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Abstract

The spectrum of the Floquet operator associated with time periodic perturbations of
discrete hamiltonians is considered. If the gap between successive eigenvalues \; of the
unperturbed hamiltonian grows as A\; — Aj_1 ~ j* and the multiplicity of \; grows as 4P
with a > 3 > 0 as j tends to infinity, then the correponding Floquet operator possesses no
absolutely continuous spectrum provided the perturbation is smooth enough.
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1 Introduction

Consider a positive self-adjoint hamiltonian Hy on a separable Hilbert space H with discrete
spectrum {\;}j=1,...0c and W (t) a symmetric time dependent periodic perturbation

W(t+2m)=W(), VteR. (1.1)
The associated Floquet operator, defined by
0
F= —ia + Hy + W (t) (1.2)

on L?[0,27] ® H with periodic boundary conditions in ¢, has been the object of considerable
interest recently. More precisely, the nature of the spectrum of F', o(F'), has been inves-
tigated thoroughly for specific models and for more general situations as well, as reviewed
by Bellissard [B] and more recently by Jauslin [J]. The interest of such detailed studies
for physics lies in the fact that the long time behaviour of the solutions (t) of the time
dependent Schrédinger equation

.0

i) = (Ho + W(0)y(t), v(0)=¢ (1.3)
is closely related to the spectral properties of the Floquet operator. This asymptotic be-
haviour of the solutions of (1.3) is quite relevant for the study of quantum stability or

quantum chaos [B], [J]. Let U(t) be the unitary evolution associated with (1.3) such that

P(t) = U(t)e. (1.4)

As a consequence of the periodicity of the hamiltonian Hy + W(t), the solution of (1.3)
satisfies

Y(n2r) =U2m) "¢, VneN (1.5)

where U(27) is the monodromy operator. The large n behaviour of ¢ (n2m) is thus clearly
dependent on the spectral subspace (pure point, absolutely or singular continuous) of U (27)
in which the initial condition ¢ is chosen, as discussed in [B] and [J]. On the other hand,
the spectral properties of the Floquet operator F' and of the monodromy operator U(27) are
equivalent, as established in [Y], [H1]. Note that this type of approach can be generalized
in order to study the stability of the quantum dynamics when the perturbation W (t) is
quasiperiodic in time, as demonstrated recently in [BJL].

From the mathematical point of view, these considerations pertain to the perturbation
theory of operators with dense pure point spectrum. Indeed, if W (t) = 0, the spectrum of the
Floquet operator is given by {n+\; };‘ElNOO which is generically dense on the real line. Cor-
respondingly, the spectrum of the associated monodromy operator Uy(27) consists in the set
{e=2miAi j=1,--,00 Which generically fills the unit circle densely. The question is the following:
does this pure point spectrum remain stable after perturbation by the time periodic operator
W (t)? Although this problem is in general rather delicate [H2|, a rigorous complete positive
answer can be given for certain specific models, in some range of parameters. For example,
the pulsed rotor considered by Bellissard in [B], some time dependent quadratic hamiltoni-
ans studied by Hagedorn, Loss and Slawny [HLS], a class of time dependent perturbations
of the harmonic oscillator and discrete hamiltonians kicked periodically by some rank one
perturbations as shown by Combescure in [C1] and [C2]. On the other hand, results valid
for general systems are scarce and they provide a partial answer only to the above question.
These results are based on the search of general criteria allowing to exclude the presence of



absolutely continuous spectrum in the Floquet operators. This approach was initiated and
developed by Howland in the series of papers [H3|, [H4], [H5]. Such results yield a partial an-
swer to our question in the sense that they say nothing about singular continuous spectrum.
However, the absence of absolutely continuous component o4.(F') in the spectrum of F' is
sometimes already considered as stability result. The criteria obtained are of the following
form. Assume the hamiltonian Hy has simple eigenvalues A\; < Ay < --- < \;j < --- satisfying
the growth condition

)‘j - )\];1 ~ ja (16)

for some a > 0 and suppose that W (¢) is uniformly bounded. Then it is proven in [H4]
that o4.(F) = () for any a > 0 provided W (¢) is smooth enough. Actually, this result is
also true for some class of unbounded perturbations W(t), as discussed in [H5], and it is
even shown in [H3] that o(F) is generically dense pure point, in an appropriate probabilistic
sense, provided a > 2. However, the restriction imposed on the eigenvalues of Hy to be non
degenerate was conjectured in [H4| to be technical only. Indeed, the result is expected to hold
for the pulsed rotor of Bellissard, a case where the corresponding eigenvalues satisfy (1.6) but
are doubly degenerate. Accordingly, it was proven recently by Nenciu [N1] that oq.(F) = )
if the growth condition (1.6) is satisfied, and if the multiplicity m; of the eigenvalues \; is
uniformly bounded in j, provided W (t) is smooth enough. However, to prove this result, it
was necessary to impose another technical condition, namely o > 1/2.

