i,1)! is an eigenvector of T'(A\)¥ but not of T'()), i.e.

T(A)L(i)—a<i>, (8.7)

while v = T'(\)(i,1)* is linearly independent of (i, 1)’. Then it follows that

T\ o = T(A)EH! ( ' ) — aT(\) ( : > — a. (8.8)

Also since v and (i, 1)! are linearly independent it follows that T(\)Y = al. Finally using
that the determinant of T'()\) is one, we see that a® = 1.

Since the eigenvalues of T'()\) are given by e* arccos((r?—cos(X))/ tz), we have that a is an

eigenvalue of T(\) if and only if e*i2Larccos((r*—cos(\)t*) — 1 j ¢,
A€ {cos(\) =r*—t*cos(kr/L),k=1,.,2L — 1}
= {cos(\) =r? —t*cos(kn/L),k =1,..,L}. (8.9)

Combining the two cases gives the result. |

Proof of Proposition 8.1: In light of the previous Lemma, it suffices to show that
e e O'(S][872L_1]) if and only if (7,1) is an eigenvector of T'(\)~.

First it is not hard to see that e** € J(SJ[S’QLA]) means the existence of 1 € [2([0,2L—1])
such that

< zzﬂl ) =T ( quzm_l ) ) (8.10)
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for m € {1,.., L — 2}, while

P\ Lo - ei(n=))
< (0> > = Yo < t%(?“2 — pel(=A) _ gl 4 rein) )’ (8.11)
and
7~p2L—3 - %(7‘2 — 7'@7:(77_)\) _ ei)\ + rein)
( Yar—2 ) = Yor-1 < t 2 (r — =N : (8.12)

Define ¢_; such that

T)\_1<¢1>:(¢1>. 8.13
¥ (0> Yo (8.13)
Using (8.11) and that e =r + it, one can see that this definition is equivalent to having
¥_1 = ig. Similarly, defining o7, such that

( wfﬁ;l > =T ( iii_z > ) (8.14)

we see that 'QZQL = —ith9r_1. Also by definition,
L V- _ Yar,-1
o () = () o1
{ —itpor—1 [ i
T()\)L< . ) = ( . ) (8.16)

which shows the required assertion. The last two claims of Proposition 8.1 follow from the
above together with T'(0)(1,4)! = —(1,4)! and T(X\o)(1,4)t = (1,4)%. |

We conclude this subsection with several remarks:

(i) 6z'alrccos(v"2—7t2) c 0(51[872[/*1})’ while e—iarccos(r2—t2) is not.

(i) For \g = arccos(r? — t2) = arccos(1 — 2t2), S][8’2L_1] ©o = €y has solutions with
lo(k)| =1 for all k € [0,2L — 1].

(iii) There is a gap between the upper edge of the spectrum of S][\?’u*l}, given by
et arccos(r2—t?)
have

, and the next closest eigenvalue. In particular, for any k € {1,--- ,L —1} we

‘ei arccos(r2—t2) _ eiaru:os(ﬂ—t2 COS(TK‘]{J/L))’ > t2(1 - COS(?Tk/L)) _ 2t2 sin2 (7Tk7/2L)

> 12 (2’“)2 (4;2”)2, (8.17)

using the property sin(z) > z(1 — 7 /4) if z € (0,7/2).
(iv) The previous remarks as well as the “Neumann-bracketing” property to be found in
Section 10 below will make the operators SJ[S’ZL_H a suitable tool when studying properties

of finite volume restrictions of the unitary Anderson model near the upper edge e of
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the spectrum of Sy. To get the corresponding results also at the lower edge e™™° of the
spectrum of Sy one needs to modify the definition of S][?,’QL_” by setting e = r — it
in (8.1). In this case we use, in particular, that the vector (—i,1)" is an eigenvector of
T(—Xo), leading to e~™0 becoming an eigenvalue of the restricted operator. One gets
properties similar to Proposition 8.1 and Remarks (i), (ii) and (iii) above.

8.2 Neumann Boundary Conditions for d > 1

For a box A := [2[1,2m; — 1] x ... x [2lg,2mg — 1] C Z¢ define

Sk = @S T o @y ([, 2my - 1)) = P(A). (8.18)
Note here that the discussion of Section 8.1 applies with obvious modifications to intervals
of the form [2[;,2m; — 1] and integers [; < m;. We will be particularly interested in the
case of cubic boxes Ay, := [-2L,2L + 1]¢ for L € N. The spectrum of S]@L is given by the
|AL| = (4L + 2)? eigenvalues

o(Sy") = {H;'izleiajAkj} (8.19)

where

ki €{0,1,2,--- 2L+ 1} for j=1,...,d,
oj € {+1,—-1} for kj=1,...,2L, o;=1 for k; € {0,2L +1}. (8.20)

Under the assumption darccos(r? — t?) < m, the upper edge of the spectrum of S,
gidarccos(r?—t?) — e belongs to U(S]/\X[) and is non degenerate. An eigenvector corre-
sponding to €' is (p((Jd) = ®‘11<,00, whose components all have modulus one.

Moreover, there exists ¢y, a numerical constant, such that

cot2
|AL|2/d'

dist (!0, o (S4F) \ {ei0}) > (8.21)

Indeed, the closest eigenvalue to @0 ig ¢i((d=1)Xo-+arccos(r?~t* cos(w/ RL+1))))  which is d-fold
degenerate, so that the distance (8.21) equals

2N

‘eidAO - 6i((d—1))\0—i-arccos('r2—152 COS(7T/(2L+1))))| —e

|€ iarccos(r2—t2 cos(n/(2L+1))) |

12 cot?

AL+ 220 = A, (8.22)

where co = (7(4 — 7))?/8, see (8.17).
For later study of spectral properties near the lower edge e =" of the spectrum of S,

3,21

we use the modified version of S][\Q,l 1 from the fourth remark at the end of the previous

subsection in the definition (8.18)
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9 The Feynman-Hellmann Formula

The Feynmann-Hellmann formula provides, on the level of first order perturbation theory,
the change of an isolated simple eigenvalue of a selfadjoint operator under an additive
perturbation. Here we will need a corresponding result for multiplicative perturbations of
unitary operators. We prove such a formula in an analytic framework, which will suffice
for our purpose.

