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Abstract

We analyze Landauer’s principle for repeated interaction systems consisting of a reference
quantum system S in contact with an environment £ which is a chain of independent quantum
probes. The system S interacts with each probe sequentially, for a given duration, and the
Landauer principle relates the energy variation of £ and the decrease of entropy of S by the
entropy production of the dynamical process. We consider refinements of the Landauer bound at
the level of the full statistics (FS) associated to a two-time measurement protocol of, essentially,
the energy of £. The emphasis is put on the adiabatic regime where the environment, consisting
of T > 1 probes, displays variations of order T—! between the successive probes, and the
measurements take place initially and after T interactions. We prove a large deviation principle
and a central limit theorem as T' — oo for the classical random variable describing the entropy
production of the process, with respect to the FS measure. In a special case, related to a
detailed balance condition, we obtain an explicit limiting distribution of this random variable
without rescaling. At the technical level, we obtain a non-unitary adiabatic theorem generalizing
that of | ] and analyze the spectrum of complex deformations of families of irreducible
completely positive trace-preserving maps.

1 Introduction

The present paper studies a refinement of Landauer’s principle in terms of a two-time measurement
protocol (better known as “full counting statistics”) for repeated interaction systems, in an adiabatic
regime. We describe shortly the various elements we study.

Landauer’s principle is a universal principle commonly formulated as a lower bound for the en-
ergetic cost of erasing a bit of information in a fixed system S by interaction with an environment

€ initially at thermal equilibrium. It was first stated by Landauer in | ]. A recent, mathe-
matically sound derivation (in | ], later extended to the case of infinitely extended systems
in [ ]) is based on the entropy balance equation, given by ASs + 0 = SAQ¢ where ASs is the

average decrease in entropy of S during the process, AQg¢ the average increase in energy of £, and
is the inverse temperature of the environment'. The term o is called the entropy production of the

'we will always set the Boltzmann constant to 1, so that § = 1/©, © the temperature.



process. As it can be written as a relative entropy, the entropy production is non-negative which
yields the inequality ASs < BAQ¢. One of the questions of interest regarding Landauer’s principle
concerns the saturation of that identity, i.e. the vanishing of o. It is a general physical principle
that when the system—environment coupling is described by a time-dependent Hamiltonian, the
entropy production ¢ vanishes in the adiabatic limit, that is, when the coupling between S and £ is
a slowly varying time-dependent function. More precisely, if the typical time scale of the coupling
is T, one considers the regime T' — oc.

A repeated interaction system (or RIS) is a system where the environment consists of a sequence
of “probes” &, k =1,...,T, initially in a thermal state at inverse temperature Si, and S interacts
with & (and only &) during the time interval [k7,(k + 1)7). In such a situation, the entropy
balance equation becomes Z",S:l ASs + Z;{Zl o = Zgzl BrAQg¢ ., where each term with index £
corresponds to the interaction between & and £. We describe the repeated interaction system as
an “adiabatic RIS” when the various parameters of the probes are sampled from sufficiently smooth
functions on [0,1] as the values at times k/T', k = 1,...,T. This is the setup that was studied
in [ ]; there we showed that the total entropy production limy . 35, 0% Was finite only
under the condition X (s) = 0 for all s € [0, 1], where X (s) is a quantity depending on the probe
parameters at time s € [0, 1] which we discuss below, see (18). The proof of this result relied mostly
on a new discrete, non-unitary adiabatic theorem that allowed us to control a product of T' slowly
varying completely positive, trace-preserving (CPTP) maps that represent the reduced dynamics
acting on S.

A refinement of the above formulation of Landauer’s principle is however possible using the so-
called full counting statistics. Full counting statistics were first introduced in the study of charge
transport, and have met with success in the study of fluctuation relations and work in quantum
mechanics (see Kurchan | | and Tasaki | ]). An example of their use in improving Lan-
dauer’s principle was given in | , |. In the present situation, the formulation of
Landauer’s principle in terms of full counting statistics can be stated by defining random variables
Ass and Agg, which are outcomes of simple physical experiments, which we now describe. In such
an experiment, one initially measures the quantity —log ps (ps is the state of the small system)
and the energies hg, for each k (hg, is the free Hamiltonian of &), then lets the system interact
with the chain of probes, then measures again the same quantities. With the right sign conven-
tions, the changes in these quantities are random variables which we denote Ass and Agg,. Our
refinement discusses the connections between the probability distributions of Ass and ), BxAgs, .
One can show that the expectations of these distributions are ASs and ), BrAQg, respectively;
there is, therefore, more information in these distributions than in the previously considered scalar
quantities.

We consider an adiabatic repeated interaction system and study the limiting distributions of
the above random variables as T — o0o. Again, we show that in the case X(s) = 0 we have
the expected refinement of Landauer’s principle, which is essentially that when T" — oo, one has
Ass = Y. BrAgg, almost-surely. In the case X(s) # 0, we show that ), 5 Aqe, satisfies a law
of large numbers, a central limit theorem, and a large deviation principle, all of these for the time
scale T, and with explicit parameters. In particular, ), 8;Agg, is of order T, whereas Asg is a
bounded quantity. All results in the case X (s) # 0 can actually be extended to the case where the
probe observables measured at each step k are not simply Srhe, but a more general observable, or
when the system observables are not — log ps.

We show in addition that the random variable ¢7 = >, BxAqgg, — Ass can be expressed as a
relative information random variable between the probability measure describing the experiment
outcomes, and the probability measure corresponding to a backwards experiment. Since we obtain



a full large deviation principle for this random variable as T" — oo, this connects these results
with the appearance of the arrow of time (see | , ]). We discuss in particular the
appearance of symmetries in the moment generating functions, and their implications in terms of
Gallavotti—Cohen type symmetries.

To study the limiting distributions, we relate their moment generating functions to products of
deformations of the completely positive, trace-preserving maps representing the reduced dynamics.
We study the peripheral spectrum and associated spectral projector of these deformed dynamics.
However, because little can be said about the spectral data of those deformed maps, studying the
asymptotics of these quantities requires an improvement of the adiabatic theorem of | .
These technical results, concerning the spectral study of deformations of CPTP maps, and the
improved discrete non-unitary adiabatic theorem, are of independent interest, and we describe
them in wider generality than required for our present endeavor.

This approach gives an improvement over | ] in various aspects. First of all, Theo-
rem 4.2 (in the case X (s) = 0) and Theorem 5.6 together with Corollary 5.8 and Theorem 5.10
(in the general case) characterize the limiting distributions of relevant random variables, whereas
in | ] we only derived information about the behaviour of their expectations. We recover
our former results (and more) about these expectations, as Theorem 4.2 implies in particular the
convergence of limp_, o Z;{:l oy, to an explicit quantity when X (s) = 0, and Theorem 5.10 gives the
divergence of the same quantity under generic assumptions when X (s) does not vanish identically.
In addition, Corollary 3.14 gives an expression for the adiabatic evolution of any initial state. Most
of all, our adiabatic theorem can be applied to a wider range of situations, as illustrated here by
its application to deformed dynamics.

The structure of the present paper is as follows: in Section 2 we describe our general framework
and notation, and more precisely we describe repeated interaction systems, Landauer’s principle
(for unitary evolutions), and full counting statistics. We describe our full counting statistics for
probe observables Yj, more general than just Sghg,, leading to random variables Ayt = >~ Ay,
and we generalize Asg 1 (emphasising the T" dependence in the notation), to random variables Aarp
as well. In Section 3 we discuss the various properties of the full statistics random variables: we give
an entropy balance equation “at the level of trajectories”, i.e. almost-sure identities between the
different random variables, relate the moment generating functions of e.g. Ays®" to deformations
of reduced dynamics, and give a general adiabatic result for products of these deformations. In

Section 4 we describe the limiting distribution of the pair (Ay%", Assr) as T — oo in the case

Y = Bhg when X (s) = 0. In Section 5 we derive a large deviation principle for Ayt" in the general
case, which in turn implies a law of large numbers and a central limit theorem. Our technical
results regarding the peripheral spectrum and associated spectral projectors of deformations of
completely positive, trace-preserving maps are given in Appendix A. Our improved discrete, non-

unitary adiabatic theorem is given in Appendix B. Various proofs are collected in Appendix C.
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2 General framework

In this section we will introduce our general framework. We will use the following notational
conventions: for X a Banach space, we denote by B(X) the space of bounded linear operators on
X and by Id the identity on X. For H a Hilbert space, we denote by Z; () the space of trace-class,
linear operators on H, and by D(H) the set of of density matrices on H, i.e. elements of Z;(H)
which are non-negative operators with trace one. We will freely use the word “state” for an element
p € D(H), therefore identifying the density matrix and the linear map B(H) 2 A — p(A). We say
that a state is faithful if the density matrix p is positive-definite. Scalar products will generally
be denoted by (¢,1) and are respectively linear and antilinear in the right and left variable. We
denote by |1)(¢| the map on the Hilbert space defined by & +— (¢, k) 1.

2.1 Repeated interaction systems

A quantum repeated interaction system (RIS) consists of a system S interacting sequentially with

a chain &1,&,... of probes (or environments). This physical model can describe for example
an electromagnetic cavity which undergoes repeated indirect measurement by probes; its physical
archetype is the one-atom maser (see [ ). For more detail we refer the reader to the
review | ].

We will describe the quantum system S by a finite-dimensional Hilbert space Hg, a (time-
independent) Hamiltonian hs = h% € B(Hs), and an initial state p' € D(Hs). Likewise, the kth
quantum probe &, will be described by a finite dimensional Hilbert space Hg 5, Hamiltonian hg, =
h;’}k € B(Hex), and initial state 52 € D(He ). We will assume the probe Hilbert spaces He
are all identical, Hg , = He, and that the initial state of each probe is a Gibbs state at inverse
temperature 8 > 0:

e Prhey,

Tr(e—ﬂkhgk ) )

We will at times use Zg, to denote the trace Tr(e Prher).

The state of the system S evolves by interacting with each probe, one at a time, as follows.
Assume that after interacting with the first & — 1 probes the state of the system is pp_1. Then
the system and the kth probe, with joint initial state pr_1 ® f}g, evolve for a time 7 via the free
Hamiltonian plus interaction v; according to the unitary operator

& =

Uy, := exp (—ir(hs @ 1d + 1d @ hg, + v3)),

yielding a joint final state Ug(pr—1 ® {,iﬁ)U,;“. The probe & is traced out, resulting in the system
state

pr = Tre (Ug(pr—1 ® &,)U}),
where Trg is the partial trace over Hg, mapping Z;(Hs ® He) to I (Hs), with Trg(X @ V) =
Tr(Y) X. We define similarly Trs, the partial trace over Hs and, for later use, also introduce
{,1; = Trg (Uk(pk_l ® 5,‘6)U,:) The evolution of the system S during the kth step is given by the
reduced dynamics
Lr:Ti(Hs) = Th(Hs)

0+ Tre (Un(n @ &)Uy), (1)
that is py = Lk (pr—1); remark that £, maps D(Hs) to D(Hs). By iterating this evolution, we find
that the state of the system S after k steps is given by the composition

pr. = (L o0 L1)(p). (2)



We will often omit the parentheses and composition symbols. For more details about the dynamics
of RIS processes in various regimes, see | , ]. We now turn to energetic and entropic
considerations on RIS, at the root of Landauer’s principle.

2.2 Landauer’s principle and the adiabatic limit

In what follows, for 7, ¢ in D(#H), S(n) denotes the von Neumann entropy of the state n and S(n|()
denotes the relative entropy between the states n and (:

S(n) = =Tr(nlogn),  S(I¢) = Tr (n(logn —log )). (3)
We recall that S(n) > 0 and S(n|¢) > 0. For each step k of the RIS process, we define the quantities

ASy = S(pr—1) — S(pr),
AQy := Tre(he,&}) — Tre(he &),

that represent the decrease in entropy of the small system, and the increase in energy of probe k,
respectively, and . .
o = S(Uk(pp-1 @ &) Uklpe @ &), (4)

the entropy production of step k. For notational simplicity, we at times omit the “i” superscript

in §}€. Also, we omit tensored identities for operators acting trivially on the environment or on the
system, whenever the context is clear.
These quantities are related through the entropy balance equation

ASk + o, = BrAQy, (5)

(see e.g. [ | for this computation). This equation, together with o, > 0, i.e. the nonnegativity
of the entropy production term, encapsulates the more general Landauer principle: when a system
undergoes a state transformation by interacting with a thermal bath, the average increase in energy
of the bath is bounded below by B~! times the average decrease in entropy of the system. This
principle was first presented in 1961 by Landauer [ | and its saturation in quantum systems
has more recently been investigated by Reeb and Wolf | ] and Jaksi¢ and Pillet | ], the
latter providing a treatment of the case of infinitely extended quantum systems.

If we consider a RIS with T steps, then summing (5) over k = 1,...,T yields the total entropy
balance equation

T
ASsr+ 0" = BrAQy, (6)
k=1
where ASsr = S(p') — S(p') and p' = pr is the state of S after the final step of the RIS process
(see (2)) and

T
0-%91; = Z Ok, (7)
k=1

is the expected total entropy production.

In | |, the present authors analyzed the Landauer principle and its saturation in the
framework of an adiabatic limit of RIS that we briefly recall here. We introduce the adiabatic
parameter T € N and consider a repeated interaction process with T probes, such that the pa-
rameters governing the kth probe and its interaction with S, namely (hg,, Bk, vk), are chosen by
sampling sufficiently smooth functions as described by the following assumption. Below, we say
that a function f is C% on [0, 1] if it is C? on (0, 1), and its first two derivatives admit limits at 07,
1-.