In this paper we reconsider the absence of absolutely continuous spectrum of Floquet
operators in the generalization due to Nenciu [N1] of the framework designed by Howland
[H3], [H4], [H5] (see below). We improve the preceding results in two ways. First, we remove
the technical condition o > 1/2 to give a complete proof of the conjecture of Howland
[H4] in the degenerate case for any positive a. Second, and more important, we can allow
the degeneracy m; of the eigenvalues \; to increase with j as m; ~ 48, with # < a. This
generalization may be of interest for the study of systems of more than one degree of freedom
since in such cases the degeneracy is likely to increase with the principal quantum number.
See however the remarks following the main theorem 2.1.

2 Result and strategy

Let Hy be an operator satisfying the following spectral hypothesis S:
e Hj is densely defined on D C 'H, self-adjoint and positive
e o(Ho) =Uj2,0j
e 0; consists in a finite number of finitely degenerate eigenvalues such that
® maxy ;cq; [A— p| < co
o dist(oj,05-1) > 174, a>0
mult(o;) < cpj?, B>0

where ¢, c1, c2, @, 3 are independent of j.

Let W (t) be an operator satisfying the regularity condition Ry:
e W (t) is bounded and symmetric V¢t € R
e W (t) is strongly C* V¢ € R.



The operator Hy + W (t) is thus self-adjoint, densely defined on D (thm 4.3, p.287 [Ka])
and strongly C*, with bounded derivatives. If k > 1, there exists a unitary evolution operator
U(t), strongly C! on D, which maps D into D and satisfies for any ¢ in D and t € R

0
ot
as can be deduced from theorem X70 [RS].

Ut)p = (Ho+W()U(t)y, U0) =T, (2.1)

Theorem 2.1 Let Hy satisfy S and W (t) be 2mw-periodic in t and satisfy Ry, with k > 1.
Ifa>B>0andk > [%} +1, then 04e(U(27)) = 0.

Remarks:
Setting # = 0, we obtain the conjecture of Howland [H4] for any « > 0.
It is possible to weaken the spectral hypothesis S somehow since the result also holds if the
size of the spectral sets o; grows as

max |A — u| < ¢pj”. (2.2)

A pEaT;
As already noticed, the above theorem describes o(U(27)) only partially. However, the
result is not of perturbative nature, in the sense that the norm of the operator W (t) can be
arbitrarily large. By contrast, the complete characterization of o(F') performed by Bellissard
[B] and Combescure [C1] on their models can be achieved in regimes where ||[W(¢)|| is small
enough.
This result can also be useful for some cases where W (¢) is unbounded. Indeed, it is shown
in [H5] how to reduce the study of the Floquet operator —i% + Hoy + W, (t), where Wy,(t)
belongs to a certain class of unbounded operators, to the study of —i% + Ho + Wy(t), where
Wy (t) is bounded. And, according to the final remark of §2 in [H5], a similar procedure can
be applied when Hj has degenerate eigenvalues.
As noted in [J], this type of result is likely to apply to one degree of freedom systems
essentially, because of the growth condition on the gaps between successive eigenvalues in
hypothesis S. This impression is strengthened by the supplementary condition imposed on
the growth of the multiplicity of eigenvalues. Indeed, consider the simple two degrees of
freedom system given by a free rotator in R?. The hamiltonian of the system is Hy = J?,
where J denotes the angular momentum operator. The gaps between the eigenvalues \; =
j(j + 1) of Hy do satisfy the growth condition with exponent o = 1,

JG+) =0 -1)i=2j, (2.3)
however the multiplicity of these eigenvalues grows as
mult(\;) =25 +1 (2.4)

so that the exponent § = 1 and the condition @ > 3 is not satisfied. This is nevertheless
in agreement with the fact that multidimensional systems seem to be more inclined to in-
stabilities [J]. Note that if we consider formally Hy = J*, the corresponding eigenvalues
Aj = 32(j +1)? and their multiplicities behave in the proper way with exponents a = 3 and