Proposition 9.1. Let I C R be an open interval containing zero, H be a separable Hilbert
space and I 5 a — U(a) an analytic map with values in the set of unitary operators on H.
Assume B(0) € S is an isolated simple eigenvalue of U(0) with normalized corresponding
eigenvector ¢(0) € H. Then, there exists an open disc centered at 0 of radius ag > 0,
D(0,a9) C C, and two analytic maps D(0,a9) > a +— B(a) € C and D(0,a0) > a —
(o) € H such that

U(a)p(a) = Bla)p(a)  Va € D(0,ap),
dist (B(a), o (U () \ {B(a)}) >0
lp(a)|| =1 if a € D(0,ap)N 1. (9.1)

Moreover, for all « € D(0,a9) N1,

B'(a) = (p(a)|U(a)p(a)). (9.2)

Remark 9.1. i) For a given «, the last formula is of course true for any choice of nor-
malized eigenvector of U(a), corresponding to B(a).

it) If I 5 o — Ula) is analytic and takes its values in the set of unitary finite ma-
trices, all its eigenvalues and spectral projectors admit analytic extensions in a complex
neighborhood of I, even at the values of o where eigenvalues of U(a) may cross, see [42].
Consequently, an analytic choice of normalized eigenvectors can be made for all o € I.

Proof: By the general theory of analytic perturbations of operators, see e.g. [42], the
operator U(a) admits an isolated simple eigenvalue G(«), for small enough values of |a],
say in D(0, ap). Also, the analytic rank one spectral projector on 3(«), P(«), given by the
Riesz formula is analytic for all @ € D(0, ap).

By definition, for all « € D(0, «y),

P(a)U(a) = U(a)P(a) = f(e)P(), (9:3)

and since U(«) is unitary on the real axis, P(«) is self-adjoint for real a’s. Now define the
analytic operator W («a) as the unique solution to the ODE

W (a) = [P'(a), P()]W(a), W(0)=1I, ac D,ap). (9.4)

It is a well known property ([42]) that the following intertwining property holds for all
a € D(0,ap),

P(a)W(a) = W(a)P(0). (9.5)
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Note that W («) is unitary on the real axis, since its generator is easily seen to be anti
self-adjoint there. We define an analytic vector by

p(a) = W(a)p(0). (9.6)
Identities (9.5) and (9.3) show that
Ule)p(a) = Bla)p(a) (9.7)

and ¢ is normalized on the real axis, since W is unitary there. By differentiation of the
previous identity and application of P(«) to the result, we obtain

Pa)U'(a)p(@) + P(a)U(e)¢' () = B'(a) P(a)p(a) + B(a) P(a)¢(a) (9-8)
which reduces to

P(a)U'(e)p(er) = ' (a)p(a) (9-9)
due to (9.3) and (9.5). Since for all & € I N D(0, «g) we can write

P(a) = [p(a)){p(a)] = W(a)|p(0){(0) W~ (a), (9.10)
the result follows. |

As a specific application, let us consider the family of analytic unitary matrices
UMa) = D(a)Sy = diag{e "%} 5%, (9.11)

where S ]/\X, is the Neumann restriction of S to a d-dimensional box A introduced in Section 8,
a € R, and 6 € T for all k € A. U*(a) interpolates between S§ and diag{e =%} S%, at
o =0 and o = 1, respectively. Introducing the self-adjoint matrix H* = 3, 0 |ex) (x|
on I2(A), we can rewrite

UMa) = e @H A 4 e R. (9.12)

Lemma 9.1. If ¢MO s g discrete non-degenerate eigenvalue of S]/\\, with normalized eigen-
state p(0), then, for all @ € R, there exist analytic eigenvalues e of UM ) with analytic
normalized eigenvectors p(a) such that

L = NS el (9.13)
kel

In particular, for all o € R, N(a) = — > a0k [(exlo())|?.

Proof:

The existence of analytic eigenvalues €*(®) and analytic eigenvectors ¢(a) of UM a),
a € R, follows from Proposition 9.1 and the remark following it.

We compute

(UM(a) = —iHAUMw), UM0) = S% (9.14)
and
(pla)| = iH UM a)p(@) = =i Ok [{exlp(a)) P (9.15)
keA
and apply (9.2). [ |
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10 Splitting Boxes by Neumann Boundary Con-
ditions

Throughout this section we will assume that boxes A C Z¢ are compatible with Neumann
boundary conditions as defined in Section 8, S% is given by (8.18) and

UM = DS = diag(e ) S4. (10.1)

For notational simplicity we will assume in this section that the box A has a vertex at
the origin, which does not cause a restriction. We first deal with dimension d = 1.

Consider a one dimensional box Ag consisting of two disjoint adjacent boxes A1 and As:

A =102 —-1], Ae=1[21,2(l+n)—1], Ao=1[0,2(l+n)—1], (10.2)
with n,l > 2 (to avoid the special case SJ[S’H). We note that U and UM @ U2 are both
defined on 1?([0,2(l +n) — 1]).

We want to show that the eigenvalues of UM @ U2 are closer to the upper band
edge €201 of the almost sure spectrum ¥ of U than those of U, Recall here that in
Section 3.2.3 we have assumed that |6x| < a and \g + a < w. This is the analog of the well
known property HM @ H*2 < H»_ where H" is the Neumann restriction to a box A of
the discrete Schrodinger operator.

The following simple observation is the starting point of the analysis. Splitting a box
by imposing Neumann boundary conditions is a rank one perturbation:

Lemma 10.1. Let S]/\\,j, j=0,1,2 be defined as above. Then,

SN = SN' @ Sy + [) (el (10.3)
where

Y = —teg_g —reg_1 — ireg + iteg

¢ = t(—ieg—1+eq) (10.4)

The proof is an easy computation. This leads us to using the following fact about rank
one perturbations of unitary operators which return a unitary operator.