ADRIS We are given a family of RIS processes indexed by an adiabatic parameter 7" € N such
that there exist C2 functions s +— hg(s), 3(s), v(s) on [0, 1] for which

he, = he(§), B =B(

for all k =1,...,T when the adiabatic parameter has value 7'

), Uk :’U(%)

Sl

In this case, we may define

U(s) = exp (—iT(hg(s) + he(s) + U(S)))a
L(s) =Tre (U(s)(- ®&(5))U(s)"),

where £(s) is the Gibbs state at inverse temperature 3(s) for the Hamiltonian hg(s) and 7 is kept
constant. Then, [0,1] > s — L(s) is a B(Z1(Hs))-valued C? function, and £ = E(%) when the
adiabatic parameter has value T'. Note that for each s € [0, 1], the map £(s) is completely positive
(CP) and trace preserving (TP). For some results, we will need to make some extra hypotheses on
the family (£(s))se[o,1]- We introduce such conditions:

(8)

Irr For each s € [0,1], the map L(s) is irreducible, meaning that it has (up to a multiplicative
constant) a unique invariant, which is a faithful state.

Prim For each s € [0,1], the map L(s) is primitive, meaning that it is irreducible and 1 is its only
eigenvalue of modulus one.

We recall in Appendix A equivalent definitions and implications of these assumptions. We recall
in particular that the peripheral spectrum of an irreducible completely positive, trace-preserving
map is a subgroup of the unit circle. We denote by z(s) the order of that subgroup for L(s).

In | ], the present authors used a suitable adiabatic theorem to characterize the large T
behaviour of the total entropy production term (7), which monitors the saturation of the Landauer
bound in the adiabatic limit (note that the terms in the sum (7) are T-dependent through ADRIS).
Briefly, under suitable assumptions, convergence of o' is characterized by the fact that the term

X (s) defined in (18) below vanishes identically.

2.3 Full statistics of two-time measurement protocols

We now describe a two-time measurement protocol for repeated interaction systems with 71" probes.
The outcome of this protocol is random, and we will relate its expectation to the quantities in-
volved in the balance equation (6). Note that a similar protocol was considered in [ | (see
also [ , ).

For the purpose of defining the full statistics measure for an RIS, we will consider observables
to be measured on both the system S and the probes &, k € N.

First, we assume we are given two observables A' and Af in B(Hs) with spectral decomposition

i_ i i f_ f_f
A—Eaﬂai, A—anaf
a of

where a!, af run over the distinct eigenvalues of Al Af respectively, and 7T{ili, W(flf denote the cor-

responding spectral projectors. When we consider increasing the number of probes T', we assume
the observable A' is independent of T' (as we measure it on S before the system interacts with
any number of probes), but allow Af to depend on T, as long as the family (Af)%o:1 is uniformly
bounded in T'.



On the chain, we consider probe observables Yj € B(H¢) to be measured on the probe &;. We
require that each observable commutes with the corresponding probe Hamiltonian:

[Yi, he, ] = 0.

We write the spectral decomposition of each Y}, as
k
Y=y V.
i

If the kth probe is initially in the state &, a measurement of Yj before the time evolution will
yield y;, with probability Tr(¢I1{").
When assuming ADRIS and discussing measured observables Y, we will always assume

Comm There is a twice continuously differentiable B(H¢)-valued function s — Y (s) on [0, 1] such
that [Y(s), he(s)] = 0 at all s € [0,1] for which, when the adiabatic parameter has value T,

Vi, =Y(%), k=1,...,T.

Sz

The family of probe Hamiltonians themselves Y (s) = hg(s) are suitable, but in our applications to
Landauer’s principle, we will be particularly interested in Y (s) = S(s)hg(s).

Associated to the observables Al Af and (Yk);‘g:l and the state p', we define two processes: the
forward process, and the backward process.

The forward process The system S starts in some initial state p! € D(Hs) and the probe &
starts in the initial Gibbs state &, € D(Hg,); we write the state of the chain of T probes = =
®Z:1 £,. We measure A' on S and measure Y}, on &, for each k = 1,...,T. We obtain results a!
and 7= (ix)1_, with probability

Tr ((p' ® =) (7l @ 1)),

where II; := ®;‘C:1 Hgf). Then the system interacts with each probe, one at a time, starting at

k=1 until k =T, via the time evolution

Uy := exp ( —ir(hs + hg, + vk))

Next, we measure Af on the system and measure Y}, on &, for each k = 1,..., T, yielding outcomes af

and 7= (jg)7_,. Using the rules of measurement in quantum mechanics and conditional proba-
bilities, the quantum mechanical probability of measuring the sequence (a', at, 7, 7) of outcomes is
given by

Tr (Up -+ Ur(my @ T15) (p! @ E) (mis @ TR U -+ U (s @ 113)).

We emphasize that the outcomes are labelled by (a', a7, 7) which refers to the eigenprojectors of
the operators involved, but not to the corresponding eigenvalues which only need to be distinct.
Also, we may write the second measurement projector 7r£f ® II; only once by cyclicity of the trace.

The backward process The system starts in state

pl = Tre (Ur - Ui(p' @ E)UT -+ Uj),



and the probe & starts in the state £;. We measure observable Af on S and Y}, on &; for each
k=1,...,T, yielding outcomes af and ( jk);‘g:l. Then the system interacts with each probe, one at
a time, starting with k£ =T until £ = 1, via the time evolution

U, =exp (iT(hS + he, + vk))

Then we measure A' on S and Y}, on &, for each k = 1,...,T, yielding outcomes a! and (ik.)gzl
The probability of these outcomes is given by

T (Uf - U (s © T) (6l © E) (' © T)Up -+~ Uy (s © 11).

The full statistics associated to the two-step measurement process For notational sim-
plicity, we assume that the cardinality of sp Y (s) does not depend on k. We can therefore use the
same index set J for all eigenvalue sets: sp Yy, = (s, )i, ey for all k =1,...,T. We define the space

Qr:=sp A x sp Af x 37 x 37

and equip it with the maximal o-algebra P(Qr). We will refer to elements (al,a’,7,7) of Qr as
trajectories, and denote them by the letter w.

Definition 2.1. On Qp, we call the law of the outcomes for the forward process,
Pr(a',a,7,]) = Tr (Ur -+ Ur(my @ ) (p' ® B) (my @ I)UT -+ U (g @ 117), (9)

the forward full statistics measure. We denote by Ep the expectation with respect to Pg . We also
consider the backward full statistics measure

P2(a',d,7,7) := Tr (U - Up(nt @ 1) (ph @ E) (7!, @ ) U - - - Ur (7 @ 11;)) (10)

which is the law of the outcomes for the backward process. Let us emphasize here that Pg and IF’?
depend on the spectral projectors (7.),i of Al (7r at of AL and (IT;) of the (Y3), and not on the
spectral values of these operators. In partlcular the probabilities }P’:‘? and IP’% associated with two
families of observables (Y'(s))sejo,17, (Y'(5))sefo,1] that have the same spectral projectors (as e.g.
Y (s) = B(s)he(s) and Y'(s) = hg(s)) will be the same.

To (Yx)i_,, Al, and Af, we associate two generic classical random variables on (Q7, P(€2r)):

Aar(d,d',7,7) = d — df, (11)
Yt (d,a', 7 7) = Z yjk ylk . (12)

Note that the choice of defining Aar as a! —af, i.e. as the decrease of the quantity a, is consistent
with the standard formulation of Landauer’s principle as given in Section 2.2. Additionally, the
assumption that (A3, has uniformly bounded norm yields that the random variable Aar has
L norm uniformly bounded in 7'.

Remark 2.2. When we work with an ADRIS, the dependence in T of the Uy (remember that in
this case Uy, is of the form U(k/T)) prevents the family (PZ)r from being consistent. The PL are
therefore a priori not the restrictions of a probability P* on the space Q., as is the case in | ]
where the environments &, and the parameters hg, , 8; and vy do not depend on k.



3 Properties of the full statistics

In the present section we obtain a relation between classical random variables arising from the
protocol defined in Subsection 2.3, and the quantity (6). We study the relevant properties of the
distributions IP’{; and IP’:? , their relative information random variable, and its moment generating
function.

3.1 Entropy production and entropy balance on the level of trajectories

We turn to obtaining an analogue of (6) for random variables on the probability space (Qr, P(Qr), PX).
Remark first that PZ(al, a!,7,7) and PE(d}, !, 7, 7) are of the form PX(a!, af,7,7) = Tr ((pi ® =) S*S)
and P2(dl,a!,7,7) = Tr ((p} ® 2) 5S*). Under the assumption that p' and pf. are faithful we
therefore have

PE(al,af,7,7) = 0 if and only if PZ(a',a!,7,7) = 0.

Since the image of a faithful state by an irreducible CPTP map is faithful (see the discussion
following Definition A.1 below), p' and pr will be faithful as soon as p' is faithful and assumption Irr
holds.

This allows us to give the following definition:

Definition 3.1. If p' and p% are faithful, we define the classical random variable

. PE(dl, df,7,7)
f = T s Gty
¢r(a',a',r,]) = log —s——F—2%,
T( j) gpg(al’af’ ’I,’j—>

on (Qr, P(Qr), IP’{;), which we call the entropy production of the repeated interaction system asso-
ciated to the trajectory w = (a!,d!,7, 7).

Note that the random variable ¢ is the logarithm of the ratio of likelihoods, also known as the
relative information random variable between PL and P2 (see e.g. | ]). It is well-known that the
distribution of such a random variable is related to the distinguishability of the two distributions
(here PL and PZ): see e.g. | ]. Distinguishing between P and PZ amounts to testing the
arrow of time; we refer the reader to | , | for a further discussion of this idea.

We have the following result, essentially present in [ ], whose proof is given in Appendix C.

Lemma 3.2. Assume p' and pgp are faithful. If

Tr(pivr;i)
dim 7!,
al

b TP = T for each a',
f __f
£ Tr(PTWaf)

af 7 dim 7rff
a

- f f f f
. TP ¢ for each a’,

iii. for each k =1,...,T, the state & (or equivalently hg, ) is a function of Yy,

then .
. Tr(r';p') dim~t,
i f - i (k) (k)
a7 =1 ( L @)+§j W _ gk, 13
srla’a5.J) = log Tr(ﬂ-(gfp,fl‘—‘) dim7,; k=1 o ) -
(k) _ Tr(hg, 1Y)
where E; " = d'in(’“}; are the energy levels of the kth probe.
1im

ik



Remark 3.3. The first two hypotheses are automatically satisfied if, for example, A and Af are
non-degenerate (all their spectral projectors are rank-one). All three hypotheses are automatically
satisfied if, for example, p', pr and & can be written as functions of A', A’ and Y} (for each
k=1,...,T) respectively.

Again, ¢ depends on the spectral projectors of the observables Al, Af and (Yk)gzl, but not on
their eigenvalues. However, with the choices A" = —log p', Al = —logpl. and Y (s) = B(s)he(s),
and writing the spectral decompositions pt = S rizl ol = S rixl  the relation (13) takes the
simpler form of a sum of differences of the obtained eigenvalues (measurement results):

T

sr(w) = (—log rgf) — (—log r(ili) + Zﬁk(E](::) — Ei(f)),
k=1

which is the random variable introduced earlier as —Aar + Ay*(w) (again, in the case Y = Shg).
In this case, Aar = (—logrl;) — (—log rzf) is a classical random variable that is the difference
of measurements of entropy observables on the system S, which we call Assr(w). On the other

hand, Zgzl B (E](f) — EZ(:)) is a classical random variable that encapsulates Clausius’ notion of the
entropy increase of the chain (€;)7_; on the level of trajectories, which we call Asg r(w). Then,

Assr(w) + or(w) = Asg r(w), (14)

and ¢r(w) measures the difference between these two entropy variations, on the trajectory w.
Moreover, Proposition 3.4 below, whose proof is also left for the Appendix, links expression (13)
to the entropy balance equation (6). Indeed, by showing that under suitable hypotheses the two
terms on the right hand side of (13) average to the corresponding terms in (6), we show that
Er(sr) = o'f'. In other words, o4" coincides with the relative entropy or Kullback-Leibler diver-
gence D(PL||PE) between the classical distributions PL and PZ. Recall that D(PL||PE) = 0 if
and only if IF’}T? = IP’?. Hence, we will refer to (13) as the entropy balance equation on the level of

trajectories.

Proposition 3.4. Assume that p' is faithful and a function of A, that pr is faithful and a function
of Af, and the state &, (or equivalently he, ) is a function of Yy, for each k =1,...,T, then

Tr(wjlipi) dim 7r£f ; i
]ET(log (Tr(ngfpf) T, )) = —Er(Asst) = S(p) — S(p)) (15)
and
T T
Er (Y (B — E)) = Br(Aser) = 3 BAQy (16)
k=1 k=1
Therefore,
Er(sr) = o, (17)

and relation (13) reduces to the entropy balance equation (6) upon taking expectation with respect
to IP’:F.

Before we move on with our program, let us make a number of remarks on the choice of
Al = —log p' and Af = —log pr.
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Remarks 3.5.

e We made the assumption above that the operator A" was uniformly bounded in 7. This is
true for A" = —log pgp, as mentioned in Remark 3.15 below.

e The observable —log p' is the analogue of the information random variable in classical infor-
mation theory.

e The observable — log pf has the same interpretation and is the initial condition for the back-
ward process in | , | but it might seem odd that the observer is expected to have
access to pf = Ly o...0Ly(p'). However, one can see that the reduced state of the probe
after the forward experiment is random with ]P’gfexpectation equal to pf. In addition, ¢7 is a
relative information random variable, and as such is relevant only to an observer who knows
both distributions (here IP’}T7 and ]P’? ). Such an observer, knowing the possible outcomes for
the random states after the experiment, and their distribution, would necessarily know their
average p'.

We are interested in the full statistics of the random variables ¢r(w) that we will address
through its cumulant generating functions in the limit 7" — oco. We will consider two cases:
Hmy o0 055” < 00, and limp_, o O'%?t = 0o. The behaviour of this averaged quantity was investigated

in | |. For a RIS satisfying the assumptions ADRIS and Prim, the condition

lim sup 04" < oo
T—o0

can be shown to be equivalent to the identity X (s) = 0, where

X(s) = U(s)(p™(s) @ () U(s)" = p™(s) @ E\(s), (18)
and p™¥(s) is the unique invariant state of £(s). If the assumption X (s) = 0 does not hold, then
limy 00 0% = co. It was proven in | ] that the condition X (s) = 0 is equivalent to the

existence of a family (ks(s))seo,1) of observables on Hs such that [ks(s) + he(s),U(s)] = 0.