=1

The strategy followed to prove results of this type, which is common to [H4|, [N1] and
the present work, is based on the few general theorems of stability of absolutely continuous
spectrum. In [H4] where the Floquet operator F' is considered, Howland shows by means of



a KAM inspired procedure that F' is unitarily equivalent to an operator Fy + R, where Fj is
self-adjoint and has a pure point spectrum and R is trace class. Then it remains to invoke the
Kato-Rosenblum theorem (thm. 4.4 p.540 [Ka]) stating that the absolutely continuous sub-
spaces of self-adjoint operators are unitarily equivalent if they differ by a trace class operator.
In [N1], Nenciu deals with the monodromy operator U(2) instead of F', and uses recently
developed tools in the adiabatic theory [N2] to approximate U(27) by V + R where V is a
unitary operator having pure point spectrum and R is trace class. The result is thus achieved
by virtue of the Birman-Krein theorem [BK], an equivalent of the Rosenblum-Kato theorem
for unitary operators, which assesses that the absolutely continuous spectral subspaces of
unitary operators are unitarily equivalent if they differ by a trace class operator. Our proof
of theorem 2.1 above follows the latter method proposed by Nenciu, however we make use of
another adiabatic approximation technique developed in [JP1],[JP2]. In the present context,
where no small parameter appears, this method proves to be very efficient as well. Indeed,
it’s relative simplicity makes it possible for us to obtain the accurate estimates which are
needed to bound operators in the trace norm and to extend the previous results as described
in theorem 2.1.

Acknowledgments: It is a pleasure to thank P.Briet, J.-M.Combes, P.Duclos, and J.Howland
for many informative discussions at various stages of this work.

3 Proof

We present in this section the proof of theorem 2.1 based on the adiabatic techniques devel-
oped in [JP2]. In doing so, we make use of some intermediate results which will be proven
in the next technical section.

3.1 Preliminaries

Let us first consider the stability of the spectral hypotheses S.

Lemma 3.1 Let Hy satisfy S and let B(t) satisfy Ry. Then Ho+ B(t) satisfies S uniformly
in t € 0,27 with the same exponents a and 3.

Proof: The uniform boundedness of B(t) and the growth condition on the gaps ensure that
o(Hp+ B(t)) consists in the disjoint union of new sets Jp=; 07.(¢). Hence, taking into account
a possible relabelling, the gaps between these sets behave as

dist(o}(t), 05,1 (1)) > c1(k + 7)™ > |k (3.1)

for large k’s. Moreover, it is readily seen by considering the interpolating operator Hy+xB(t),
where x ranges in [0, 1], that

mult (o, (t)) = mult(opy,) < kP, (3.2)

for k large enough. O

Notation: There will appear several constants in the sequel which we shall denote generi-
cally by the same symbol c¢. From now on, the time derivative will be denoted by a prime.



Consider the operator Hy+ B(t) where Hy satisfies S and B(t) satisfies Ry. Let R(t,\) =
(Ho + B(t) — A)~!. By the above lemma, for t € [0,27], the spectrum o(t) of Hy + B(t)
consists in spectral sets 0;(t) and the associated spectral projectors P;(t) can be written as

1

Pj(t) = o

]{ R(t, )dA (3.3)
Ly

where the non-intersecting paths I'; surrounding o;(t) are chosen in such a way that
long(T) = [Ty < cj° (3.4
and
dist(I';,0(t)) > 5. (3.5)

Remark: Both estimates (3.4) and (3.5) are true for appropriate paths I'; if the length of
the sets 0;(t) grows as j¢, in the spirit of the first remark below theorem 2.1.

Proposition 3.1 Let Hy satisfy S, B(t) satisfy R,, n > 1, and Pj(t) be defined by (3.3).
Then, if a > 3 > 0 the operator

K(t) =) Pi(t)Pj(t)
j=1
is bounded, strongly C"~', n > 1, on [0,2n] and such that K(t)* = —K(t).

Remark: The content of this proposition is nontrivial for a < 1/2, see [N1].