Lemma 10.2. Let U a unitary operator on a Hilbert space H and f,g € H\ {0}. If
V=U+|f)dl (10.5)
is unitary, then there exists 3 € (—m, 7| such that €’® =1+ (Ug|f) and
v =efhifly, (10.6)
where f = f/|f]-
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Proof:
The identity VV* =T implies that

Ug)(F1+ 11 (Ugl + 9l*1£)(f] = 0. (10.7)
Applying this to f shows that Ug is proportional to f, so that

_ (flUg)
Ug = TE f. (10.8)

With this it follows from (10.5) that

Vo= T+ IDWU
= I+ U, NPT

= (=AU +uN, (10.9)
where p = 1+ (Ug|f). Thus I — |Y(f] + plf){f] = VU* is unitary, which shows that
Ul =1, Le. u= ¢ for § € (—m, ), and I — |F){(f] + ul)(fl = 900 W

Taking into account the random phases, we apply the previous lemma to our case with
Uho = UM @ U2 + | Dy) (g (10.10)
and 1), o from (10.4). We compute |[Dy|| = ||| = v/2, i.e. ¢ = /|[¢]| = /2, and
¢ = 14 (UM @U)pIDY) = 14 ((Sy @ Sy )ple) = e oot~ = e~ (10.11)
so that
Uho = e~ RlDINDI AL gy 7Az — De=iold) (] gL gy ghz. (10.12)

Let us introduce an analytic family of unitary operators defined in I, a complex neigh-
borhood of [0, 1], by

I>Sa—U(a)= e~ 10X DUNDY| A g Uhz, (10.13)

such that U(0) = UM @ U and U(1) = UM, By Lemma 9.1 we immediately get the
following

Proposition 10.1. Let a € I and eM® denote any analytic eigenvalue of U(a), which is
1solated except at a finite set of values of a. Then

arg(A(1)) < arg(A(0)). (10.14)

Remark 10.1. In other words, when a Neumann boundary condition is introduced to split
Ag into A1 U Ag, the eigenvalues of Upn, @ Uy, are closer to etQota) than those of Up,-
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Let us generalize now to dimension d > 1. Consider a box Ag of the form
Ao =Ap(1) x A(2) x ... A(d) (10.15)
where
Ao(1) =[0,2(l+n)—1], A(j)=1[0,2l; -1}, j=2,--- ,d, (10.16)

which we split by a Neumann boundary condition perpendicular to the first axis as Ag =
A1 U Ay with

A =Ap(1) x A(2) x ... A(d), k=1,2 (10.17)
and

Ao(1) = A1 (1) UA2(1) =[0,20 — 1] U [2,2(l +n) — 1]. (10.18)
By the previous results, the corresponding operators UM, k = 0,1, 2 are related by

Uho — =X DENDYI@IQRT A1 g (72| (10.19)

Applying Lemma 9.1 again, with H, replaced by the non negative operator | D)) (Di| @
I®---®I, shows that the spectra of U2 and UM @ UA2 are related in the same way as
in the one dimensional case, e.g. by (10.14). Clearly, the splitting by Neumann boundary
conditions can be done perpendicular to any of the d coordinate axes and can also be
iterated. Thus we get the above form of spectral monotonicity also, for example, when
spitting UM over the cube [—2L,2L + 1]¢ into a direct sum of Uy, for ((2L 4 1)/1) cubes
A; of sidelength 2.

11 A Combes-Thomas Estimate

Combes-Thomas bounds, originating from [19], have become the standard tool in Schro-
dinger operator theory to show exponential decay of eigenfunctions to eigenvalues which
lie outside of the essential spectrum. They also provide a key step in localization proofs
for random Schrédinger operators in the band edge regime, see e.g. [56]. Here we provide
a Combes-Thomas type estimate for unitary operators with band structure.

Let U be unitary on [?(Z?). We say that U has band structure of width w > 0, if it can
be written as

U=D+0O with (ex|De;) = dpjex|Der) and (ex|Oe;) =0 if |j—k|>w. (11.1)

Proposition 11.1 (Combes-Thomas type estimate). For a unitary operator U on 1>(Z%)
with band structure of width w, there exist 0 < B < oo which depends on U only, such that

2 . )
) N1 < 7dlst(Z,O'(U))|jfk|B' )
‘<e]‘(U Z) 6k>‘ — diSt(Z,O'(U))e (11 2)
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Remark 11.1. i) The same result holds for U defined on a finite dimensional Hilbert space
I2(A), A C Z2, with constants independent of A.

i1) Actually, our proof works more generally for bounded normal operators U with band
structure. Results of this type are known in the literature, e.g. [25].

Proof:

Let © = (21, - ,x4), where x,, is the self-adjoint multiplication operator acting on ey,
with k = (k1,...,kq), as zper = kpey and defined on its natural domain. We introduce the
vector a = (o, - -, aq) € R? and construct the self-adjoint operator

e acting as e, = e*Fey, (11.3)
on
Do ={p € P(Z%) st. Y [{ext)Pe™* < o0} (11.4)

kezd

Here ak = Zn anky,. Consider the operator

Uy, :=e*Ue ™ = e De " + e*0e ™ = D, + O, (11.5)
defined a priori on the dense set

co = {1 € 1(Z%) s.t. (ex]yh) = 0 for |k| large enough}. (11.6)

The operator U, is bounded because for any ¢ € ¢

Oath =" > e (er|Ocs)(e;lth)en (11.7)
JEF  k#j
[k—j|<w

where the set F is finite and e®*~9) < elalw  Moreover, D, = D which shows that
|Uoll < Ci(a) < C1 < o0 on ¢, for o in a bounded set. Similarly,

U = Ual = [|O = Oal| < C2() < Csla, (11.8)

for |a| small enough. From the resolvent identity, if z € p(U) and Cs|al/dist (z,0(U)) <
1/2,