We will consider the case X(s) =0 in Section 4, and the other case, sup,cjo 17 [|[X(s)[l1 > 0, in
Section 5. In either case, our main object of interest will be the moment generating function of the

variables Ayt and Aar, which we can relate to deformations £(¥(s) of L(s).

3.2 Moment generating functions and deformed CP maps

We recall that the quantities Aap and Ayl®* are defined in (11) and (12). We also recall that
the moment generating function (MGF) of a real-valued random variable V' (with respect to the
probability distribution ]P’g7 which will always be implicit in the present paper) is defined as the
map My : a — ET(eav), and the MGF of a pair (V1,V2) as the map My, v,y : (a1,02) =
Ep(e*tV1te2V2) - When V or (V4,V3) are given by the random variables Ayi®*, Aar, the above
functions My (resp. My, v,)) are defined for all a € C (resp. for all (a1, as) € C?). For relevant
properties of moment generating functions we refer the reader to Sections 21 and 30 of | ]
Our main tool to study these moment generating functions is the following proposition:

Proposition 3.6. For o € C, define an analytic deformation of L(s) by the complex parameter «
corresponding to the observable Y (s):

£i9(s) : Ty (Hs) — T1(Hs)

11



n = Tre (YU (s)(n @ &(s))e YU (s)"). (19)

Under assumption Comm, the moment generating function of Ay%" is given by
T
MAQ%’t(a) = Trs (ng)(T ’ g/ T Zﬂ-alp 71-al

If in addition [Al, pl] = 0, then the moment generating function of the pair (Ay%', Aar) is given by

—ag Al (o «a azAl i
Mayiet aapy (a1, a2) = Tr (e” 24 L (F) o £ (L) (et o))

tot

so that in particular the moment generating function of —Aar + Ayy* is given by

aAf p(a [e} —aA i
M_pap i age(@) = Trs (T4 L () - L (F)(e4p)).

See Appendix C for the proof. In Section 5 we will analyze the above moment generating func-

tions, with the help of an adiabatic theorem for the non-unitary discrete time operators ng‘ ). The
case Y (s) = B(s)he(s) plays a particular role for the analysis of Landauer’s principle. The complex

deformation of the map £(s) we consider is similar to the deformations introduced in | | for
hypothesis testing on spin chains, and to the complex deformation of Lindblad operators introduced
in | | suited to the study of entropy fluctuations for continuous time evolution.

Dropping the s-dependence from the notation, below, we first provide the expression for the

adjoint of the deformation of L(s) with respect to the duality bracket on B(Hs), (C1,Ca) =

Trs(C7Cs). We temporarily make explicit the dependency of ngl ) in 7 by denoting it L’,g,a ;T); in

7_T)

particular, ﬁg,a is obtained by replacing the unitary U(s) with its adjoint U*(s).

Lemma 3.7. The adjoint of the operator ng) s given by
£§f‘)* :n > Trg (e_(aYJrﬂhg)U*(n ® &) e(aYJrﬁhE)U). (20)
In particular, for Y = Bhe we have Egos;)* = E(B;lffl;fﬂ.

Proof. First note the identity Trg((Id ® C)D) = Trg(D(Id ® C) for any operators C' and D on Heg
and Hs ® He, respectively. Let Cq,Cy € B(Hs). The straightforward computation
(£97(Cy), Cy) = Trs ((Tre(e UM (CL @ €) e Y TUT))*Cy)
= TI‘S (Trg(U(T)eiaY(Cik ® {)U(—T)GEY) Cg)
= Z3' Tr (UM (C @ e Pe)e U (C, @ 1d))
= 75" Tr ((Cf @ Id)e~ @Y HFhe)y (=)
(Co® e*ﬂhs>e(5Y+5hs)U(T))
= Trg (Cf Trg(e*(aYﬁBhs)U(*T)(C2 Q é‘)e(aYJrﬁhS)U(T)))

directly yields the result. O

‘We now consider the Kraus form of this deformation.
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Lemma 3.8. Assume that Comm holds. For all a € R, [,g,a) is a completely positive map. In
addition, there exists a Kraus decomposition

Ly(n) =) KinK;,
‘7j

of Ly such that ng) admits the Kraus decomposition
£() = AWK, k.
i,J
Proof. Let {zpm};ﬁifﬁ be an orthonormal basis of eigenvectors of Y. We introduce
Id® |tm) : Hs = Hs ® Hg defined by ¢ — ¢ ® iy,
Id® (] : Hs @ He — Hs defined by ¢ ® ¥ — (b, ¥) ¢,

so that (Id ® |¢m))* = Id ® (¢¥m|. We observe that using [Y,{] = 0 and Trg((Id ® C)D) =
Tre(D(Id ® C) for any operators C' and D on He and Hs @ He, respectively, we can write

£ () = Tre (1d © e*Y2)U(1d @ oY1)

21
(n®1d)(1d @ £"2%e~Y/2) U™ (1d © e7?)). (1)

This shows that £§/a )is a completely positive map. Then we express the partial trace on Hg using

the orthonormal basis {wm}gﬁﬁg by means of the set of operators on Hgs
(S = (e () 1d@ e ) UId@e/?) 1d @ ¢/ [4)) (22)

(again KZ(C;) depends on the choice of Y'). Thus for any n € Z;(Hs), and all a € R,
£ (n) = K () (23)
2

This yields the Kraus decomposition of ng‘ ). Moreover, we note that

Kf,?) — oy —vi)/2 ng),

and letting K; ; := Ki(g-) gives our final statement. O

)

Lemma 3.8 proves in particular that ng‘ is a deformation of £ in the sense of Appendix A. Let

us now address the regularity of ng )(3) in (s,a).

Lemma 3.9. Assume ADRIS and suppose s — Y (s) € 02([0, 1], B(?—lg)). Then, the map
0,1] x C 5 (s,a) = £ (s) € B(Hs)

is of class C?.
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Proof. First observe that since the dimensions of Hs and Hg are finite, it is enough to check
regularity of the matrix elements of ﬁg/a )(s). From the Kraus decomposition above, if {gok}ilzmlHS

and {1#%}?;“11 He are fixed orthonormal bases of Hs and Hg, it is enough to check regularity of the
C valued functions

(el Kijipr) = (o1 ® %51 DU (s)e™ Y e ()P @ )
By ADRIS and the explicit dependence in « of the matrices involved, one gets immediately the
result. O

Remark 3.10. In case the regularity assumption in s in ADRIS and that of Y are understood in
the operator norm sense, and hg(s) is such that £(s) is C? in the trace norm sense on Hg, the map

(s,a) — ng )(s) € B(Z1(Hs)) is C? in the norm sense, irrespectively of the dimensions of Hs and
He; see Appendix C.
We conclude this section with a discussion of the effect of time-reversal on the operator Kj ;,
and therefore on the operator ng‘ ). A relevant assumption will be the following:
TRI We say that an ADRIS satisfies time-reversal invariance if for every s € [0, 1] there exist two
antiunitary involutions Cs(s) : Hs — Hs and Cg(s) : He — He such that if C(s) = Cs(s)@Ce(s)
one has for all s € [0, 1]

[hs,Cs(s)] =0, [he(s), Ce(s)] =0, [v(s), C(s)] = 0.

This holds for example if each hg, he and v are real valued matrices in the same basis, and Cg, Cg¢
are complex conjugation in the corresponding basis.

In the following result we denote by K,L(;)(s) the operator Kj ;(s) associated with the unitary
U(s) as defined in (8). The operator KZ-(,;T)
unitary U*(s).

Lemma 3.11. Assume that an ADRIS satisfies Comm and TRI. Then for alli,j and all s € [0, 1]
one has

(s) is therefore associated in the same way with the

Cs(s)K T (5)Cs(s) = K7 (s). (24)
This implies in particular that for Y = Bhe and all s € [0, 1],
A (s) = AT17(s), (25)

where A\ (s) is the spectral radius of Cg,a)(s). Equivalently the function a — X (s) is symmetric
about o = —1/2 for all s € [0, 1].

Proof. Once again we drop the s variable. Using (22), K Z(? we have

(01, Cs K7 Csipa) = (Cspr, K7 Csipa)
= (Csp1 @ ¢, UEY2Csp2 @ ;)
and by Comm we can choose the basis (1;); such that Cgt); = 1;, Cetpj = 1);, so that
= (Clp1 @ v;), UE2C (2 ® 1))
= (1 @1, CUCE 03 @ ;)
= (01 @ U5, U202 @ 1y)

and this proves relation (24). If we now denote Ks = Cs - Cs the map on B(Hs), then for a € R
this implies Ks o £(®7) o Kg = £(%~7) for any Y satisfying Comm. By Lemma 3.7, for Y = She
this implies Ks o £(®7) o Kg = £-"17)* which in turn implies A(® = \(=e=1), O
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3.3 A general adiabatic result

The moment generating functions of Ayt and Aar have been related in Proposition 3.6 to products

of T operators ng! )(s) that differ little from each other, locally, by an amount of order 1/7". The

general result stated below will allow us to discuss the asymptotic behaviour of Ayf?t as T — oc.

Let s — L(s) be a family of CPTP maps satisfying Irr, and define Lgf)(s) by (19). For each
s € [0,1], the map L’gf)(s) satisfies (23), and is therefore a deformation of L£(s) in the sense of
Appendix A. From Proposition A.3, there exist maps )\g/a)(s), Igﬁl)(s) and p§,a)(s) from [0,1] x R >
(s,a) to, respectively, RY, the set of positive-definite operators, and the set of faithful states of
Hs; and maps z(s),u(s) from [0,1] to, respectively, N and the set of unitary operators, with the
following properties:

e the identities [u(s),Igf‘)(s)] = [u(s),pgf‘)(s)] =0, and u(s)*®®) = Id hold;
e the peripheral spectrum of Eg,a)(s) is )\gff)(s)Sz(s), where S, = {§™ |0 = 2™/ m =0,...,2 —1};

e the spectral decomposition u(s) = Zféi)l emm/2(5)p, (5) holds;

e the map n — Tr(Igf‘)(s)u(s)*mn)pgfy)(s)u(s)m is the spectral projector of ng‘)(s) associated

with /\g,a)(s) g2imm/z(s).

e the unitary u(s) and cardinal z(s) of the peripheral spectrum of ngv)(s) do not depend on «
orY.

Note that we have )\g/o)(s) =1, I§9)(s) = Id and pg/o)(s) = p™(s) for all Y and s. As mentioned
above, the case Y = fhg will be particularly relevant to the discussion of the Landauer principle.
We therefore drop the indices Y, and simply denote by A(®)(s), I®(s) and p(®(s) the above
quantities, in the case where Y = Bhg. We define

« a -1 5(«
£7(s) = (W() 7 L3(s),
The following result will be our main technical tool.

Proposition 3.12. Consider an ADRIS with the family (L£(s))sejo,1) satisfying Irr with z(s) = 2.
Then, there exist continuous functions R 5 a — ¢'(a) € (0,1) and R 5 a — C(a) € Ry, and
a function a — To(a) € N that is bounded on any compact set of R, such that for all a € R,
T>Ty(a), and k < T,

z—1
Ao Ao i ) o iy (o
|20 - 22 G0 = 2o S T (1) 0)pm(0)5) A (B ()|
m=0

C(a)

S m + C(a)ﬁ’(a)k

where the index of the spectral projector pm_k(%) 1s interpreted modulo z, and

19%,) = / Tr (Ig,)(s) a—pg,)(s)) ds.
0 S
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Proof. By expression (23), the map R x [0,1] 3 (a, s) — Eg/a)(s) is real analytic in o and C? in s.
We know from Proposition A.3 that the spectral radius )\g,a )(s) of L’g/a )(s) is a simple eigenvalue for
£§f‘ ) (s) with eigenvector pg/oé ) (s), and for Eg/a ) (s)* with eigenvector I'® (s). By standard perturbation
theory, the maps (a,s) — Agf‘)(s),lgf)(s),pgf‘)(s) are C? functions of s € [0,1] and real analytic
functions of a € R. The unitary u(s) is an eigenvector for the isolated eigenvalue 6 = eZim/z of

L*(s), and is therefore a C? function of s. The peripheral spectrum of ng )(s) is the set S, =
{¢™|m = 0,...,z — 1}, each peripheral eigenvalue 6™ is simple, and the associated peripheral

projector n — P,(na)(s) =Tr (Igﬁl)(s)u(s)_mn)u(s)mpy)(s) is therefore a C? function of s and a
real analytic function of a. In addition, denoting Q(®)(s) = Id — 3.7 _ 1P( @) (s) the quantity
(@) = supye 1 sprL ( )Qa(s) < 1 is a continuous function of «.

From the above discussion, the family s — ngy )(s) satisfies HypO-Hyp4 and is therefore
admissible, in the sense of Appendix B, with simple peripheral eigenvalues. We can therefore apply
Corollary B.9. Denote by 19& T)n the integral appearing in the exponential factor:

k/T
o= [ (1 @t S w0l 0) . (26)

(a )

We can prove that 19 does not depend on m:

Lemma 3.13. We h(we form=0,...,2—1

[} e} k/T « a «
ﬂ(yjn:ﬂ(yﬁz/o Tr (137 (1) 5,047 (1)) .