Actually, the proposition is a consequence of the following technical
Lemma 3.2 Assume Hy satisfies S, B(t) satisfies Ry and let

s 1

t) = Pi(t)— Ai(t, V) R(t, A)dA
60 =3 07§, At VR

where .

sup sup [|4;(t, A < .

t€[0,27] A€l J

Then, if « > 3 > 0, G(t) is bounded and strongly continuous ¥t € [0,2x]. If, furthermore,
B(t) satisfies Ry and Aj(t,\) is strongly C with

c
sup sup [[45(t, 0] < =,
te[0,27] AT J

then, G(t) is strongly C1 Vt € [0, 27] and
G'(t) = G1(t) — Go(t)G(t)
where Go(t) and G1(t) have the same form as G(t) with
AJ(t,\) = R(t,\)B'(t)

and

Aj(t,N) = Pj(t)Aj(t,\) + Aj(t, ) — Aj(t, N R(t,\)B'(t)
in place of A;(t, ).



Remark: The operator Gy(t) coincides with the operator K (t) of the proposition since

R'(t,\) = —R(t, \)B'(t)R(t, \). (3.6)
Proof of proposition 3.1: Since Hy + B(t) satisfies S uniformly in ¢ € [0, 27], we have by
(3.5)

c
IR(E, ) xer, || < o (3.7)

which yields the required bound on A?(t, A). Hence K(t) is bounded provided o« > 3 > 0.
Now, if B(t) is strongly C™, the same is true for R(t, ), see (3.6), and using the Leibnitz
formula or eq.(2.36) in [JP2] we get

c

Ga Vm < n. (3.8)

Consequently, Ag-)(t, A) is strongly C"~! and

() sl

uniformly in A € I'; and t € [0, 27], for all m < n — 1. Thus, as easily checked, the formula
of lemma 3.2 can be iterated since, using (3.4), (3.6) and (3.8),

o\ c
— : < — < < n. .
H(@t) P](t)H <% Vi<m<n (3.10)

The identity K (t)* = —K (t) results from the self adjointness of the projectors Pj(t) and the
identity

o0 o0

0=">Pj(t) =) (Pj(t)P;(t) + Pi() P}(1)). (3.11)

i—=0 j=0
O

3.2 Adiabatic formalism

We introduce in this section an iteration scheme which, in the adiabatic context, is also
known as superadiabatic renormalization [JP1], [JP2]. For ¢ € [0, 27, we start with

Ho(t) = Hy + W (t) (3.12)

where H\ satisfies S and W (t) satisfies Ry, k > 1, so that lemma 3.1 applies. The spectral
projectors of Hy(t) are denoted by
1

Pot) = ——— ¢ Ry(t, \)d\ (3.13)
271 1“(]?

where Ro(t,\) = (Ho(t) — A\)~! and I’g encircles the spectral set 0?(75) in such a way that
(3.4) and (3.5) hold (with the obvious change of notation). We define the operator

Ko(t) = 3 PO PY (1) (3.14)
j=1



which is bounded and strongly C*~! by proposition 3.1. At the q*® step, k —1>¢ > 1, we
set

Hq(t) = Ho(t) + qu_l(t) (315)

which satisfies S as well. Thus we can define its spectral projectors by

1
PI(t) = —5 = ., Ralt: A)A (3.16)

where Ry(t,\) = (Hy(t) — A)~! and '] encircles the spectral set o(t) in such a way that
(3.4) and (3.5) hold. Similarly, we define

i )P (t) (3.17)

Using proposition 3.1 iteratively, we find that H,(t) is strongly C¥~7 whereas K,(t) is strongly
C*=9=1 5o that this scheme is well defined provided ¢ < k — 1.
Let V4 (t) be the solution of the Schrédinger-like equation for ¢ € [0, 27]

ﬂ/é(t) = (Hqy(t) — iKq(t))Ve(t) , V4(0) =L (3.18)

Lemma 3.3 For any q < k — 1, the operator V,(t) is unitary, maps D into D and satisfies
(8.18) strongly on D. Moreover,

Va(£) P} (0) = P (t)Vy(t)

for any t € [0,27] and any j =1,---,00

Remark: The first part of the lemma is nontrivial for ¢ = k — 1 since Kj_1(t) is not
differentiable. The second part generalizes standard results [Ka], [Kr] which hold for a finite
number of projectors.

Corollary 3.1 If W(t) is 2m-periodic and ¢ < k — 1,
Tac(Vg(2m)) = 0.
Proof: The operators H,(t) are 2m-periodic since their construction is local. Hence we have
Pj9(27r) = ij(O) (3.19)
so that
[Vy(2m), P}(0)] =0, Vj=1,---,00. (3.20)

Since the orthogonal subspaces ij(())H are finite dimensional, V;(27) has pure point spec-
trum. O

Let us now evaluate the difference between U(27) and V,(27). For ¢ € D we compute,
see (3.12),

(VI OUMR) = Vi (- Hy() + K0 + Ho(®)U (0
= WKL) - Ky (1)U (1) (3:21)



U0 = Volt) = Volt) [ dsV (5)(Bols) = Koma()U). (322)

In order to apply the Birman-Krein theorem [BK], it remains to show that the trace norm
of U(2m) — Vy(27) is finite. This will be true if we show that

sup [[Kq(6) ~ Kya (Bl < (3.23)
t€[0,27]
where || - |1 stands for the trace norm.