Uy —2) = (U =2 I+ (Uy —U)U - 2)~H)7! (11.9)
with

1(Ua = 2)7HI < 2I(U = 2) 71| < 2/dist (2, 0(0)). (11.10)
Finally, by the formula

(Uy —2) 71 = (U - 2) " tem®, (11.11)
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we derive
(§le** (U = 2) e k) = eI G|(U = 2)7'k) = (4| (Ua — 2)7'k), (11.12)
from which we get

e+a(k_j)

, —1
- B <2—/——. 11.1
G = =) < 2 (11.13)
Choosing the components of o and their sign in such a way that |a,| = |a| > 0 and
d
a(j—k) =D an(j = k)n > lallj — &, (11.14)
n=1

we obtain the result, with |o| = dist (z,0(U))/4C3, and B = 1/4C5. |

12 The Genesis of Lifshits Tails

After having introduced some tools in the previous two sections we will now start with
the actual proof of Theorem 3.5. Throughout this proof we will focus on localization at
the upper band edge €90+ of the almost sure spectrum X of U,. The proof at the
lower band edge is completely analogous. It uses the alternate form of Neumann boundary
conditions discussed in Section 8 (setting e = r — it in (8.1) rather than 7 + it) and a
corresponding adjustment of the results on splitting boxes in Section 10.

We find it convenient to rotate the upper band edge of ¥ to be identical with e’®0, the
upper band edge of S. This is achieved by replacing the original U,, by e~**U,,. In other
words, setting 63y = 2a we now assume

suppp C [0,0p] with 0 €suppp and  2dAg + 0y < 27. (12.1)

The latter means that ¥ has the gap {¢ : d\g < 9 < 27 — (dXo + 0ar)}.
As in earlier sections we will frequently drop the subscript w from our notation.

We will first establish a Lifshits tail estimate for the spectrum near the band edge e*®.
At the root of this is the following proposition which we prove by following the steps of
Stollmann [56]. As in Section 8, for L € N we set Aj, = [-2L, 2L + 1]%.

Proposition 12.1. Let ei’\(UAL), respectively €' be the eigenvalue of largest arqgument of
UAL | respectively S][\\,L. Then )\(UAL) < dXg and there exist b > 0 and v > 0, independent
of L and d, such that

) . b
P <|€$/\(UAL) _ eszo| < LQ) < e—WLd’ (12.2)

for L large enough.
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Let us first give an easy Corollary of Lemma 9.1. Recall that UM (a) is defined by
(9.11).

Lemma 12.1. Consider a fized realization of UM (a) in dimension d > 1. Then the
analytic continuation of any eigenvalue eM®) of UM (a) is such that \(c) is non increasing.
Consequently, |ei>‘(a) — ei’\(o)‘ is a non decreasing function of a > 0, as long as A(0) —
AMa) <.

Moreover, the eigenvalue e’ of SZI\X,L and its analytic continuation e

) satisfy

d 1
%/\O(aﬂazo = —m E O (12.3)
keAy,

Proof:
The first statement follows from Lemma 9.1 and from

d | ix(@) _ ,iA(©)

da ‘2 = 2sin(Aa) = A(0)N(«). (12.4)

The second statement makes use of the fact that the components of the eigenvector got()d)
all have equal modulus. [ |
Recall the following standard large deviation estimate whose proof can be found, e.g.,

in Lemma 2.1.1 of [56].

Lemma 12.2. For non-trivial and non-negative i.i.d. random variables 0 and sy = vy =
—2In(E(e%)) > 0, we have

1
Pl—) ¢ < < e 0lAl 12.5
(’A|§2_30>_6 (12.5)
Let us consider the small o behavior of e#0(e),

Lemma 12.3. There exist ¢; > 0 and co > 0, independent of d and L, such that for L
sufficiently large

, ) d .
ez)\o(a) _ ezd)\o . (daez)\o(a)>a:0 < cla2L2, 0<ac< % (12.6)
Proof:
Expanding e’@0(®) in terms of a € R, we get that
iXo(e) idAo d iXo(0) a® d iAo (@)
e — e —a—e =5 pat (12.7)

for some 0 < & < a. Next we use Cauchy’s integral formula to bound

2 . _ 2' i)\o(z) 2] i)\o(z) _ id)\o
A ixet@) _ 2 / BN / < (12.8)
d?« 210 J|s—g)=r (2 — @)3 211 Js—gj=r (2 —@)?
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20(2) for z complex. Since

for & small enough and suitable » > 0. Thus we need to control e
UM (@) — UAE(0) = (e @H™ — 1)S4, (12.9)
where
e~ ™ || < elelbar (12.10)
we have, by the second resolvent identity,

(U (a) — 2)7F = (S5 —2) 711 — (e SR UM (a) -2 (211

for z & o(UM (a)) U U(S]/\‘[L). Hence,

dist (2, 0(S8)) > el 1 — - € (UM (a)). (12.12)

Now (8.21) says
2
R 7)) A idA _ to

dist (", o (Sy") \ {e"°}) > = A2/ (12.13)
Thus, if |a| < ag := %,

{z | |z — €| = §/2} C p(UP (). (12.14)
We now take o € (—a/2, ap/2) so that & < ap/2 and r = /2 so that

{z||lz—a|l=a/2} C{z | |z] < ap} (12.15)

and for such z’s |e"*0(?) — 1| < §/2. Using §/4 < In(14 §/2) < §/2 if § < 1/2, one gets
that if 0 < a < g—,

a? d? iXo(&)

2 d2a

IN

2\? 02
a2g (ao> §a232TM. (12.16)

We get the announced result with

12862, t2co
C1 = , C2 = )
t2CO 320M

provided |Ap|¥? = (4L + 2)? > 2t2cy, i.e. for L sufficiently large. |

(12.17)

Proof of Proposition 12.1: Assume that |ei>‘(UAL) — e < b/L2, with b to be de-
termined later. Using the monotony in o (Lemma 12.1) and Lemma 12.3, we have for
0 < a < cp/L? and L large enough