Proof. The proof follows from a simple expansion of % (u™(t) pgfy ) (t)) and commutation properties:

k/T m—1
2 =9+ / Tr (1 b (1) 8u (1)) (1)) e
k:(]
k/T
= 9lo +m/ Tr (1 (6) u™ (1) ‘Z;‘( )\ (1)) dt.
However, as u(t)* = Id, plugging m = 0 or m = z in the right-hand side of expression (26) gives

the same expression ﬁg/ ), so that necessarily

k)T ”
/ Tr (1) (t)u_l(t)g—t(t) PO ®) dt =0
0

and the conclusion follows. O

Lemma 3.13 and Corollary B.9 therefore imply that for any ¢'(«) € (¢(a), 1), there exist Tp(«) €
N, and C(a)) > 0 which is a (fixed) continuous function of

cp(a) = sup max max (|[8\, ()], |83, (), 1A ()1 5%, (s)11)

s€[0,1) M=102

with
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such that for any 7' > Ty(«),

|20 - £ (hypt — e 3T 0% ple) (b () T (1) (0™ (0) )
m=0 (27)
C(o) :
= m +C(a)? (a)k

In addition, Tp(«) can be chosen depending on c¢p(a) and /() alone.
Recall that we have the spectral decomposition u = an;lo 0™ py,. Then, with all sums from 0
to z — 1 understood modulo z, we have by a discrete Fourier-type computation

S 0mE T (19 0y (0)p) 1) (L) ()

m —zwzww S0 )
_ZTr )pi % % Zamk n++£)
= ZTr (0)0") A (£ )pe( ) #Lemn—n
—zZTr (I (0)pa(0)0") o5 (5 )i (5.
This expression along with (27) yields the result. O

By taking o = 0, this result allows adiabatic approximation of the state of S under the physical
evolution E(%) - L(%) after k steps of an irreducible RIS. This corresponds to a generalization of
the results of [ ], which could only treat the primitive case, i.e. z = 1.

Corollary 3.14. Consider an ADRIS with the family (L(s))seo,1) satisfying Irr with z(s) = 2.
Then, there exists ' <1, C' >0, and Ty > 0 such that for all T > Ty, and k < T,

1 C

e+ £ 6 = paasth )| < 7T + 0
where o
padiab(k7 T) =z Z Tr (pn(o)pi)pinv(%)pn—k(%> (28)
n=0

is a state, and the index of the spectral projector pn_k(%) is interpreted modulo z. Moreover, if p'
1s faithful, we have the uniform bound

%r;fl klr<1§ inf sp padiab(k, T') > z( lr<n]121Z Tr (p; (O)pl)> 1%f1] inf sp p™(s) > 0.
Proof. We apply Proposition 3.12 for o = 0, and use that (9 (s) = Id, p§9) = p™ and 19§f‘) =
which follows from Tr pgf)(s) = 1. Next, we check the formula Tr(p™ (X)p,(%)) = L for each
¢ =0,...,2—1. We drop the argument % in what follows, and write Ly p(-) = >_; Vi - V;* the
Kraus decomposition. Recalling that p,V; = Vipyy1 for all i and ¢ as discussed in Appendix A,

Tr(p™pe) = Tr(L(p™ )pe) = Y Tr(Vip™ Vi py)

i
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= Tr(Vip™pesa Vi) = Te(L(p™ pesa)),

i

so Tr(p™py) = Tr(pm"pgﬂ) using that £ is trace-preserving. As Y, Tr(p™p,) = Trp™ = 1, we

must have Tr(p"™pg) = 1. Therefore,

Tr(padiab(k, T)) = ZZTY (pn(0)p") Tr(™ (£)pr—i(£)) ZTY Pn(0
n
=Trp' =1.
Moreover, given a normalized vector ¢ € H, we have
(1, Padian (k, T)) = zZTr Pn(0)0") (0, p™ (4)pn—k ()0

:zZTr Pn(0)0") (Pr—i(5)0, 0™ (B )pr—k(5)0) .

using [P (£), p,—k(£)] = 0. Since p™(£) > 0 and Tr (p,(0)p') > 0, each term in the sum is
non-negative, and we have

<¢7padiab(kaT)w> > ( min Tl“( (0)pi)) Z <¢7pinv(%)pn—k(%)w>

1<j<z k
= =( min Tr(p 3(0)p')) (0, p™ ()0)
> Z( 1I<n]122 Tr ( (O)pi)) sel%fl] inf sp plnv( ). .

Remarks 3.15.

e Given an ADRIS the family (£(s)),¢o,1) satisfying Irr, for faithful p! the state pl = Lp -+ Lqp!
is faithful for each T' > 1 (see the remark after Definition A.1). Corollary 3.14 and Weyl’s

inequalities (see Section II1.2 in | ]) give the stronger result infr~infsppl > 0. In
particular, we may make the choice A" = —log pr which is bounded uniformly in 7.
e If we assume, in the notation of | ], that p' = (P} + Qo)p' (i-e. p' has no components

corresponding to the peripheral eigenvalues of £(0) other than 1), then one can check that
,Oadlab(k T) - plnv( )

4 Special case: bounded adiabatic entropy production

In this section we consider (E(s))s c0.1] satisfying ADRIS and the primitivity assumption Prim,
with X (s) = 0, where X(s) is defined in (18). We specialize to the case Y (s) = S(s)hg(s) for all

€ [0,1], and thus drop the subscript Y in the notation. We recall that when X (s) = 0, there
exists a family (ks(s))sejo,1] of observables on Hs satisfying [ks(s) + he(s), U(s)] = 0. We claim

that for any o € C,
—B(s)(1+a)ks(s) (29)

is an invariant for £(®(s), the deformation of £(s) corresponding to Y (s) = 8(s)he(s). This follows
from the straightforward computation

£ (s) (e—ﬁ(s)(1+a)ks(s))
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o B()he(s)

_m< ()he(S)U()< Bs)(1+aks(s) 70

)e—aﬁ(S)hs(S) U(S)*>

_ o Bls)(1+aks(s)

Since £(®(s) is completely positive and irreducible for & € R (see Appendix A for details), and
e B)+a)ks(s) ig positive-definite, 1 is necessarily the spectral radius of £(a)(s). We therefore have
M) (s) =1, for all s and o € R, and in addition,
e~ (1+a)B(s)ks(s)
(a)( ) =
Tr ( (1+o¢),3(s)k$(s)> ’

(30)

with p(®(s) = p™(s), the invariant state of £(s). Similarly, using Lemma 3.7, ¢®3()ks(s) is an
invariant for £(%(s)*, so that for a € R
Tr (e~ (1He)B()ks (5))

aB(s)ks (s)
Tr (o PORs@)  © (31)

1) (s) =

and satisfies the normalization condition Tr (I(O‘)(s) p(o‘)(s)) =1.

Lemma 4.1. Under the assumptions ADRIS and Prim, and with X(s) = 0, and ¢'(a) € (0,1),
C(a) € Ry, To(a) € N as in Proposition 3.12, for alla € R and T' > To(«), alln € Iy (H),

Cla)
T(1 -0 (x))
Proof. First note that in the primitive case, z = 1 so that § = 1 and only the term with m = 0

is present. In addition, as we have proved above, for X(s) = 0 one has MA@ (s) = 1 and therefore
L) (s) = £{*)(s). Proposition 3.12 together with expressions (30) and (31) then yield

L) - £ = Tr(p™ (0)~n) p™ (1)1 < )+ Cla)(¢ (@),

| &) 2@ hm

gt Tr (e (Fe)BO)ks(0)) Ty (¢@B(0)ks (0)y))
Tr (e~ (F)BMWAs(M)) Ty (e~ POk (0))

o~ (140)B(1)ks(1) H

Cla)

< m) + C(O‘)(El(a))T-

with

1 e~ B(s)(1+a)ks(s —B(s)(14a)ke(s
9@ — Tr(Tr( CIFOR) apoprsts) A e HIUTks() ) s
Tr( B(s )ks(s)) ds Tr(e—B(s)(1+a)ks(s))

Y(14+a)ks(s —B(s)(1+a)ks(s
Tr (L+aks( )) Tr (eaﬁ(s)ks(s) i e PIIFaks() )ds
Tr(e—P)Rs()) ds Tr(e— PG (I +aks(s))

_ B(s)ks(s))) 1 aB(s)ks(s) L —B(s)(1+a)ks(s)
/0 (Tr(e™ ) Tr(e ° )ds

1
1d
_ Tr(e— B +a)ks(s))) 71 =y (o =B()(1+a)ks(s)) 44
[ (e ) )as

Thanks to the general formula d%eA(s) = fol e“”A(s)d—dSA(s) e(1=2)A() dz and to the cyclicity of the

trace, we have

d d
aB(s)ks(s) —B(s)(1+a)ks(s)) — _ =
Tr (e —e ) (1+a)Tr(d

ds 5 (5(5)’*?3(8))(3,*5(3)’“8(8))
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= (14 0) L Tr(e-Beks ()

ds
so that
9@ = (14 q) / td log Tr(e=P(ks(9)) ds — / td log Tr(e~(1+0B()ks(9)) g
0 ds 0 ds

and

o (Tr(e—ﬁ(o)ks(o)))1+°‘ Tr(e~(+e)BMks(1))

e = .
(Tr(e=BMks(1)) ™+ Ty (e-(1+a)8(0)ks(0))

The rest of the proof is obtained by direct computation. ]

Recall that for p', pf two faithful states, A' = —log p', A" = —log pf and Y'(s) = B(s)he(s), we
have the decomposition ¢ = —Ass 1+ Asg r (see (14)).

Theorem 4.2. Under the assumptions ADRIS and Prim, and with X(s) = 0, the distribution
of the pair (Ass T, Asg ) converges weakly to a probability measure characterized by its moment
generating function
M(ASg,ASs)(al? 042) = Tr (pinV(O)*al (pi)lfaz) Tr (piHV(1)1+a1+a2)'
This probability measure has finite support, contained in the set
(logsp p™ (1) —logsp p™(0)) x (logsp p™ (1) —logspp') = (32)
{(1og 1 — logro,log 7}, — logr) | r1,7 € sp p™ (1), 7o € sp ™ (0), ' € sppl}.

In particular, the limiting moment generating function Mc(a) = limp_oo M, (o) satisfies

log M¢(a) = S—a(pinv(o) |Pi)7

where S, denotes the (unnormalized) Rényi relative entropy

Sa(n[¢) == log Tr(n“¢'~®).

Proof. By a direct application of Proposition 3.6, for all a;,as € R we have
_ f i
Mpse 7,0557) (@1, 02) = Tr (e c2diplen)(Ly. .. glen) (L) (et phy),
so that by Lemma 4.1
| M(ase r.ass.r) (@1, 02) = Tr(p™ (0) 71 (p)'72) Tr (p™ (1)1 (p1)2)|

converges to 0 as T — oo and again from Lemma 4.1 with a = 0, limp_, p' = p™ (1) and the
latter state is faithful. This shows that the moment generating function converges as 7' — oo for all
(a1, a2), to the desired identity. By the results in Section 30 of | |, this shows the convergence
in distribution of the pair (Asg 7, AssT). O

Remark 4.3. Relation (17), and the fact that the derivative of S_,(n|() is the relative entropy
S(n|¢) = Tr (n(logn — log¢)) imply in particular (again see Section 30 of | ]) that under the
assumptions ADRIS and Prim, and with X (s) =0,

lim o3 = (o™ (0)]o1).
T—o0

Theorem 4.2 therefore gives us a refinement of the results of | |, where an explicit expression
of the limit was missing. Remark also that the quantity S_,(p™(0)|p!) can be expressed as the
cumulant generating function of an explicit distribution related to the relative modular operator
for p'™¥(0) and p' (see e.g. Chapter 2 in | D-
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Corollary 4.4. Under the assumptions of Theorem /.2, if in addition p' = p™ (0) then the limiting
distribution for (Asg 7, Ass. ) has support on the diagonal and equivalently the limiting distribution
for ¢r is a Dirac measure at zero. If we write the spectral decomposition of p™ (0), p"™ (1) as

A7) =Y ()0 P ZTJ

J

then the limiting distribution for Asg T gives the following weight to s € R

Z Tr (pinV(O)Wj(O)) Tr ( mv( )wk(l)) ]ls(log T,(1) — log 75 (O)),

where 15(t) =1 if s =t and 0 otherwise.

Proof. If p' = p™¥(0) then with the notation of Theorem 4.2, one has log M (a) = 0, so that the
limiting distribution for ¢r is a Dirac measure at zero. In addition, the limiting moment generating

function for Asg 1 is _
Tr (plnv(o) ) Tr ( 1nv( )1+a)

and the expression of the corresponding distribution follows by inspection. O

Example 4.5. Let us recall the simplest non-trivial RIS, which is considered in | , Example
6.1], for which the system and probes are 2-level systems, with Hs = He = C2, along with
Hamiltonians hs := FEa*a and hg, = hg := Egb*b where a/a* (resp. b/b*) are the Fermionic
annihilation/creation operators for S (resp. &), with E, Ey > 0 constants with units of energy. As
matrices in the (ground state, excited state) bases {|0),|1)} for S and &£, we write

0 1 « .+ (00 « .+ (00
a—b—<0 0), a _b_<1 O>’ aa-bb-(o 1).

We consider a constant potential vgw € B(Hs @ He),

VRW = %(G* ®b+a®b’)
where 1 = 1 with units of energy. Given s — 3(s) € [0, 1] a C? curve of inverse probe temperatures,

an interaction time 7 > 0 and coupling constant A > 0, we let
U =exp ( —ir(hs + he + /\URw)).
Then sp L(s) is independent of s, with 1 as a simple eigenvalue with eigenvector
() = exp(—B*(s)hs)/ Te(exp(—5*(s)hs))

for 5(s) = Z6(s).

With v = /(E — Ep)? + A2, the assumption v7 ¢ 277 yields that £(s) is primitive, and
moreover, the fact that [vrw,a*a + b*b] = 0 yields X (s) = 0. Here, we may take ks = %hg
independently of s, which satisfies [ks + hg, U] = 0.