3.3 Estimations in the trace norm
We first note that

Ky(t) = Koa () = X (PP 0 = P (0P (1) (3:24)

Jj=1

where the operators ij(t)P]gl(t) - ij_l(t)ij_ll(t) are degenerate. And since H,(t) and
H,_1(t) satisfy the spectral hypothesis S, we have

dim Ran(P(1)P?(t) — P!~ (6)PI Y (1)) < ¢ (3.25)

Our main tools to perform estimations in the trace norm are the following lemmas to be
found in [Kal, pp. 521.

Lemmas
i) If T is degenerate, | T||1 < dimRan(T)||T|.
i) If||T, —T|| — 0 asn— oo and |Ty|l1 < M uniformly in n, then |T||; < M.

We now state the main proposition of this section.

Proposition 3.2 The projectors ij(t) defined by (3.16) satisfy

|Gi) 77 (0 -7 0)] = s

for any n and q such thatn+q <k, and

o\" q q q/ q—1 q—1/
() 7o (Frorro-roro)| < om
for any n and q such that n+q+1 < k.

Corollary 3.2 Forg<k-—1

c

[rwpy o - o o] < i



Proof:

PI(t)PY(t) — PI () PI () = (3.26)

PI(t) (PP (1) — PP () +

PIOPIT PV () - PN P () P () =

PI®) (PIOP (@) - P 0F o) + (77 @) (P - 7o) P
where [PV (1)) < ¢ (see (3.10)). O

We can now end the proof of theorem 2.1. On the one hand, using lemma i) and the
above corollary

n

> (For®-rToR " w)

=1

n
< cz M < o0 (3.27)
Jj= 1‘7

<c Z (q+1 —0 as n— o0 (3.28)
j=n+17

1
where M is independent of n, provided (¢ + 1) — 3 > 1. On the other hand

$ (o070 0) -5 (00 70

provided (¢ + 1)a > 1. In view of lemma ii) and corollary 3.1, we can conclude by the
Birman-Krein theorem [BK] that o,.(U(27)) =0 if ka — 3 > 1, since ¢ < k — 1. O

4 Technicalities

We present in this final section the proofs of the results stated in the previous section.
Proof of lemma 3.2: Let us show that G(¢) is bounded for any o > 3 > 0. We consider
G(t) as an infinite matrix in the orthonormal basis

{wy] (t)}éj=1,---,mult(0j) . st P](t)w?] (t) — w;LJ (t) (41)

_7217"'700

Its matrix elements are given by
g W) = WP OIGHYkE)
— (t)|2im, yﬁ AL VAL NPV 0) (4.2)
If j # k, we have, using the first resolvent identity and the Cauchy formula,

j{ Aj(t, N R(t, \)dAP(t) =

J

277@?{ T Aj(t, N R(t, A R(t, p)dAdp =

i y{f,k )
2mf frk ) tu)dAd (4.3)

10




As a consequence of the spectral hypothesis S (see [H4]),

A= pl = e((G+ 1)+ (G +2) o+ k%) 2| - ke (4.4)

so that by virtue of the hypothesis and our choice of paths (3.4), (3.5) we get the estimate

ning &
gjjﬂ (t) < |]'a+1 _ ka+1| : (4'5)

If j = k, we have

C

550 < (4.6)
According to the Schur condition, [Ka] example 2.3 p.143,
IG(#)]] < max | sup 3 | sup 3 o) (@7)
JMj k=1 kng j=1
ng nj
Thus, since n; < ck®, we have to show that
jﬂ
supz ol =t k:a+1| < oo and sgpj—a < 00. (4.8)
k#J
But it is proven in the appendix of [H4] that for a > 3,
; |jotl — gat1| — 0 (] : hl]) (4.9)

k)

so that (4.8) is indeed true provided o > 3 > 0. To prove the strong continuity of G(t), we
introduce the strongly continuous approximations

D=3 Pt § ALt NRE D (4.10)
_jz::l ) mﬁj St NR(E, \)dA. .