N ( da emo(a)) < eo@ _ gidxo| 4 o a2r2
do =0
< ei/\(UA) — el 4 c1a2L2
b
< Iz + c1a’L2. (12.18)
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Dividing by « and then choosing o = ¢4/ L? such that ¢4 < ¢y and c¢1eq4 < sp /2, we obtain
that

d 74/\0( )
< + . .
<Ch1 o b/C4 80/2 (12 19)

Next we choose b such that b/cy < sp/2 to get that

d ixo(a)
—_— < sp. .
<dae e 50 (12.20)

Note that b is thus independent of d and L. On the other hand we have from (12.3) that

A ixo(a)
‘(dae » 4L+2 Z 0. (12.21)

In probabilistic terms

IANUAL) _ didA 2
{w||e ¢ 0|§b/L}C T J——— 4L+2 oS <oy (12.22)
keAr,
Finally an application of Lemma 12.2 ends the proof with v = 2‘170. [ |

The Lifshits tail estimate of Proposition 12.1 and the properties of the Neumann bound-
ary conditions, Proposition 10.1, allow to prove the following result, which is based on an
equivalent result for Schrédinger operators provided in [56].

Proposition 12.2. Let 5 € (0,1). There exist finite positive constants 7y, C and a sequence
of positive integers Ly with Ly — oo such that for any k and any z € C with 1 < |z| <
2 and d)g — 1/L§ <argz < d\g,

_dp/2
—3L}, .

P(dist (z,o(UM)) < 1/L7) < LI 9/2) (12.23)

Proof: Let 5 € (0,1) and b > 0 the constant found in Proposition 12.1. Fix a constant
C>1

We claim that for each sufficiently large k € N there exists L € N which is a multiple
of k and such that

b 2 b
— < =< — 12.24
Ck? — f k2 ( )
To see this, note that (12.24) is equivalent to
L€ [(2k2/b)1/5,(2k2/b)1/501/5 . (12.25)

As 8 < 1, for k sufficiently large, this interval has length larger than &, allowing for a choice
of L as required.
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We now show that (12.24) holds for these Lg. Split the box Ay, = [~2Ly,2Ly + 1]¢
into M = |Ar,|/|Ax| = (Li/k)? disjoint boxes as

Ary = UL A()), (12.26)
where Ag(j) denotes the suitably translated box Ay + ¢(j). Consider now
Uy = UMD g Uhe@ g ... g yhe(M) (12.27)

on I2(AL,) = ij]Villz(Ak(j)), where each UM) is provided with Neumann boundary con-

ditions. Proposition 10.1 shows that passing from U ALy to Uy by introducing Neumann
boundary conditions makes the eigenvalues come closer to the upper band edge, i.e.

A(UALk> S )\(UAk(JO)) for some ]0 [= {1’ 2’ e 7M}, (1228)

where e*U) denotes the eigenvalue of largest argument of U. As a consequence, taking
the stochastic independence of the (U*+()) into account together with the relation (12.24)

. A . . ; .
P (|el)‘(U ) eldho) < 2/L£) < P <|e’>‘(U(Ak(m))) — €| < b/k? for some j0>

< MP <‘6M(U(Ak<l>>) . eid)\()’ < b/kZ) ) (12'29)
By applying Proposition 12.1 to the box Ax(1) we see that the latter is bounded by
d
i gopt < 020512 17" (12.30)

Ld
. . A
Finally, since dist(z,a(UALk-)) < 1/L£ for z such that ]z—e“”o\ < 1/L£ implies \e”‘(U ey _
eidh| < 2/IP we get the result.

13 Towards an Iterative Proof of Exponential De-
cay

The proof of Theorem 3.5, to be completed in Section 14, will proceed as follows: To prove
exponential decay of E(|G(k,[; z)|*) we will join the two sites k and [ by a chain of boxes of
side length L. For a suitable choice of L and arg z close to the edge of ¥, the Lifshits tail
and Combes-Thomas estimates will show that the fractional moment of the finite volume
Creen function G (k, j; 2) is small (think “less than one” even if this is only true up to
some factors which can be controlled). Here G(F) is the resolvent of a restriction of U to a
box of side length L centered at k and j is a boundary site of this box. To turn this into a
proof of exponential decay of the infinite volume Green function, we need two more tools:
(i) a factorization of the infinite volume Green function into finite volume factors, often
referred to as a geometric resolvent identity, (i) a decoupling argument which allows to
factorize the fractional moments in the geometric resolvent identity. These two remaining
tools will be provided in this section.

As explained at the beginning of Section 12 we will continue to focus on the localization

proof at the upper band edge and continue to assume (12.1), so that the upper edge of X
is efdro,
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13.1 A Geometric Resolvent Identity

Due to the specific structure of our operators (in particular their ergodicity with respect
to translations by two) it is of advantage to cut up Z¢ into cubes of side length two. Thus,
for n = (ny,...,nq) € Z% let

Cp = 1[2n1,2n1 + 1] X ... X [2ng, 2ng + 1] (13.1)
and xp := Xxc, the characteristic function of C,,. For L € N let

Ap=|J Cn=[-2L2L+1)% (13.2)

In|<L

We will work with restrictions UU[}L and Ué\ Loof U, to Ap and its complement A =
Z3\ Ar. We choose ULf}L = DMSJQ,L, where S]/\\,L is the unitary Laplacian with Neumann
boundary conditions from (8.18). In fact, the choice of boundary conditions is rather
irrelevant as long as matrix elements are only affected near the boundary, e.g. we have

UM (5, k) = Uu(3 k) if 4,k € Apy. (13.3)

Our definition of Neumann operators from Section 8 does not directly extend to operators
on exterior domains such as A¢, where the unitary Laplacian can not be defined as a tensor
product of one-dimensional Laplacians. While it is possible to define Neumann boundary
conditions directly for the d-dimensional operator, we choose a more simplistic approach
and define

USt = PALU, P (13.4)

viewed as an operator on £2(A$). Here PAL denotes the orthogonal projection onto £2(A$).
The price for our simplemindedness is that U£ © is not unitary. However, it is a contraction,
ie. ]\UéAz)\\ < 1 and therefore o(U,(A)) C {z € C: |z| < 1}, and it remains a band matrix
whose entries satisfy, by definition,