We choose an initial system state p' > 0, and set Y (s) := B(s)he, A" := log p!, Af :=log pff, for
ph = E( ) L’( )p'. By considering the forward and backward processes of Section 2.3, we define
the forward (resp. backward) probability distribution PZ (resp. PZ), and the entropy production

or = log pE on Q =spp' xspp' x {0,1} x {0,1}7. Then Theorem 4.2 yields the asymptotic

21



moment generating function of ¢r: let p' = ro|vg)(vo|+71|v1)(v1| > 0 be the spectral decomposition
of the initial state, then

lim My (0) = (14 ¢~ O) (g (0fu) ? + [{1]uo) e )
T—o0

(33)
+r T ((0fun)]* + !<1!v1>!26a6(0)E°))'

5 General case: large deviations and the central limit theorem

In this section we consider a general observable Y (s) with [Y(s),he(s)] = 0. We will prove a
large deviation principle, and essentially deduce from it a law of large numbers and a central limit
theorem.

Our main technical tool will be Proposition 3.12, together with the following result:

Lemma 5.1. Under the assumptions ADRIS and Irr with z(s) = z, for any faithful initial state p' >
0, for any o in R we have

0 < liminf Tr (L3 (F) -~ £ ()p') limsup Tr (£ (F) - L3 (1)) < oc.
—00

T—o0

Proof. By Proposition 3.12,

z—1
T (£ (5)- £ (1)) = ze7 3 T (18 (0)pa(0)6) Tr (08 (1)par(1))
n=0

+0 <T(10_£,)) +o(ce™.

Because Ig/a )(0), pl, are strictly positive matrices we have Tr (IgfY )(O)pn(O)pi) > 0 for all n, and

because pgﬁl )(1) is a trace one non-negative matrix,

(34)

Tr (o4 (Dpn-1(1)) > 0
for some n. By strict positivity of e_ﬂy ), the leading term in (34) is therefore strictly positive. This
proves the lower bound, whereas the upper bound follows from continuity of the operator-valued

maps (a, §) — Igfy)(s),pgf)(s). O

Lemma 5.2. Under the assumptions ADRIS and Irr with 2(s) = z, for any faithful initial state p' >

0, for any o € R, the moment generating function of the random variable Ayle* with respect to IP’?

satisfies

1
lim %1ogMAy59t(a)= / log A\ (5) ds =: Ay (). (35)
0

T—o0

Proof. By Lemma 5.1,
L4 Fla) A(@) i
jlgn T log Tr (L3 (%) -+ L3 ($)(p")) = 0.
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by definition of [igf—l )(s). Hence, the result follows from the Riemann sum convergence

T T
(a k . ko k=1 (@) k
i 1og (TTN() = Jim 3705 — 47 1og A7 )
1
= / log M%) (s) ds. 0
0

Remark 5.3. Lemma 5.2 also holds for e.g. the random variable Aar(w) + Ay in place of Ayt

because Lemma 5.1 holds with additional factors of e~®4" and €4’ inside the trace. Alterna-
tively, one may remark that Ay'®*(w) and —Aar + Ay*(w) only differ by a uniformly bounded
term Aar(w).

The regularity of A, and the value of its first and second derivatives at zero, are relevant to the
asymptotic behaviour of Ayiet. We therefore give the following simple lemma.

Lemma 5.4. Assume ADRIS and Irr. Then the function Ay is twice continuously differentiable

on R, with
1 ({')A(a)
Al = Y -
V0 = [ @ ds,

1 82/\(04) a)\(a) 9 <36)
20 = [ (G oo~ (F0)lam0)’) s
and
a)\(ya) inv *
5o (8)a=0 = Z(yj — i) Tr (Kij()p™ (s)K7;(5)),
irj
82)\(04)
e (9)la=o = Y (s — i)® Tr (K (5)0™ (5) K (5)) (37)
+2 Z(yj — i) Tr (K5 (s)n(s) K7 ;(5))
where n(s) is the unique solution with zero trace of
(Id - L(s)) (n) = Z(Z/j — i) Kij(s)p™ () 5(s)
- Z(yj — i) Tr (Kij(s)p™ (s) K5 (5)) o™ (5)-
In particular, for Y(s) = B(s)hg(s), one has
(o)
O (5)lamo = B(5) Tr (X(s) (1 he(s)) ). (39)

Proof. That Ay is twice continuously differentiable is clear from the expression (35) and the fact

that (a,s) — /\gﬁx )(s) is C? in s and analytic in o, bounded and bounded away from zero. The
expressions (36) follow from the dominated convergence theorem. The expressions (37) are obtained

by an explicit expansion to second order in « of the relation Eg,a ) (pg,a )) = )\gg )pg/a ), together with the

fact that Tr(pgfé )) = 1. Last, remark that n(s) is uniquely determined as 1 is a simple eigenvalue
of L(s), and the associated eigenvectors have nonzero trace. O
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The values of the derivatives of Ay at oo will also be relevant. We have:
Lemma 5.5. Assume ADRIS and Irr. Denote by
vy +(s) = max{y;(s) — yi(s) | Kij(s) # 0},
vy,—(s) = min{y;(s) —yi(s) | Ki;(s) # 0}.
Then .
lim Ay(a) =vyy = /0 vy +(s) ds.

a—=+o0

Proof. Because Ay is convex and everywhere differentiable, lim,_, 10 A} () = limg—y 400 éAy ().
Besides, it follows immediately from Proposition A.9 that

1 a
lim —log Ag)(s) = vy +(9). O

a—+oo ¢

The above technical results allow us to give a large deviation principle for Asg 7 or, equivalently,
for ¢7. In the statement below we denote, for £ a subset of R, by int F and cl F its interior and
closure respectively.

Theorem 5.6. Assume ADRIS and Irr, and that the initial state p' is faithful. Let Ay be defined
by relation (35) and denote by A3 the Fenchel-Legendre transform of Ay, i.e. for x € R let

Ay (z) = Zlég (az — Ay ().

Then Ay (x) = 400 for x & [vy.—,vy4], and for any Borel set E of R one has

— inf A} (2) <liminf 1 log P@(Ay%)t €int E)
z€int E T Tooo T T
< limsupllog]P’g(Ayr}Ot €clE) < — inf Ay (x)
T T I T T z€cE

tot

The same statement holds with —Aar + Ayl in place of Aylet. In particular, for Y = Bhg, one

has
. x .. 1 /ST .
— < — -
xellrrlltt"EA (x) hjmlnf logP7 (= € int E)
: 1 T :
<1 —logPh (= €clE) < — inf A*
1:1;nsup og P ( clE) Jnf ()

and the same statement holds with Asg 7 in place of ¢r.

Proof. From Lemma 5.4, Ay is continuously differentiable on R and its derivative takes values
in [vy_,vyy]. The definition of A} implies that it is 400 outside this interval. The rest of

the statement follows from the Gértner—Ellis theorem (Theorem 2.3.6 in | ]) because Ay,
being differentiable everywhere, is (in the language of | ]) essentially smooth. That the same
statement holds with —Aar 4+ Ayle* in place of Ay follows from Remark 5.3. O
Remarks 5.7.
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e In the case of Y(s) = B(s)he(s), and under the assumption (TRI), the symmetry (25) in
Lemma 3.11 is at the very heart of the Gallavotti-Cohen Theorem relating in a parameter
free formulation the probabilities to observe opposite signs entropies. Indeed, it implies that
A is symmetric about the o = —1/2 axis. A direct computation shows that

AN (z) =z + A*(—x). (39)
A consequence of Theorem 5.6 together with this equality is that if e.g. A”(0) # 0,

lim lim 1 o P(+Aser € [s —d,54+6]) s
§—0T—00 T’ g]P)(—AS&T € [8—5,S+5]) N ’

This is obtained by observing that in the present case, A is analytic in a neighbourhood of
the real axis, and so is A* if A is strictly convex. See e.g. | , , | for more
information on the role of symmetries such as (39).

e In the case of Y(s) = 5(s)he(s), and under the assumption that X (s) = 0, we have observed
in Section 4 that A(*)(s) =1 for all @ € R and s € [0, 1]. In that case A(a) =0 and

0 if x =0,
+o00  otherwise.

v ={

The above large deviation statement therefore gives a concentration of %QT or %AS&T at zero
which is faster than exponential.

A first consequence is a result similar to a law of large numbers for Ayiet:

Corollary 5.8. Under the same assumptions as in Theorem 5.6, for all € > 0 there exists re > 0
such that for T large enough

1
P%(\T Ayfpot — Ay (0)] > e) <exp-—rT. (40)

Proof. See e.g. Theorem I11.6.3 in | - O

Remark 5.9. Such a result is sometimes called exponential convergence. If one could replace IP’?
by a T-independent probability measure P in (40) (see Remark 2.2) then the Borel-Cantelli
lemma would imply that %Ay&?t converges P¥-almost-surely to A% (0). It implies, however, that
lmy oo #E(AyPY) = A} (0). In the case Y = Bhg, the positivity of of°* implies A’(0) > 0.
Formula (38) shows that A’(0) = 0 if X(s) = 0. The proof of Corollary 6.4 in | ] shows
A(0) > 0if X(s) £ 0.

We also obtain a central limit-type result by a slight improvement of the results in Theorem 5.6

Theorem 5.10. Under the same assumptions as in Theorem 5.6 we have

1

SRV - TAO) o N (0.A7(0)

in distribution.
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Proof. From Corollary A.8, for fixed s € [0, 1], there exists a complex neighbourhood N(s) of the

origin such that for & € N(s) the peripheral spectrum of ng“)(s) is of the form {Ag?)(s)Hm |m =

0,...,z—1}, and each )\g/a) (s)0™ is a simple eigenvalue. Denote by q5£,?) (s) 7(7?)*(5) the corresponding

spectral projector, parameterized so that («, s) — qﬁgﬁf)(s), ,(7? )(5) are C? functions. By compact-
ness of [0,1], we can find a complex neighbourhood N of the origin containing ﬂse[o,” N(s) such

that the following holds: for o € N, the family (E(“)(s)) ] satisfies HypO-Hyp4. Moreover,

s€[0,1

sup sup |1 — )\gfy)(s)| < 1/2,

aeN s€(0,1]
sup sup max (|65 (s)I], |65 (), 1o ()1, [l (s)1]) < oe,

a€N s€(0,1]

sup )/1 wgf)*(gb,(ﬁ‘)’(t)) dt‘ < 0.
0

aeN

We therefore have

T
1 OYL
sup sup | —= log Ay (= ‘ < 00
a€N TeN T; Y (T)

and by Corollary B.9,

sup sup o Tr (£ (5) - £ (1)) | < oo.
This implies

2161]1\)[;1;11% %log MAytTot(a)‘ < 0.
In addition, from Lemma 5.2, %log Mpyror (o) converges as T — oo for « € N NR. By Bryc’s
theorem | ] (see also Appendix A4 in | ) as T — oo, %(Ayﬁ?t — T A} (0)) converges

in distribution to A(0, AY-(0)). O

Remark 5.11. In the case Y = Bhe, Remark 5.9 and Theorem 5.10 show that, if A”(0) # 0 (which
is generically expected) then of* — oo as T' — oo.

Example 5.12. Let us consider the setup of Example 4.5 using the full-dipole interaction potential
vpp € B(Hs @ He),

VFD = %(CH' a*) ® (b+0"),

instead of vgw. This example was considered in | , Section 7.1], where it was shown that
Prim is satisfied, and that o7 — oo with a finite and nonzero rate limy_, %UT for generic choices
of parameters {E, Ey, 7}.

We take Y(s) = B(s)hg as in Example 4.5. Introducing the shorthand n := \/(Eo + E)2 + )2,

we compute a matrix expression for £l by identifing 71 (Hs) = Matox2(C) =2 C* via (71 12)

M1
(Z;f ) Working in the (ground state, excited state) basis for S, we obtain

722

L) () =

—- O O 2
oo oo
oo o O
Q@ O O



where

(2(Eo + E)? + A + X2cos(n7))  2(Eo — E)? + A2 + A2 cos(v7)

= (1+ eBoB()) y2e—FoB(s) 2 (1 + eFoBls)) 12 ’
e (_Qe—anB(s) (cos(yr) —1)  2eFo(a+DB6) (cos(vr) — 1)) |
4(1+ eEoB(S)) 7> 4 (1 + eFoBs)) 2
A2 cosh (EoB(s)(3 sech( )Sln ) sin (%)
o \/E4+2 X2~ E2)E 7

0+ (B2 +22)°
, _ (incos (%) + (Eo + E) sin (%)) ((Eo — E)sin (%) — ivcos (%))
VEL 200 - B2) B3 + (B2 4 22
(—ei’”Eo +Ey—E+4 v+ (E+ u)) (77(308 ( ) +i(Ey+ E)sin (%))
277]/6%1117' ’
e~ EoaB(s) y2 2—-9 cos(y'r) 26E0(2a+1)’8(s)(008(77’r) -1)
4 (1 + eBoi) B ? ’

( (Bo+ E)* + A4+ X2cos(nr))  2(Eo — E)? + A2 + A2 cos(vT)
2 (1 + e—E05(5)> 772€E05(5) 2 (1 —+ e_EO/B(S)) 2 ’

e =

f=

V2 n

which depend on s through 3(s). The computation was performed with Mathematica, using
[ ]. We make a particular choice of parameters, A\ = 2, 7 = 0.5, Ey = 0.8, F = 0.9, and
two choices of [0,1] 3 s +— S(s):

_ 2(3+ 4tanh(2s))
frls) = 3 + 2log(cosh(2)) (41)
and <
Ba(s) = a1 tanh(2s) — ag tanh (5) — azs® + as8” — ass + ag (42)

for a; = 35.483, as = 141.929, az = 42.945, a4 = 93.5, as = = 17.808, ag = = 1.061. We have
B1(0) = B2(0) = 1.06, and B1(1) = B2(1) = 2.43, as well as fo Bi1(s)ds = fo Ba(s)ds = 2. These
are plotted in Figure 1.