Applying the Schur condition again, and (4.9), we obtain

lim  sup (G () — G| =0 (4.11)
N—00 4e)0,27]

if a > B > 0, which shows that G(t) is strongly continuous. Indeed, the conditions to verify
are

sup Z T - +jﬁ Nzpe (4.12)
>N k=1 ‘]a-i_ kOH_ ‘
k#j
sup Z " + sup 77 N 0 (4.13)
J=N+1 ‘]a—&-l ka+1’ >N.7 . .
J#k

11



According to (4.9), (4.12) is true if & > § > 0 and the sum in (4.13) can be approximated
by

Pl Pl

sup + sup — <
k<NJZN;1 [jo+T — kotT| ];rl jett — ket
J#k j#k

e8] ,8 5

> jorT — NaH’—i—sup Z oL — fot] (4.14)

j=N+1 j=N+1
J#k

where both terms are O (Nﬁ_a In N) again.

To consider the differentiability of G(¢) when B(t) and A;(t,\) are strongly C!, we also
introduce the projector

N
t)=1->_ P;(t). (4.15)
j=1
By (3.6) and a standard application of the Cauchy formula we can write
1 oo
MW(t) = 5 [ idnR(t.x +im B/ (Rt x + i) (4.16)
where £y lies on the real axis between oy and opny1. Hence
c [ 1 c
I < c||B/( —— < dy—— < —. 4.1
My <ABO [ i < 5 [ i < 5 (417)
Let us compute
9 iP-(t)lf A RN =
ot | = 7 2w Jr, T ’ B
al 1
> (BOP )+ BOP0) 5= . A4t VR(E A+
=1 J
o 1
> Pt f (4500 = A6 VRENB0) Rt A =
= 271 r;

(1) Aj(t, N) + AL, N) — Aj(t, MR, A)B’(t)) R(t,\)d\ +

M=

s
¥
T~
N
2

J]=Vl J 1
SC PPt S Py(t) f A (£ NR(E, N)dA. (4.18)
P = 271 r;

Now, using the definition (4.15),

N N
D" P8 + Ty () = 3= POP,(0) + P(OP{(®) + y(t) = 0 (419)
j=1 Jj=1

so that
N N
Y Fi)P;(t) ==Y Pi(t)Pi(t) — Iy (). (4.20)
Jj=1 J=1

12



Consequently, the last term of (4.18) can be written as

N
=Y P(t)PL(t)Gn (t) — My (t)Gn(t) = —Gon ()G (t) — Iy (1) G (t), (4.21)
k=1

where Gy approximates Go(t) as in (4.10) (see the remark below lemma 3.2). We have
thus proved the formula, with a similar notation,

Gy (t) = Gin(t) — Gon(H)Gn(t) — TN ()G N (1) (4.22)

where G n(t) tends to G1(t) in norm and uniformly in ¢ € [0,27] by our hypothesis on
|A%(t, \)|l. On the other hand,

G(s)lt, = Gn(s)|t, + (G(s) = Gn ()], =
G'y(s)ds + (G(s) — Gn(9))]f, =

to

[ (€1x05) = Gon(9)On(s) ~ Wy ()On (3)) ds + (Gls) ~ Cu(s)lf,  (428)

to

where the integrand tends to G1(s) — Go(s)G(s) in norm and uniformly in s € [0,27], by
(4.11) and (4.17). Thus we can take the limit N — oo inside the integral in the above
equation which eventually yields

G(t) — G(tg) = t G1(s) — Go(s)G(s)ds. (4.24)

to
O

Proof of lemma 3.3: In order to simplify the notation, we drop the indices g so that
we are lead to consider
H(t) = Hyo + B(t) (4.25)

where Hj satisfies S with o > 5 > 0, B(t) satisfies R; and the operator
o0
K(t)=>_ P;(t)Pj(t) (4.26)
j=1

where P;(t) is defined by (3.3). We first have to show that there exists a unitary operator
V(t) strongly C* on D, mapping D into D such that for any ¢ € D and t € R

V() = (H(t) —iK{E)V (), V(0)=L (4.27)

Note that as K (¢) is strongly continuous only, we cannot invoke theorem X70 of [RS] directly.
We shall instead make use of a theorem of perturbation of evolution operators, theorem 3.4
p.198 in [Kr]. Since H'(t) = B'(t) is bounded, there exists a unitary U(t) with the above
properties such that