Us(j, k) = Uu(i, k) if j,k € AS. (13.5)

These properties will suffice for what we need in Section 14.
We will use what is often referred to as a geometric resolvent identity, relating the

resolvents of U,,, U:}L and UL{,\ L, Following an argument which for the selfadjoint Anderson
model is used in [5], we start by defining the boundary operator TUSL) through

U, =Ur @ UL + TP, (13.6)

By the above construction of U2L and U:}z, in particular (13.3) and (13.5), the operator
TLSL) has non-vanishing matrix-elements only near the boundary of Az, more specifically

Ty, = T =0 if || <L —1or 2] > L +2 (13.7)
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as well as
XoTPxy =0 if |z —y| > 2. (13.8)

Also, the matrix-elements of T“(,L) are uniformly bounded in L and w.
To keep the length of the following equations under control we will drop the arguments
w and z and for the rest of this section write

G:= (U, —2)"" (13.9)
and
Ag

GI) = (U g UL — ) = (U — )L (Ul — o) (13.10)

We do a double-decoupling, once on Ay, and once on Ay, 1. Using the resolvent identity
twice gives

G = o) _qgprh)a
G\ — L)L+l L (L)L) qpL+l) q(L+1), (13.11)

Observe that for y € Z¢ with |y| > L+2 one has XUG(L)Xy = 0and XOG(L)T(L)G(L+1)Xy =
0. Thus

X0Gxy = xoG P TH GrEFDGUEFD (13.12)

which is the geometric resolvent identity to be used below.

13.2 Decoupling of Fractional Moments

The next result says that the fractional moment E(||xoGxy||*) can be decoupled along the
boundary of Ay,

Proposition 13.1. For every s € (0,1/3) there exists a constant C' = C(s) < oo such that

E(xoGxyll) <C Y E(lxoGPxall®) Y. ElllxeGExy|19) (13.13)
u: |u|=L v’ v/ |=L+2

uniformly in z with 1 < |z| <2, L € N and y € Z% with |y| > L + 2.

Proof of Proposition 13.1: From here on, the symbol C will denote a generic constant
which may change from line to line but which depends on inessential quantities only.
Define the boundary of Aj, by

oAy = {(z,y) € 2! x 24 x, TPy, # 0}
C {(zy)eZix2t: L<|t|<L+1,L<|y<L+1,|z—y| <1}. (13.14)
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Expanding (13.12) over the boundaries of Ay, and Ay gives

XoGxy = > XoG P X Ty Gxo TE Dy GEF Dy (13.15)

(u,u’) € OAL
(v,v") € OAL+1

L+1)

Taking fractional moments and also using that 7 and T have uniformly bounded

matrix-elements we get

Elatul)<C Y E (0Pl Gl Gy ) - (13.16)
(u,u’) € OAL
(v,v") € OA 41

Notice that the first and third factor in the expectation on the right are independent.
Unfortunately, they are correlated via the middle factor. In order to decouple the factors
we use a re-sampling argument, following a strategy developed in [3] and [14] as a tool in
the fractional moments approach to continuum Anderson-type models. For this, fix two
pairs (u,u') € Ay and (v,v") € dA41. Let § := C,UC, UC,UC, . In the resolvents G(*)
and GX*Y we will re-sample the random variables 6,,, n € J. For this choose i.i.d. random
variables {én}neg with the same distribution as the 6,, but independent from them.

Noting that D, = >, .74 e~ P, (where P, = (e, )e, is the projection onto the
canonical basis vector e,) we define the re-sampled D, , := D,, — ﬁ, where

D=3 (e — P, (13.17)
negd

i.e. the variables {0, },eg are replaced by the corresponding 0,,. Also define
&)

w,w

where U = Ube, éL) = S][:,L and

= Dy, SN = UM — DSAE (13.18)

¢® = Ul — 27t (13.19)
The resolvent identity yields

a) — G0 _ @(L)ZA)S]/:[LC,Y(L) (13.20)
and

QLAY — AL+ _ q(L+1) f)g]AVLH@(LH)_ (13.21)

We use this to bound the terms on the right of (13.16) by
E (J1x0G " xul*lx Gxll* I GE 0, 1)
< EE (oG xull* + oG DSV GE ) xw Gral*
(o GE Dy I + [ GED DS GE Dy |19)

=: A1 —+ AQ + A3 + A4. (1322)
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Here we have argued that the above bound holds for arbitrary fixed values of the 0,,. Thus
it also holds after the average over these variables, denoted by E, is taken. Of the four terms
Ajq, ..., Ay, found by expanding the two sums in (13.22), we will now find bounds for A,
the one most easily handled, and A4, the most complicated one. Corresponding bounds
for the two mixed terms A and As can then be found by “interpolating” the provided
arguments.

Let E(...|J) denote the conditional expectation with respect to the o-field generated
by the family {0 }rgg. Due to independence this means that

E(X|J) = /.../XHT(@n)den. (13.23)
ned

The re-sampled resolvents G- and G(X+1) are independent of the variables (0n)neg. Thus,
by the rule

E(X) =E(E(X|9)) (13.24)
for conditional expectations,
A= EE [ oGPl e Gl GF D, 7]
= BE [|IxoG®xul "Bl Gxel 1) Ixe Gy |1
< CE(IxoG P xul E(Ixw GE Dy, ). (13.25)

In the last estimate we have used the bound E(||x.Gx»[|*|d) < C, e.g. Theorem 3.1, that
the distribution of (6,,)ncg is identical to the distribution of (8,)necg, and that oGy,
and y,GEHD) Xy are stochastically independent. This bound for A; is of the form required
in Proposition 13.1.
We continue with Ay, where we use (13.24) again and then apply Hoélder’s inequality
to the conditional expectation:
A~ A~ A A A ~
A = BE[JxoGBDSY GOy, Gl GETIDSE Gy, |
= BEE(...I°[l.-- I°--- I°l3)]

BE [E(|lxoG® D8N Gl *10)?