We compute numerically the function A(«) for each choice of s — ((s), as shown in Figure 2.
Figures 3 and 4 shows the convergence described by Theorem 5.10 by simulating 2,000 instances
of this repeated interaction system at four values of T
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Figure 1: Two choices of curves s — ((s). In the solid orange line, 5(s) = Bi(s), given by (41),
and in dashed green line, 8(s) = Ba(s), given by (42).

| | | |
-15 —0.75 0 0.75 1.5 -15 —0.75 0 0.75 1.5

Figure 2: Left: The function A(«) for Y = Shg in the system of Example 5.12, with A = 2,
T = 0.5, Ey = 0.8, E = 0.9, plotted for each choice of (s). Right: The rate function A*(«), for
the same setup. In each plot, the solid orange line corresponds to the choice S(s) = Bi(s), defined
in (41), and the dashed green line corresponds to 3(s) = fa(s), defined in (42).
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Value of % (Ayket — T A'(0))

—2 0 2

Figure 3: Convergence of \/LT (Ayle* — T A’(0)) to a normal distribution, where A’(0) ~ 0.240, with
B(s) = Bi(s) given by (41). Each plot was generated by simulating the two-time measurement
protocol in 2,000 instances of the repeated interaction system described in Example 5.12. The
value of % (Ay%’t -TN (0)) was calculated for each instance and plotted in a histogram in orange,
with bar heights normalized to yield total mass 1. In green, the probability density function of
N(0,A”(0)) is plotted, where A”(0) = 0.530. As T increases, one sees qualitatively the convergence

of \/LT (Ayle* —T'A’(0)) to the normal distribution, as guaranteed by Theorem 5.10.
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Figure 4: The same setup as Figure 3, with 3(s) = Ba(s) given by (42). Here, A’(0) ~ 0.275, and
A"(0) =~ 0.716.



A Peripheral spectrum of CPTP maps and their deformations

In this section we discuss a full study of the peripheral spectrum, and associated spectral projectors,
of CPTP maps and their deformations. This will in particular apply to the deformed reduced
dynamical operators Egg ),

We start by collecting various results from the seminal paper [ |. Let us therefore consider
a finite-dimensional Hilbert space H, and ® a completely positive, not necessarily trace-preserving
map ® on Z;(H). Since H is finite-dimensional, we can identify Z;(H) and B(H), so that all
definitions below apply to either ® or ®*. Any completely positive map on B(#H) (with finite-
dimensional H) admits a Kraus decomposition, i.e. there exist maps V; € B(H) for i in a finite set
I, such that ®(p) = >, VipV;* for all p.

Definition A.1. If the completely positive map ® satisfies either of the following equivalent prop-
erties

e the only self-adjoint projectors P on H satisfying ®(PZ,(H)P) C PZy(H)P are Id and 0,
e the only subspaces E of H such that V;E C FE for all i € I are {0} and H,

we say that ® is irreducible. If for any nonzero self-adjoint projector P on H, there exists n such
that the map ®"(P) is positive-definite, we say that ® is primitive.

Clearly, if ® is primitive then it is irreducible. In addition, it is immediate to see from the above
equivalences that @ is irreducible (resp. primitive) if and only if ®* is irreducible (resp. primitive).
Remark also that an irreducible completely positive map ® will map a faithful state p to a positive-
definite operator, as otherwise the support projector P of ®(p) will satisfy P < ¢p, and therefore
P(P) < e¢®(p) < P, for some ¢,¢’ > 0, and therefore contradict the definition of irreducibility
above.

It is shown in | | that, if ® is irreducible, then its spectral radius A is a simple eigenvalue
and the associated spectral subspace is generated by a positive-definite operator. An immediate
consequence is that any positive-definite eigenvector of ® must be an eigenvector for .

If ® is CPTP then necessarily A = 1. It is also shown in [ | that, if ® is completely
positive, irreducible, and trace-preserving, then

e the peripheral spectrum of ® is a subgroup S, = {#™|m = 0,...,z — 1} of the unit circle,

where 6 = ¢27/% and each ™ is a simple eigenvalue,

e there exist a faithful state p™¥, and a unitary operator u (called a Perron-Frobenius unitary
of ®) satisfying [p™,u] = 0, u* = Id and u* # Id for k =0,...,z — 1, such that

®(pu) = 0®(p)u  Vp € Ti(H) (43)
O*(uX) =0u®*(X) VX € B(H).

A consequence of the above is that the (unique up to a multiplicative constant) eigenvector of ®
(resp. ®*) associated with the eigenvalue 0™ is p™u™ (resp. u~™), and the spectral projector of
® associated with 6™ is s Tr(u="n)p™ u™.

Remark that relations (43) are equivalent to Viu = 0uV; (see | ). Last, a CPTP map is
primitive if and only if it is irreducible with z = 1, or equivalently if and only if ®” is irreducible for
any n € N. Conversely, a CPTP map that admits a faithful state as a unique (up to a multiplicative

constant) invariant is irreducible. If, in addition, 1 is the only eigenvalue of modulus one, then & is
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primitive. In particular, our description of assumptions Irr and Prim are consistent with the above
definitions.

In addition, the spectral decomposition of u is of the form u = an_:lo 0" p,,, where the projectors
Pm satisty pp,, Vi = Vippy1 for all i and m (here and below, m + 1 means m+ 1 mod z whenever it
appears as the index of a projector p and we adopt the same convention for m —1). Each subspace
B(Ranp,,) of B(H) is therefore invariant by ®*# and the restriction of ®** to that subspace is
primitive.

We now define deformations of CPTP maps, or, rather, of their Kraus decompositions. For this,
fix a finite set I. We call a family V' = (V});es of operators on B(H) an irreducible Kraus family
(indexed by I) if },; V;*V; = Id, and the only subspaces E of H such that V;E C E for all i € I
are {0} and H. We fix a set I and denote by R; the set of irreducible Kraus maps indexed by I.
From the above discussions, any irreducible Kraus family (V;);c; defines an irreducible CPTP map

D by () = X Vgl

Remark A.2. Conversely, any irreducible CPTP admits an irreducible Kraus decomposition in-
dexed by I = {1,...,(dimH)?} (possibly with V; = 0 for some ). However, in applications of the
present results in Section 3.3, where H = Hg, our model yields a Kraus family indexed by pairs
(i,j) € spY x spY where Y is an operator acting on a Hilbert space Hg unrelated to Hs. We
therefore need to consider Kraus families indexed by an arbitrary set I.

Now fix v = (v;);es a family of strictly positive real numbers. For (V;);c; an irreducible Kraus
family and o € R we define a map ® on Z;(H) by

o (p) = 0 VipV,

This map (@ is a completely positive map, and since ®©) = &, it can be viewed as a deformation
of ®. We will prove the following result about the peripheral spectrum of ®(®).

Proposition A.3. Let (V;)ier an irreducible Kraus family, v = (v;);er a family of strictly positive
real numbers, and define ®, ®@) as above. Let u be a Perron—Frobenius unitary for ®, and denote
by pm,m = 0,...,z — 1 its spectral projectors. There exist three smooth maps o — A 1) p(e)
from R to, respectively, R , the set of positive-definite operators, and the set of faithful states, such
that for all o in R,

o the peripheral spectrum of ®(@) is (@S, = {N@gF |k =0,... 2 -1},
e one has the commutation relations I, u] = 0, and [p'®),u] = 0,
e one has Tr(p® 1) =1 for all a € R,

o the (unique up to a multiplicative constant) eigenvector of ®@) (resp. ®()*) associated with
the eigenvalue N@™ is p(@)ym (resp. I(O‘)u_m), and the spectral projector of ®@ associated
with A o™ is

n = Te(I 9y ™n)p @™,

Remark A.4. For @ = 0 we have A(®) = 1, I(®) = Id and p(a) = p'™. Note also that @) 1(e)
p'® depend on the choice of v = (vi)ier-

Proof. By the criterion on irreducibility cited above, the map ®(®* is completely positive and
irreducible. Therefore, its spectral radius A(® > 0 is a simple eigenvalue, which is locally isolated,
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with positive-definite eigenvector I(®. Moreover, recall that I(® is the unique positive-definite
eigenvector (up to a positive constant) associated to a positive eigenvalue. By standard perturbation
theory we can parameterize the map a — I(® to be analytic in a neighbourhood of the origin. This
1@ is defined up to a multiplicative constant, which we will specify later on. We define a map P(@)
and its adjoint Pla) by

3@ () = (A\@)=1 (1())1/2¢(@) ((Im))—l/zn (I<a>>—1/2> (1())L/2

~ (44)
‘I)(a)*(X) _ ()\(a))—l (I(a))—l/Q(I)(a)* ((I(a))l/QX(I(a))1/2) (I(a))—l/Q‘
Note that &) writes &) (p) = Yicr Vi(a)pVi()*, with
Vi) = (o JA) P Uy 12 ()12, (45)

The application P+ ig completely positive, irreducible since I(® entering in the definition of its
Kraus operators is invertible, and satisfies </IS(0‘)*(Id) = Id. Hence the map (@ s irreducible,
completely positive and trace-preserving, so that V= (‘7&(04))1‘61 € R1. We can therefore define a
map qua) on R by qua) Vo= ‘7(04). Note that Y//\;(O) =V, so that V is a deformation of V. We
have the following easy result:

Lemma A.5. With the above notation (and fized v = (v;)ier), for any o € R the map qua) is
)

invertible with inverse Tv(_a .

Proof of Lemma A.5. For p € Z;(H) consider

P D v Vile) pVie)® = (NO) 71 () 2V, (L) 72 p (1) TRV (1) 12,

The dual of this map is

—1 Z 1/2v* ( ))+1/2X (I(a))+1/2‘/;' (I(Ot))—l/Q’

which admits (I(®)~1 as an eigenvector for (A(®)~1. Since (I(®)~! is positive-definite, (A(®))~1

the spectral radius of this map, with associated eigenvector (I(a))_l. Applying the above definition
of T~ therefore shows that qu_a)(f}) consists of maps (v; */A(@~1)1/2 (1) =12V () (1)) +1/2 =
V. O

As mentioned above, ®(@ is an irreducible CPTP map. From the results recalled above, its
peripheral spectrum is of the form S, (), all peripheral eigenvalues are simple, and an eigenvector
associated with (@ = e24m/%'*) ig of the form P (ul@)™ with p(®) € D(H) positive-definite and
u(® unitary. Remark already that since p{®) is associated with the simple, isolated eigenvalue 1,
we can parameterize o — p(® to be analytic in a neighbourhood of the origin. In addition, an
operator 17 € Z;(H) is an eigenvector of ®( for the eigenvalue p if and only if (1(®))*+1/2g (1(e))+1/2
is an eigenvector of ®® for the eigenvalue (A(®)~1u. Therefore, p(® = (1(@))=1/25(@) ([(@))~1/2
is an eigenvector of ®(@ agsociated with A(®, the peripheral spectrum of & is /\(a)Sz(a), and
the peripheral eigenvalues are simple. Because the definition of 3@ does not depend on the free
multiplicative constant in I(®), this P @) ig uniquely defined; we can therefore fix the constant in
1@ o that p(a) has trace one. We now prove that z(® is independent of «, and that u(®) can be
chosen to be constant equal to wu.
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Lemma A.6. With the above notations we have z\® = z for all a € R.

Proof of Lemma A.6. We have ®@)*(p; Xp;) = pj11®(@*(X)p;41 for all X in B(H) from the com-
mutation relations for p; and V;. In addition, each pjl(a)pj is nonzero since I(®) is positive-definite,
and satisfies cI>(°‘)*(pj1(o‘)pj) = )\(o‘)pj+11(a)pj+1. This implies by a direct computation that for any
n = 0,...,z — 1, the non-zero operator Zj;é eQWn/zij(o‘)pj is an eigenvector of ®(®* for the
eigenvalue M@ e=2mn/z g6 that (@)* has at least z peripheral eigenvalues, and z < 2(@),

Lemma A.5 shows that this same inequality applied to 3@ in place of ® and —« in place of «
gives 2(a) < z. We therefore have z = 2(a), O

This implies in turn that «(® is an eigenvector of ®(@* for the simple isolated eigenvalue 6, so
that we can parameterize o — u(® to be analytic in a neighbourhood of the origin.

Lemma A.7. With the above notation, we have u'® = u and [I(®),u] = 0, [p'¥,u] = 0 for all
aeR.

Proof of Lemma A.7. Consider the simple eigenvalue 6 of ®(@)* The associated eigenspace is one-
dimensional and contains u(®. We also show that (I(®))*1/2y (1(®))=1/2 is another eigenvector of 6
for d(@)*:

()* « a)\— /Ulq a)\— * 1( o)\ —
H(@) ((I( ))+1/2u (I( )) 1/2) _ ZW(I( )) 1/2Vi 1 )UVi(I( )) 1/2

«

3 )\U(il) (1))~ 1/ 2 (@), (1(0))~1/2

i

|

%

|

(I(a))71/2 ( Z U?VZ-*I(O‘)V,-)U (I(a))—1/2

i

(a)

D

_ (I(a))+1/2u(1(a))—1/2.

We therefore have (I(®))*1/2y (1(0)=1/2 = 4(@)y(®) for some 4 € C, and the relation u* =
(u(®)? = 1d requires that v(*) is a zth root of unity. Now, (u(®))*u(® = Id implies that «*1(*)y =
1@ so that [I(a), u] = 0. This finally gives us u = 'y(a)u(o‘) and since we chose u(® to be analytic
in a, the phase v(*) is necessarily 1. Last, [p\®,u(®)] = 0 and this implies [p(®), u] = 0. O

We can now conclude the proof of Proposition A.3. The validity of our parameterizations rely
only on the fact that the peripheral eigenvalues for ®(®), (@ and ®@* are isolated. Since the
peripheral spectra for these maps are, respectively, A(®S,, S, and S., all peripheral eigenvalues
are isolated uniformly for a in any compact set containing the origin. This allows us to extend
all parameterizations to be analytic on R. Last, the eigenvector of ®(® (resp. ®(®*) associated
with the eigenvalue A(®9™ is p(® ™ (resp. 1(®)y=™), and this gives the form of the corresponding
spectral projectors. ]

The preceding results also give some information about the peripheral spectrum of ®(® for
complex «, as the following corollary shows:

Corollary A.8. Let (V;)icr and v = (v;);er be as in Proposition A.3. For any g in R, there exists
a neighbourhood No, of ag in C, such that for o in Ny, the peripheral spectrum of D) s of the
form {N@™ |m =0,..., 2 — 1} for some \® in C.
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Proof. By Proposition A.3, the peripheral spectrum of ®(@0) is {A(®0)§™|m =0,...,z —1}. By
standard perturbation theory, for m = 0,..., z—1 there exist analytic functions o AE,? ) defined on
a neighbourhood of ag, such that )\7(3 0) — A(@0)gm and the )\,(ﬁ ) are eigenvalues of (@) In particular,
there exists a (complex) neighbourhood N, of g such that for @ in N,,, any eigenvalue of P(e)

of maximum modulus is one of the A{?. Denote (consistently with the above notation) by I(®) an
eigenvector of ®(®)* for X(()a). Since u~'V; = OViu~! we have ®(@)*(1(@)y=m) = Xé‘“)emﬂa)u—m, SO

that Xéa) A" is an eigenvalue of ®@* for m = 0,...,z — 1. Since all such )\((]a) 0" have the same
modulus, one has necessarily )\gff ) = )\éa) 0™ for m =0, ...,z —1. The conclusion follows by letting
A@) =\l 0

The next result gives the asymptotics of the spectral radius of (@) as o — +o0.