U (e = HOU ), UO) =1, (4.28)

if ¢ € D. Then, according to the above mentionned theorem, there exists a unitary V()
associated with (4.27) possessing the required properties, provided the perturbation K(t)
and the operator H(t)K (t)R(t,0) are bounded and strongly continuous. Let ¢ € D. We
have for any 7 > 1

H(t)Pj(t)p = Pj(t) H(t)e (4.29)
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so that (applying lemma 1.3 p.178 [Kr] for example)
(H'(t)P;(t) + H(t)Pj(t))p = (Pj()H(t) + P;(t)H'(t)) . (4.30)

Hence we compute, using (4.25) and the completeness of the projectors P;(t),

H(t)K(H)R(t,0) = ZP] j(t)R(t,0)

= Y P() (P(OH() + Py(1)B'(H) = B'()P5(1)) R(t,0)

j=1
— 3 (RO + OB @RE0) - P0OB OREOP0)

Jj=1
= K(t)+ B/( Z Pj( R(t,0)P;(t). (4.31)

> P Z |P;(t)B' (£)R(t, 0) P; (t) ||

7=1

Z R(t,0)|* 1P(0el® < | B'(ORE0)|* Y 121l

Jj= j=1

= [|B' )Rt 0)* [, (4.32)

and strongly continuous since it is a sum of strongly continuous operators converging uni-
formly in ¢ € [0, 27]. Indeed, it is sufficient to note that

o0

Z HPJ(t)(PHz = ”(I — H]\/(if))(p”2 =

j=N+1

(I—HN / dsTTy (s )

uniformly in ¢ € [0, 27, according to (4.17).
To prove the intertwining property

<H<I—HN< Dell® + 5 el =20 (4.33)

V(t)P;(0) = P;(t)V(t), ¥Ytel0,2n] and Vj > 1, (4.34)
we approximate V (t) by evolution operators Vy(t), N =1,---, 00, associated with the equa-
tions

V() = (H(t) —iKn(t) — il () (1) VN (t)p , Va(0) =1 (4.35)

where ¢ € D and t € R and

Z By = Gon(1). (4.36)

As above, we deduce that Vy(t) are unitary, strongly C* on D and map D into D since
IIn(t) commutes with H(t) and

Z Pi(t) + Ty (t) = L (4.37)
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Moreover, since we deal with a finite number of projectors, we have the standard property,
see e.g.[Kr| §3, Chap. 1V,

Vn(t)P;j(0) = Pj(t)Vn(t) Vi=1,---,N
VN(t)HN(O) = HN(t)VN(t) YVt € [0, 271']. (438)
We compute
V(#)P;(0) = P5(H)V (t) =
(V) = V() P5(0) = B (1) (V (1) — Vv (t)) + (Vi (1) P5(0) — P () Vi (t))  (4.39)
where the last bracket vanishes if j < N. Then, for any ¢ € D,

0
ot
so that

(Ve V(1)) = Vi (1) (K (1) — K () + Ty (DI (1) V(D)o (4.40)

V) = Vo)l < [ ds (o) — K(s) + (o) ()| (a.41)

But the integrand tends to zero uniformly in s as IV tends to infinity (see (4.11) and (4.17))
so that

Jim V(1) = V@)l =0 Vi€ 0,2a] (4.42)

Consequently, we deduce from (4.39) that V (¢)P;(0) — P;(t)V(t) = 0 for any j > 1 and any
t €[0,2m]. O

Proof of proposition 3.2: The proof is by induction. Let us recall that W (t) is strongly
C* and ¢ < k — 1. We first note that, at the cost of a possible relabelling, we can assume
that for j large enough the spectral sets aj(t), s=0,1,---,qg+ 1, can be surrounded by the
same path I'; such that

I0j] < ef®
dist(I'y, Uj2405(t)) > ¢j*, s=0,1,---,¢+ 1. (4.43)

Indeed, Hy(t) = Ho(t) + iKs—1(t) where

max  sup |Ks_i1(t)]] <ec (4.44)
s=L.q+1ec(0,27)

We set, using the second resolvent identity,

T = P - P
= 1 R A R A))dA
= i b Bana(60) = Byft.)
= o b Rt N0 — Ky ()R (6, VA (4.45)
2 T;

Lemma 4.1
A THO = PIOTI0) + THOPH)

b) PIFHOTI) = PO PIOTI (0T - TH(0)
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Proof:
a) Since the operators P7(t) are projectors we can write