X E(HXU’GXU||38|H)1/3

A A A
% E(HX’L)/G(LJFDDSNL_‘—IG(L+1)XyH38|3)1/3 ) (1326)

IN

We will now bound the three conditional expectations on the right separately. As s < 1/3,
we can use Theorem 3.1 to bound the second factor by

E(|lxwGxol*18)'/? < € < o0 (13.27)

uniformly in (0)irgg and 2.
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To bound the first factor, we start from the definition of D to get

oGP DSEGE x> < D7 IxoG™ PP PeSiE G |, (13.28)
LednNAy,

note here that XOG(L)Pg =0 for £ ¢ Ar. The unitary diagonal operator D, commutes with
Py and thus

1SN GExull = ISR (DuSyF — 2) " xul
= |[PDuSN (DuSyF — 2) " xull
= ||Poxu + 2PGP x|
< 1+ 2| PGPyl (13.29)

The re-sampled resolvent G@) does not depend on the variables (6,,)necg. Thus, using
Theorem 3.1 again, we get

E(||xoGH DSYEGE) x,[1°%19)

< C Y IxeGPPIPE(Q A+ |2 PGP ) *13)
LednAy,

< O Y GO (13.30)
LedNAL

In a similar way we find

E(HXUIG(LJrl)DS]/\\[LJrlG(LJrl)XyHSs‘3) <C Z HPKS]/\\[L+IG(L+1)XZ/H3S‘ (13'31)

0€dnns ,
By a calculation as in (13.29) we have HPZS]/\‘]LH@(LH)X@/H = ||Ppxy + 2PGE || =
2| | P.GEFDy, || We conclude
A A ~ ~
E(|lxy GEIDSH GEDx [0y < ¢ Y IRGE Dy [P, (13.32)
0€aNAS .,

Combining the bounds (13.27), (13.30) and (13.32) into (13.26) we arrive at

Ay < C > EE(|[xoG™ Po|)*|| Po GV x |1°)
(€3NAL, FEINAG,
= ¢ Y E(oGPPl) Y E(IPGE Dy ). (13.33)
LeJNAy, elegmAcLJrl

Here it was also used that J has a fixed finite number of elements and thus (3,4 z3)/3 <
C> jegx;- The last identity uses that (6,) and (6,) are identically distributed and that

xoGE) Py and Py GEHD Xy are stochastically independent.
The bounds (13.25), (13.33) and related bounds for the mixed terms A and Az combine
via (13.22) and (13.16) to prove Proposition 13.1. |
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13.3 The Start of an Iteration

We plan to use (13.13) as the first step in an iterative argument, where the next step
consists of applying (13.13) again, but this time with E(|x, G+ x,||*) on the left hand
side with v as the new origin. However, before doing this we need to replace GE*1) with
the original GG, which can be done by reasoning similar to the decoupling argument of the
previous section.

Proposition 13.2. For every s € (0,1/3) there exists a constant C = C(s) < oo such that
E(lxoGxyll*) < CL D E(IoGPxll®) Y. E(lxeGxl®)  (13.34)
|ul=L |2’ |e{L+1,L+2}
uniformly in z with 1 < |z| <2, L € N and y € Z% with |y| > L + 2.

Proof: According to Theorem 13.1 we need a bound for E(||x,GEVy,|*) in terms
of fractional moments of the full Green function G for each fixed v’ with ||v/[|cc = L + 2.
We start from the resolvent identity

QU — ¢ 4 D P g (13.35)
and expand
TED = Ny, TE Dy, (13.36)
(w,w)€IAL+1
Combining both yields

E(|lxo G x 1) < E(llxeGxyll®)
+C Y E(xe G T xullPlxwGxyll®).  (13.37)

(w,w)€OA L 11

With the goal of factorizing the expectation on the right we fix (w, w') € OAp41 and re-
sample over the variables 6,, for n € J := Cy U Cy, U Cpy. With independent random

variables (Qn)neé independent from the 6,,, but with identical distribution, define

D = Z(e*ien — e*ié")Pn, (13.38)
ned

D,s = D,-D, (13.39)

Uso = DuaS="U,—DS, (13.40)

G = (Uyp—2)"L (13.41)

The resolvent identity

G =G -GDSG (13.42)
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yields

E(|hxor G X xw Gxy 1)
< EE(|xw G xwl v G 1)
+ EE( o G5 xw|1* X GDSGxy 1)
=: Bi+ Bo, (1343)
where E denotes averaging over the variables 0,,. Also writing E(...|J) for the conditional

expectation with respect to the o-field generated by the variables (an)ngj and arguing as
in the previous section, one has

B = BE (B(xe G xull*l) Gl
CE(|xw Gy ) (13.44)

IN

Holder’s inequality yields
By < EE(E(lw G Vx|™19)"
X E(|lxw GDS Gy [218)/2) (13.45)
We have E(||xo G x,[|2%|d) < C and, by an argument as above,

E(|lxw GDSGxy|*18) < C > IPGxy . (13.46)
e

This leads to the bound

By < CEE Zupgéxyus
0ed
< C ) E(lxe Gl (13.47)
CE’:CI/Cg

Collecting (13.43), (13.44) and (13.47) into (13.37), using that OA; has CL?~! elements,
and ultimately applying Proposition 13.1 completes the proof of Proposition 13.2. |

14 Proof of Band Edge Localization

We finally have reached the point where all the main results of the previous three sections
can be put together to prove Theorem 3.5. Specifically, we will use the Combes-Thomas-
type bound of Proposition 11.1, the Lifshits tail estimate of Proposition 12.2 and the
decoupling estimate in the form provided in Proposition 13.2. Also frequently enter will
the a priori boundedness of fractional moments established in Theorem 3.1.
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We will show the following fact which is equivalent to Theorem 3.5 (now in the nor-
malization introduced at the beginning of Section 12 and only stated for the upper band
edge): For 0 < s < 1/3 there exist 6 > 0, & > 0 and C' < oo such that

E([[x0G(2)xy %) < Ce™ (14.1)

for all y € Z¢ and all z € C with 1/2 < |2| < 2, |2| # 1 and argz € [d)\g — J,d\o]. Here xo
and Yy, are the characteristic functions of the cubes Cy and Cy introduced in Section 13.1.
Making the z-dependence explicit we write G(z) = (U, — 2)~! and G(F)(2) = (UM — )1
in this section. The bound (14.1) implies E(||x.G(2)xy||*) < Ce #l#=vl= for arbitrary
z,y € Z¢ due to ergodicity.