Proposition A.9. Let (V;)icr and v = (v;)ier be as in Proposition A.3 and assume that V; # 0
for alli € I. Define vy = max;ecy v;, v— = min;ey v;, and

Lo={iel|vy=vs}, Px=> Vi-V7, Ar=sprods.

i€ly

Then
spr & = ¢ (A +0(1)) for a— Foo.

Proof. Remark that Ay # 0. The statement follows immediately from ®(® = vg (<I>jE + 0(1)) and
standard perturbation theory. O

B Adiabatic theorem for discrete non-unitary evolutions

We devote this section to elements of adiabatic theory that are suitable for discrete non-unitary
time evolution. To be precise, the theory is applicable to discrete dynamics arising from a fam-
ily (F'(s))sejo,] of maps from a Banach space X to itself satisfying

Hyp0 The mapping s — F(s) is a continuous B(X)-valued function of s € [0, 1];
Hyp1l For all s € [0,1], spr F(s) = 1;

Hyp2 The peripheral spectrum of F'(s) consists of finitely many isolated semi-simple eigenvalues for
all s € 0,1];

Hyp3 With P(s) the spectral projector of F(s) onto the peripheral eigenvalues, the map s
FP(s) := F(s)P(s) is a C? B(X)-valued function of s € [0, 1];

Hyp4 With Q(s) :=1d — P(s),

¢:= sup sprF(s)Q(s) < 1.
s€[0,1]

We call such a family admissible for our adiabatic theorems. We emphasize that hypotheses are
stated in terms of spectral radii, and not of norms as was the case for the hypotheses | 1,
which we recall here (adapting slightly the notation for coherence) for comparison:

H1. For all s € [0,1], ||F(s)|| <1, i.e. F(s) is a contraction;

H2. There is a uniform gap e > 0 such that, for s € [0, 1], each peripheral eigenvalue el (s) € sp F(s)NS*
is simple, and |e?(s) — e’(s)| > 2¢ for any e (s) # e'(s) in sp F(s) N S*;
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H3. Let P™(s) be the spectral projector associated with e™(s) € sp £L(s)NS", and P(s) =3 P™(s)
the peripheral spectral projector. The map s — F¥(s) := F(s)P(s) is C* on [0, 1];

H4. With Q(s) :=1d — P(s),

£:= sup [|[F(s)Q(s)| < 1.
s€[0,1]

In applications, the Banach space X is again Z;(Hs) equipped with the trace norm, and the
role of F(s) is played by appropriate deformations of the reduced dynamics £(s) arising from a
repeated interaction system satisfying ADRIS.

B.1 Adiabatic theorem for products of projectors

We start with a result about products of projectors.

Definition B.1. Let (Pm(s))se[o g m= 1,...,2 be C! families of projector-valued operators in
a Banach space X, satisfying > - _, P™(s) = Id for all s € [0,1]. Let W : [0,1] — B(X) be the
family of intertwining operators given by

W'(s) =Y P™(s)P™(s) W(s), W(0) =1d, (46)

m=1

where P™(s) is the derivative of s — P™(s).

Standard results (see e.g. Section IL5 in | ]) imply that
W (s)P™(0) = P™(s)W(s) (47)
for all s € [0,1] and m = 1,..., z, and that W(s) is invertible, with inverse W ~!(s) solution to

V/(s) ==Y _ V(s)P™(s)P™(s).

m=1

Note that, if we are given a single C! family (P(s)) se[o,1] of operators then we can apply the above
to Pl(s) = P(s), P*(s) =1d — P(s).
Remark that we have the immediate relations

P™(s)P™ (s)P™(s) = 0 (48)

for all s € [0,1] and m = 1,..., z. For any family (Pm(s))se[()’l} as above we will denote by Cp the
quantity
Cp= sup sup max ([|[P"(s)],[|P™(s)])- (49)
s€[0,1] m=1,...,z
Proposition B.2. Let (Pm(s))se[o,l] and W be as in Definition B.1. Then there exists C > 0 and
Ty € N such that for T > Ty and {si}refo,1,2,...1}y C [0,1] with |sg — sg—1| = 1/T with k < T one
has

20ty

| P (51) P (s5-1) - P™(s0) — W (si) P (0) W (s0)]| < O/ (50)
where C' and Ty depend on Cp defined by (49) only, and C is a continuous function of Cp.

Remark B.3. Before we prove this, let us mention
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i. For simplicity, differentiability is understood in the norm sense in case dim(X) = oc.

ii. It is enough that the maps s — P™(s) be C! for this proposition to hold.

iii. The s;’s need not be distinct, except those with consecutive indices.

iv. The norms [|[P™(s)|| are in general larger than one.
Proof. For any s, s" € [0, 1], we have

P (s) P (s') = W (s) P (0) W (s)W (/) P™(0)W (),
where, using the shorthand K (s) = Y 7_; P¥(s)Pk(s),
W W) =1+ W ()7 () = W(s)

=Id+w! / K(t
= Id+/ (W)W ()WL) K ()W (t) dt
=1Id+ /SI WKW (t) dt

/ / w! W)W (u) du WHHK ()W (t) dt.

In addition, by relation (48), P™(t)P™ (t)P™(t) = 0, so that
P™O)W L () K ()W (t)P™(0) = 0 (51)

and
P ()P () = W(s)P(0) (1d+ / ) / W (s ()W ()0 (K (W(1) dudt) P (0)W (<)),

Denote by J(s, s") the integral term:

J(s,s) = / ) / WL(s) K ()W ()WL (1) K (£)W (1) du dt

and

J(s,8') = J(s,8) + [P™(0), J(s,5")].
We have

P™(0)J(s,s")P™(0) = J(s,s)P™(0),
with

max ([|J (s, s')|, | (s, )|) < e(s — &),

for some ¢ > 0 which is a continuous function of Cp, (49). Using these considerations iteratively
on the product (50), we get

W (sx) P™(0)W (%) ™' W (5—1) P™ ()W ™ (s5—1) - - - W (50) P™ (0)W " (s0)
= W (sx) P™(0)(Id + J (s, s£-1)) P"™(0) (Id + J (sg—1, sx—2)) P™(0)
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- P™(0)(1d + J(s1,50)) P™(0)W " (s0)
= W (sk)(Id + J(sk, s5-1)) (Id + J (sp—1, Sk—2))
- (Id + J(s1, 50)) P™(0) W (s0).

We denote by Id 4+ R; the product
Id + Rl = (Id + j(Sk, Sk—l)) (Id + j(Sk_l, Sk_g)) s (Id + j(Sl, So)).

With ¢ as above, by a standard combinatorics argument, we get

Hm|imﬂ(%ﬂwwf

k=
( + C/Tz) 1= 6T1n(1+c/T2) 1

Y

so that |Ry|| < C'/T, for T larger than some Tj (which depends only on ¢), where C’ has the
required properties. This yields the result with a C' as stated, since supy¢jg 1] |W*L(s)|| and || P™(0)]
satisfy the requirements as well.

If the projectors P(s) are rank one, they write P(s) = ¢(s) 1*(s) with ¢(s) € X and ¢(s)* € X*
such that ¥*(s)(¢(s)) = 1. In applications, we will consider linear forms associated to the inner
product (M, N) — Tr(M*N) for M and N in B(Hs). We then have the following result.

Corollary B.4. Let (Pm(s))se[o 1

Gm(s) ¥k, (s), s € [0,1], where the maps s = ¢m(s) and s = %,(s) are C1 and non-vanishing for
m=1,...,z. Then there exist C > 0 and Ty € N such that for T' > Ty one has for any k <T

m=1,...,z be C* families of rank one projectors, i.e. P™(s) =

sup[[PE) PR - PP (0) — e B R0 0) g 1y 0)]] < o/T

m=1,...,z

where C' and Ty depend on

cp = sup max max (||¢m(s)[l; |6 () [ ()1, ¥ (s)]]) (52)

56[071} m:l,...,z
only, and C is a continuous function of cp.

Proof. We apply Proposition B.2 with s = k/T. Since sgp = 0, and w;’f(O) is a linear form, it is
enough to compute ¢, (s) :== W(s)dm(0). By the intertwining property, ém(s) € Ran P™(s), i.e.
Gm(5) = vy (s)dm(s), where v, (s) € C. Because of the differential equation (46) and the identity
(48), dm(s) satisfies

0= P"(8)81(5) = Sm(5) 5 (5) (01 (8)Dm (8) + v (5) D1 (5))
= (v (8) + vm ()97 (5) (B () ) D (5),

s0 that v, (s) = e~ Jo ¥n(@m(®)dt Thig concludes the proof. O

38



B.2 Main result

We now turn to our final adiabatic theorem. We recall that an admissible family (F(s))s €0,1]

is one that satisfies HypO-Hyp4. We denote by \™(s) and P™(s), m = 1,...,z the peripheral
eigenvalues and associated spectral projectors of F'(s); assumptions Hyp2, Hyp3 and standard
pertubation theory ensure that one can parameterize eigenvalues such that both s — A" (s) and
s — P™(s) are C? functions. We denote by Cp and W (s) the constant (49) and the family of
intertwining operators in Definition B.1.

Theorem B.5. If the family (F'(s))scp0,1) i admissible, then for any " € (£,1) there exist C > 0
and Ty € N such that for T > Ty one has

z k o . C
kzsilpy HF(%) . F(%) - mE_:l (7;[[1)\ (T)) W(%)P (0) — FQ(%) ) FQ(%)Q(O)H < m

for all T > Ty, where F?(s) denotes Q(s)F(s). Moreover,
k
IF9(3) - FL(3)Q0)]| < ™,
and C depends on Cp only, is a continuous function of Cp, and Ty depends on Cp and ¢ only.

Proof. The proof consists of revisiting the proof of Theorem 4.4 in | ], relaxing the hypothe-
ses made there to HypO-Hyp4. We first focus on the combinatorial part of the proof stated as
Proposition 4.5 in | |, borrowing freely the notation used there. We denote in particular
FP(s) = P(s)F(s) and F,f = F(£)#, where # € {P,Q}. Under our hypotheses on the spectral
radii instead of the assumptions on the norm used in | |, we will see below that the starting

estimates
I T B2 < 4, I T #7I<t (A9 of [ )
a€Anp beB,

used in Proposition 4.5 in [ | are replaced by the following bounds. For some constants
D,D'>1,and ¢ <1,

I T #21 < @y, T #1 < o, (NewBounds)
aEAn bEBn

where D, D’ are independent of the number of terms in the products, and satisfy the required
dependence. Following Proposition 4.5 in [ |, we need to bound the norms of terms of the
following forms:

([T EDCIT B0 (I ED (I &) A (53)

acAy beBy acA, beB;
( II B)CIT FDCIT &) - (1T 2D (1T &°) . (54)
bEB441 a€Ay bEBy a€A; beB1
(T FOCTT &) (T ECIT ECTT F9) A (55
a€Ag41 beEBg+1 acAs beBs acAq
CIT &) CITEDC I 50 (1T 22D CIT B CIT £2) A (56)
beBg 41 a€Ay beEBy_1 a€As beBs a€A;
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In | |, we obtain the bounds

1(53)]] < (¢/T)24=1 g2nAnl|1(54)|| < (¢/T) £22n 14n],

Bounds from HJPR15
155)| < (/T)2H+1 (5140l |(56)]] < (¢/T)2 1401, ( )

via (A9 of | |). Instead, if we use (NewBounds), we obtain the bounds

1(53)] < (¢/T)*" DU 2 1Anl D, 1(54)] < (¢/T)* DHH 2 1Al 1,
H(55)H < (C/T)2d+1 Dd""lf’z:n ‘A"|D,d+1, ||(56)|| < (C/T)2dDd+1 E’Zn ‘AnlD/d.

For the bound on form (53), for example, since we assumed D, D’ > 1, then we may simply
change ¢ — ¢DD’ and obtain essentially the same bound as in [ ]. Thus, the rest of the
combinatorial argument consisting in counting the number of such terms for each d, multiplying by
this bound, and summing over d, yields the same final bounds as in Proposition 4.5 in | ],
up to modified constants.

We now turn to find D, D', ¢’ such that we have (NewBounds).