PRty = (PA) + T0)) = PAE) + PYOTA) + THOPE) + THOTHE)  (4.46)

hence

TI(t) = (PI(t) + TI(E)) THE) + THE (). (4.47)

b) For the same reason we have

PR TI(E) = PO (PI(E) + T(1) TH(2)

J J
= P @PIOTIO) + P OTI T ) (4.48)
so that
PI T = T(1) = PF PO T](). (449

From (4.45) and (4.43) we obtain the estimate

ITHOI < | § Rt N0 — Kyra () Ry, A)dAH
J
1 c
< il 1Kq(t) = Ko@)l < =3 (4.50)
which shows that for j large enough the operator (I —T7(t)) is invertible. O

Remark: We can deduce easily from this lemma and the self adjointness of P]s(t) the
following estimate for j large enough

175 @I < el PF )T @)l (4.51)

which yields the sharper estimate on |7} (t)]|

q &
IO < i -

(4.52)
provided proposition 3.2 is true.

Let us assume the proposition holds for the index ¢ and let us check its validity for ¢ + 1.
Thus we have to estimate for any n such that n +q+ 1 < k, see (4.45),

(;) " PITI(E) = 2 ]{F j <§t> " Ry(t, NP Ey(t) — Ky (£) Ry (£, \)dA. (4.53)

T om
We compute

P (t)(Kq(t) = Kq-1(t) =

J
PI(t) (PR Ky () =PI (0K 1 (8)) + PP () Ky (t) = PHEK,1(t) =
P (PHOPY (1) =PI 0PI (1) = PIOT T () Ky (1): (4.54)
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Using property b), we get
8 n
(&f) PI)T](t) = (4.55)

% 7§ (i)n Ry(t, \)P{(t) (%‘-’(t)Pf’(t) — PI7Y(t) p;f—l’(t)) Rye1(t, N)dA
_% T (;)n Ry(t, VPI&) P (0T (1) (1= 177 (1)) T K1 (H) Ry (8, VA,

By the Leibnitz formula or eq.(2.36) in [JP2], the n'! time derivative of Rs(t,\) for s =
0,---,q+ 1is given by a sum of products of operators Rs(t, ) and

(;)le(t) - (;)lwm i (gt)lml(t) Sl=1en, (4:56)

Hence, provided n + ¢ + 1 < k (see section 3.2), and making use of (4.43) we get
o\" c o\" c
(5) Bettiher | < 5 and |(5) Br00] <
for s =0,---,q+ 1. The same argument can be applied to estimate the n'" time derivative
-1
of (I - qufl(t)) . Indeed, for j large enough,

, o n>1 (4.57)

_ -1/ _ -1 .y _ -1
(t-7'@) = (-1'w) 70 (1-1770) (4.58)
and
O\ gt 1 o\
(5) 770 =5 f (5) R NEpao) = KyaR 00 (459)
so that
o\" PR
((%) (1-177' ) ch, Vn+q+1<k (4.60)
Thus, invoking the induction hypothesis and (4.57), we get
o\" c
(m) P;Y(t):r;l(t)H < e Yntatl<k (4.61)

Now, if ¢ + 2 < k we compute

PI () (PRI 0PI () — PI)PY (1)) =

PIF ) (THOP] (1) + PP (0T (1)) =

(PEOTI )P (1) + PI (PI (T 0) — PP 0PI 0TI (4.62)
where the last term can be written as

PP OT ) = PP O 0P () 0

using the identity Q(¢)Q'(¢t)Q(t) = 0 for any projector Q(¢) and lemma 4.1 a). Then, by
lemma 4.1 b),

PE) (PR P () — PHOPE () =

PE ) (PTH®) (T-T00) PY () +

P () {P;’“<t><Pf<t>Tf<t>> (1-70) } - PP 0). (464)
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Finally, considering the Leibnitz formula again, (4.61), (4.60), (4.57) and

2Y s = {(2) aromeny (469
ot ot
we obtain similarly
|(5) 7 (rom - ey )| < 5 o

for any n such that n + ¢+ 2 < k. At last, the induction hypothesis is readily verified for
g=1withn+1<kon

PO)TY(t) = L f Ro(t, \) P} (t) Ko(t) Ry (t, A)dA
27 r;

1
S f Ro(t, )PO(t) PY () Ry (1, A)d, (4.67)
2T r;
see (4.57) and (4.43), which implies, as above, that it is satisfied by
/ /
Pl(t) (P} P (1) = PY(t)P)'(t)) (4.68)
with n +2 < k. O
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