It suffices to prove (14.1) only for those z which in addition satisfy |z| > 1. To see this,
use the identity

G*(2)=-U,(U, -z 1)z =-U,G(1/2)/%, (14.2)
which implies

IXeG(2)xyll = Xy G* (2)xall = Xy UG(1/Z) X/ |2]- (14.3)

Inserting the partition >~ x, and using that x,Ux, = 0 for |y’ —y| > 1 we conclude

1 _
[X=G(2)xyll < [ > lxyG(L/2)xal- (14.4)
ly'—y|<1

This shows that (14.1) carries over to z with 1/2 < |z| < 1 once it has been proven for
1 < |z] < 2, which is assumed for the remainder of this section.

Proposition 12.2 shows that the probability that U ALy has an eigenvalue close to e is
small for the sequence Ly found there. Combined with the Combes-Thomas bound Proposi-
tion 11.1 this can be used to show smallness of the fractional moments E(||xoG %) (2) x4 ||*)
on the right hand side of (13.13) for values of z close to e,

Proposition 14.1. For any s € (0,1/3) there exist a sequence of integers Ly with L — oo,
g >0 and C < oo such that

(d+2)

E(|lxoG ™ (2)xull®) < Ce 91 (14.5)

for all k sufficiently large, any z € C such that 1 < |z| < 2 and argz € [d)\o—LIZQ/(%d), dXo]
and any v € Z¢ with |u| = Ly.

Proof:
Let 61 > 0, to be specified later. The Combes-Thomas estimate Proposition 11.1 states
that there exists B > 0 independent of L such that

2
oG (2)xull < e P00 (14.6)
L
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for all z with dist(z, o(U2)) > 61, and all u € Z¢ with |u| = L.

This takes care of the realizations w such that the values of z are far enough from
o(UAL). The Lifshits tail estimate takes care of the realizations where this is not the case,
in the sense that such instances are very unlikely.

We set
Qg = {w | dist (z,0(UL)) > 6.} and Qp = QF = {w | dist (z,0(ULE)) < 6.}, (14.7)
Making use of (14.6), we can write by means of Holder’s inequality

E(IxoG" (2)xull®) = E(lx0G™ (2)xull*lweasy) + E(Ix0G™ (2)xull*1weas))

25 s
< 5 BLOLE(11,c00)))
L
HE(IxoG™ (2)xull*) Y HEL goeayy) (14.8)

with 1 < ¢ < 1/sand 1/t+1/t' = 1. Since E(11,cq}) = P(?) and E(||xoG™ (2)xu|*) < C
for st < 1, by Theorem 3.1, we get

e—sBL(SL

E(lxoG™ (2)xull®) < € 5
L

+ C(P(dist (z,0(UM)) < 6.))* . (14.9)

To be useful for our purpose, this last quantity need to decay as L — oo, which requires
Lé;, — 0o. On the other hand, we need d;, — 0 for the probability that z is a distance dp,
only away from o(U”L) to be very small, for suitable z in a neighborhood of the band edge
e¢'®o_ In particular, this holds for the choice 67, = 1/L” and any 8 € (0, 1).

More specifically, with this choice of d;, Proposition 12.2 yields the existence of a se-
quence Lj with L — oo and positive 4 and C such that

E(|lxoGE (2)xull®) < CesBL "L 4 opd0-r/D/ —3 17" (14.10)

forall k, 1 < |2] <2, d\o — 1/Lf < argz < d\g and |u| = L. The choice 8 = 2/(2 + d)
leads to equal exponents of Ly in the two exponentials on the right hand side of (14.10).
Choosing g < min(sB,¥/t') and requiring k to be sufficiently large we can absorb the power
terms in (14.10) into the exponentials and arrive at (14.5) |

We proceed with the proof of (14.1) by fixing s € (0,1/3) and choosing the sequence

Ly and g as in Proposition 14.1. We now also choose d;, = L,;Q/(Hd).

Proposition 13.2 says that

E(IxoG(2)xyllI*) < CLE' Y E(lIxoG ) (2)xull®) > E(|lxorG(2)xy]1%)
lul=Ly, @/ |{Ly+1,Li+2}
(14.11)

if |y > Lp+2. Let 1 < |z| < 2 with arg z € [d\g—Jk, d\o]. This along with Proposition 14.1
imply, for k sufficiently large,

_ _72/(2+d) s
E(|loG(2)xy|19) < CL ¢ Demok > E(wGexl?).  (1412)
|’ |e{Lr+1,Ly+2}
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With the constant C from (14.12), fix L = Lj, for k sufficiently large such that
bi=CLX D9l c7d Lyl <|2/|<L+2} <1 (14.13)
and get from (14.12) that

E(lxoG(2)xylI*) < b E(llxaG(2)xyll%)- (14.14)

max
llz'l| oo €{L+1,L+2}
Note that E(||x./G(2)xyll®) = E(||xoG(2)xy—a||?), which allows to iterate (14.14). If
2,2 23 is one of the chains of sites obtained in this way, then the iteration may be

continued as long as |z0) —y| > L+2, i.e. at least % — 1 times. For the last entry in the

chain we use Theorem 3.1 to bound E(||x,)G(2)x,||*) by C. In (14.14) this leads to the
bound
[yl é logb

E([xoG(2)xy ) < Cbreat = Srerizll, (14.15)

| log b|

Thus we have proven (14.1) with C' = % and a = 725
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