Lemma B.6. Under the assumptions HypO-Hyp4, there exist Ty € N and D’ > 0, both depending
on Cp only, and D' being a continuous function of Cp, such that for all T > Ty and ng <n < T,
we have

|EP - FL) < D

Proof. For each k € {ng,...,n}, write F,f = > AP using semisimplicity of peripheral
eigenvalues. Recall that for each m, \™(s) and P™(s) are C? in [0,1]. Then,

1= 11 > war

k=ng k=ng m=1
z n n .
% in 2
S 51 R T ol B RS
m=1 k:no ’L‘no,...,inil,‘..,z k:no

not all equal

For each m and all ¥’ < k, Proposition B.2 gives for T' > Ty

IPE - Pl < C/T +  sup_ ||[P™(s)W(s)W(s) 7! < C(1+1/T), (57)

1>s5>s">0

for some constant C' which depends continuously on Cp. Again we can bound this C'(1 + 1/T") by
a new constant C' with the same properties as the original C. Taking k = n and k' = ng in (57)
bounds the first sum by z C, since the eigenvalues are on the unit circle. For the second sum, we
know that P/P/™, < Cp/T if i # m, as a consequence of the relation P’(s)P™(s) = 0. Bounding
the terms in the second sum is again done by a simple combinatorial argument: let d be the number
of transitions P{"P{ , where m # i. In each term in the second sum, there is at least one such
transition by design. If we have n — ng stars representing projectors, and d bars representing
transitions, then there are n — ng — 1 gaps between the stars, from which we need to choose d to
put a bar. So ("_720_1) is the number of ways to divide the projectors into groupings. For each
grouping, we have at most z choices of which projector it should be. So in total, there are at most
(”_720_1)2‘“rl terms with d transitions. Each such term has norm bounded by C4t1C4% /T4 via (57),

and using that each transition yields a factor C'p /T, and that all the eigenvalues have modulus one.
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Lastly, there cannot be more than n — ng — 1 transitions (in fact, fewer than (n — ng)/z). So, in
total, we may bound the second sum by

n—ng—1 d

n—ng— 1Y) (2CCp) 2CCp
— <

dgﬂ zC’( d ) Td <zC[1+

In total then, we have
IEF - FP| < 2C(1 + exp(2CCp)) =: D' 0

Let us turn now to compositions of £%’s.

Lemma B.7. Under the assumptions HypO0-Hyp4, for all ¢’ € (¢,1), there exists D >0, Tp € N
depending on Cp only, and D a continuous function of Cp, such that for any T > Ty and ng <
n <T, we have

|FS - F2| < Dem=mo,

Proof. Let ¢ € (¢,1). As shown in Lemma 4.3 of | |, the spectral hypothesis Hyp4 and the
regularity assumptions HypO, Hyp3 imply that given € > 0, we may choose m € N uniformly in
s so that

IF9 ()™ < (£+e)™. (58)

Choose € so that £ +¢€ < £'.

We now deduce by induction that for al N> m < T, ||F,?+m : FkQ - (F,?)m“H < 0 (T) for
some map d,, : R — R}, independent of k, such that limy_,oo 6,,,(7) = 0. This is trivially true
for m = 0 and for m > 1, we have

Q Q Q 1_ (@ Q Q Q
‘Ewm'”P%“ai)m+ —(FkM1_P%)u%+mff‘J%)
+ B (B FO) = (FD™ ).

With FjQ = F9s = %), the first term is bounded above by

|79 (Em) — FC ()] ( sup [[F9(s)I)™

s€[0,1]
< sup  [[F9(s+ 3) - FA(R)||( sup [FUs))™ (59)
5€[0,1] s€[0,1]
s+ €[0,1]

This expression goes to zero as T’ — oo by uniform continuity of F€ on [0, 1], and depends paramet-
rically on m only. The second term is bounded above by sup¢o 1] |FQ(8)||6,—1(T), by induction
hypothesis, hence the claim is proved with 6,,(T) = (59) + sup¢jo 1 | FQ(8)||0p—1(T).

Thus, given e and m chosen so that (58) above holds, for ¢ = (¢ 4 €)™ + 6,,(T), we have
HFﬁm . F,?H < 0, where £ < 1if T > T(m, ), for some T(m, ) large enough.

Any integer p > m can be partitioned as

p=mtm+t--+m+(p—mp/m),
N————

[p/m] times <m
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h
so that for ¢ = sup,_19 -1 (SUPse[o,u ||FQ(3)H> , the previous bound yields,

Q Q| < oglo/ml < plo/m)-1 _ C (p/m)P
[P, FE) < ol < o=t = € (@im)”.

Note that here, in fact, we do not need p > m. If p < m, then HF,ﬁp e F,?H <, %Zp/m > 1, and

the bound still holds. Finally, set £/ = (£)}/™. Since (£ + €)™ + 6,0 (T) < (£ + €) + Gy (T)Y/ ™)™,
we have (" < {4 ¢ + §,,(T)Y/™. For T > T'(m,e) for some T'(m, ¢) large enough, we have
Sm(T)Y/™ < 0" — (£ + ¢€), and therefore £ < ¢'. Thus, for D = ¢//, we have

IFQ .- FQ| < DI < Do, O

Our next ingredient is to approximate the composition F) ,f ‘e FOP P(0), i.e. to show the equiv-
alent of Proposition 4.6 in [ ].

Lemma B.8. Under the assumptions and notation of Proposition B.5, there exist Ty and C' > 0
with the same properties as in that Proposition, such that

z

k
swp [FP(7) - FRPO) = ) (T W) W@ PO < o/T. (60)

Proof. We define for all £k < T

K =W(E)P(0), K} =P0O)w(k), (61)
k k
o, =Y ([[xmPm©), of => ([]*m)Pm™0), (62)
J n=1 7 n=1
Ay, = Kp®y, Al =olKl. (63)

The above expression for Ay gives in particular that

k

A=) ([T A w&)Pm™0). (64)

i n=1

We have the following identities which are consequences of the properties of the intertwining oper-
ators W:

KiKl = Py, KIK,=P(0), KpP™(0)=Pl"Ky, KPP =P™0)K], (65)
P (0) = P (0)®;, ®LP™(0) = P™(0)®], @,®f = P(0) = @}, (66)
and
K =WiKy_1, KL=xl_ wj, (67)
where
Wi = WEW T E PERL), WE=WEH W (§)P(5). (68)

Hence Ay is uniformly bounded in T and k < T, since K and @, are, and satisfies relevant inter-
twining properties. The notation is chosen to be close to that used in the proof of Proposition 4.6
in | ], and one gets that all steps of that of Proposition 4.6 in [ | go through, which
ends the proof. O
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This concludes the proof of Theorem B.5. O
Combining Theorem B.5 with the proof of Corollary B.4 immediately implies the following:

Corollary B.9. If the family (F(s))sejo,1] is admissible, and its peripheral eigenvalues are simple,
with associated projectors P™(s) = ¢pm(s)k,(s) then for any ¢ € (¢,1) there exist C > 0 and
To € N, such that for T > Ty and k < T,

z k
F(E) - PRy =S (T ) e B/ on® (o) dtg 1)y (0)—FQ(E) - FR(1)Q(0)| sT(lc_g,)-

m=1 n=1

Moreover,

IFQ(E) ... FR(L)Q) < cr*

and C depends on cp defined in (52) only, is a continuous function of cp, and Ty depends on cp
and ¢ only.
C Proofs for Section 3

Proof of Lemma 5.2. By definition

sr(al,af,7,7) = log Tr (Ur - Ui(my; ® ) (p' ® ) (my; @ ) UY - - Up(my, @ 1)
T y Wy 'ty = * % —_ i
Tr (Ul T UT(TF(flf ® Hj)(PfT ® ‘:‘)(ﬂ-if ® I7)Ur - - U1(7Tai ® Hf))

using assumptions i., ii. and iii.,

(k)
dlmﬂ' Hk 1 gim (k) Tr (UT e Ul(ﬂ',lli ® U7 - - 'UT(WZf ® Hf))
i

= log -
T Tr(& 1Y) " " ;
dln’l7T Hk 1 dimHg.’f) Tr (Ul e UT(Ter & Hj)UT T Ul(ﬂ-ai & Hf))
Ik
_log Tr(p'n;) dim w;f ¢ log Tr (Up---Ur(r; @ ) U - - - U;(ﬂ;f ®11;))
Tr(pr!,) dim i Tr (Uf - Up(r!, @ W Up - - - Uh (7, @ 1))
L Tr(e Prhey Hgf)) T Tr(e Prhex Hglz))
+log [ ) log k)
ke1 ZpdimIL; b1 Zp dimIL
Tr(e PEMER 7(F) —Brhg Hgk)
and because % = exp (—,Bk Tr( dimH:Z) : )) by assumption iii. again,

Tr(p'n!,) dim 7t 4l Tr (Up--- Uy (n;, @ I;)UF - - U%(Trif ®115))
: o :
Tr(pfﬂcftf) dim 7!, S Tr (Ul* e U}(Wif @) Ur - Ur(m); @ H?))

k k
. ET: Tr(—Brhe, I1) ET: Te(— e, 1)
. k o . k
=1 dim HZ(-k) =1 dim Hgk)
and the last term vanishes by cyclicity of the trace. O
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Proof of Proposition 3.4. We start with the relation (15). On one hand,

T 1 1
ET(log(“[:)>—Zlo “p ZPTa al,77)
al

dimm; dim ' el
77]
Zl Tr(nm alp)
= Ogi
- dim )
ZTr (Ur - Ui(7pinl, @ IGET)UT - - - Up(rl @ 117))
CL,’L,]
_Zlog “Ip)
d1m7r
ZTr Ur - Uil pirl, @ IGET)UT -+ Up(Id ® 1d)).

Using that each & is a function of Y}, we have ) II;E1l; = Z, and

ET<log a‘p) Zl Tr(myr') Te (Up - Uy(nhip'n, @ E)UT -~ U3).

dim 7r

As p' is a function of A', and using the cyclicity of the trace, we have

Tr(n?, Tr(7t pl . Tr(rl, p!
ET<log( “p)) —Zlogi( “p)Tr(ﬂ;i®E)7( “/.)),

dim 7 - dim 7} dimm;

_ZTr alp )log ——2— (alp)

dim 7r

Using the commutation relation [7‘(;1, p'] = 0, the right-hand side is precisely —S(p'). The term

involving pf is treated similarly.
We turn to (16):

(3 A - £)

T
=S"N BuED — EF) S Ph(dl, a7 )

7 k=1 al,af

using [p!, A] =

d k k i
=S"N " B(EY - EM T (Ur - Uh (0 @ LEI) U - Up(1d @ 1))

k=1

a k

=SSN BBV T (Ur - Ui(pt @ )U; - U (1d @ 1)
7
T .
S S BEP T (Ur - Ui (0 @ LEDYUS - - Up(1d @ 1))
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T
=3 Z Br T (Ur -~ Ui(p' @ E)UT - U(Id @ I EW))

T
SN s (fesnlED).

k=1 1

Using that each & is a function of Yy, we have sz Hgf)Ei(f) = hg, and thus

S

T T
Er (30 Au(EY — BY)) = 37 8 Tr(€hhe,) — 3 B Tr(€hhe, ).

k=1 k=1 k=1

Proof of Proposition 3.6.
Assume that [Y(s),&(s)] =0 for all s. Then by definition and from expression (9)

Y
E(e ) = 32 3 e (034~ 9i) it o' 7.9
k=1

T k
= ZTr <UT Ul(Zﬂalp T ® Hefaygk)l'[ik E)
vl k=1
T w
Ui Up (Y me [, ))
b k=1
T
=Tr (UT .. Ul(ZW;iPiW;i ® H e—aYk E)
al k=1
T
Ui Us (1d® H ank>)

=Tr (ﬁg/a)(%) o. gf T Zﬂ-alp 71-al

Assume in addition that [A!, pi] = 0. Then similarly, for oy, as in R,

Y
E(ealAy%?t—’—aZAaT) — Z Z eXp (Oél Z y]k _ ka ) a2(al_af) ]Pg(ai’ af’ ’Z;j)
k=1

7,7 a17af

= ZTr< - U ( Z tetripl @ H o, =

T
(k)
Up - UR(Y e [T o)
b k=1
. T
=Tr (Up-+- Uy (5 gl o H e E)Uf - Up (e @ [T o))

k=1
=Tr (e*O‘QAfﬁg, )(%) .0 £(a1)( )(e +"‘2‘41,0.)).

45



Proof of Remark 3.10. The dependence in s will be treated last, since it fixes the overall regularity,
as we will see. We consider the applications between the different Banach spaces involved in the
definition of Eg,a) = Tre(e®Y UM (-@€)e Y UT)). We will denote the trace norm by ||-||; when the
underlying Hilbert space is determined by the context, and we use the shorthand Hy := Hs ® He
for the total Hilbert space.

1. The map P such that £ — P = - ® £ mapping Z1(He) to B(Zi(Hs),Zi(Hr)) is a lin-
ear isometry, hence a C°° map. Indeed, linearity is immediate. For all n € Z;(Hs),

1Pe(M iz, 47y = lln @ &llx = lInll1lllI€]l1, which shows || Pell(z, (3),7: (msome)) = I€]]1-
2. For any Hilbert spaces #, the maps (o, A) — oA : C x B(H) — B(H) and (A,B) — AB :

B(H) x B(H) — B(H) are bilinear, thus C*°, and the map A — e : B(H) — B(H) is C* as
well.

3. The map from B(Hr) xB(Zl (He), B(Ty(Hs), B(HT))) x B(Hr) — B(L (He), B(Ty (Hs), B(”HT)))

such that (A, P, B) — APB is well defined and trilinear, which makes it C*°. Indeed, for any
(n,§) € T1(Hs) x I1(He), we have APB(§) = AP:B : n+— AP¢(n)B. The trace norm of the
latter in Hy is

[APe(n)Bllx < | Allseer) 1 Pe (M) llzy 347) | Bll B3
= Al s 1 Pe (O Bz, (3s) 20 (1o |1 Bl By 11111
This yields
I AP BBz (31e).8(z: (#5) 21 (1))
< N Allsaer) 1P-C) B (1e),8@ (115)) 71 (7)) | Bl B34
and boundedness of the trilinear map.

4. We saw that the map Trg : Z1(Hs ® He) — Z1(Hs) is a linear contraction, hence it is C*°.

Consequently, we get that (o, Y, U &) = Trg(e®Y UM (- @ £)e=*YU7) is a C> map from
C x B(H7) x B(HT) x I1(H¢) to B(Z(Hs)). The hypotheses made on the s-dependence of Y, U(")
and ¢ yield the result. O
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