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Abstract

We consider a quantum system S interacting sequentially with independent systems
Em, m = 1,2, ... Before interacting, each &,, is in a possibly random state, and each
interaction is characterized by an interaction time and an interaction operator, both
possibly random. We prove that any initial state converges to an asymptotic state
almost surely in the ergodic mean, provided the couplings satisfy a mild effectiveness
condition. We analyze the macroscopic properties of the asymptotic state and show
that it satisfies a second law of thermodynamics.

We solve exactly a model in which S and all the &, are spins: we find the exact
asymptotic state, in case the interaction time, the temperature, and the excitation
energies of the &, vary randomly. We analyze a model in which S is a spin and the
Em are thermal fermion baths and obtain the asymptotic state by rigorous perturbation
theory, for random interaction times varying slightly around a fixed mean, and for small
values of a coupling constant.

1 Introduction

This paper is a contribution to rigorous non-equilibrium quantum statistical mechanics,
examining the asymptotic properties of random repeated interaction systems. The paradigm
of a repeated interaction system is a cavity containing the quantized electromagnetic field,
through which an atom beam is shot in such a way that only a single atom is present in
the cavity at all times. Such systems are fundamental in the experimental and theoretical
investigation of basic processes of interaction between matter and radiation, and they are
of practical importance in quantum optics and quantum state engineering [15, 16, 17].

A repeated interaction system is described by a “small” quantum system S (cavity)
interacting successively with independent quantum systems &;, &o,... (atoms). At each
moment in time, S interacts precisely with one &, (with increasing index as time increases),
while the other elements in the chain C = £;4+&2+- - - evolve freely according to their intrinsic
(uncoupled) dynamics. The complete evolution is described by the intrinsic dynamics of S
and of &,,, plus an interaction between & and &,,, for each m. The latter consists of an
interaction time 7, > 0, and an interaction operator V,, (acting on S and &,,); during the
time interval [ + <+ + Typ—1,71 + -+ + T), S is coupled to &, via a coupling operator
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Vin- One may view C as a “large system”, and hence & as an open quantum system.
From this perspective, the main interest is the effect of the coupling on the system S.
Does the system approach a time-asymptotic state? If so, at what rate, and what are the
macroscopic (thermodynamic) properties of the asymptotic state? Idealized models with
constant repeated interaction, where &, = £, 7, = 7, V;;, = V, have been analyzed in [7, 17].
It is shown in [7] that the coupling drives the system to a 7-periodic asymptotic state, at an
exponential rate. The asymptotic state satisfies the second law of thermodynamics: energy
changes are proportional to entropy changes, with ratio equal to the temperature of the
chain C. In experiments, where repeated interaction systems can be realized as “One-Atom
Masers” [15, 16, 17], S represents one or several modes of the quantized electromagnetic field
in a cavity, and the £ describe atoms injected into the cavity, one by one, interacting with
the radiation while passing through the cavity, and then exiting. It is clear that neither
the interaction (7,,, Vi), nor the state of the incoming elements &,, can be considered
exactly the same in each interaction step m. Indeed, in experiments, the atoms are ejected
from an atom oven, then cooled down before entering the cavity — a process that cannot be
controlled entirely. It is therefore natural to build a certain randomness into the description.
For instance, we may consider the temperature of the incoming £ or the interaction time 7
to be random. (Other parameters may vary randomly as well.) We develop in this work a
theory that allows us to treat repeated interaction processes with time-dependent (piecewise
constant) interactions, and in particular, with random interactions. We are not aware of
any theoretical work dealing with variable or random interactions, other than [8]. Moreover,
to our knowledge, this is the only work, next to [8], where random positive temperature
Hamiltonians (random Liouville operators) are examined.

The purpose of the present paper is twofold:

— Firstly, we establish a general framework for random repeated interaction systems and
we prove convergence results for the dynamics. The dynamical process splits into a decaying
and a flucutating part, the latter converging to an explicitly identified limit in the ergodic
mean. To prove the main convergence result, Theorem 1.2 (see also Theorems 3.2 and 3.3),
we combine techniques of non-equilibrium quantum statistical mechanics developed in [7]
with techniques of [8], developed to analyze infinite products of random operators. We
generalize results of [8] to time-dependent, “instantaneous” observables. This is necessary
in order to be able to extract physically relevant information about the final state, such as
energy- and entropy variations. We examine the macroscopic properties of the asymptotic
state and show in Theorem 1.4 that it satisfies a second law of thermodynamics. This law
is universal in the sense that it does not depend on the particular features of the repeated
interaction system, and it holds regardless of the initial state of the system.

— Secondly, we apply the general results to concrete models where S is a spin and the £
are either spins as well, or they are thermal fermion fields. We solve the spin-spin system
exactly: Theorem 1.5 gives the explicit form of the final state in case the interaction time,
the excitation level of spins £ or the temperatures of the £ are random. The spin-fermion
system is not exactly solvable. We show in Theorem 7.1 that, for small coupling, and
for random interaction times 7 and random temperatures 3 of the thermal fermi fields &,
the system approaches a deterministic limit state. We give in Theorem 1.6 the explicit,
rigorous expansion of the limit state for small fluctuations of 7 around a given value 7.
This part of our work is based on a careful execution of rigorous perturbation theory of



certain non-normal “reduced dynamics operators”, in which random parameters as well as
other, deterministic interaction parameters must be controlled simultaneously.

1.1 Setup

The purpose of this section is to explain parts of the formalism, with the aim to make our
main results, presented in the next section, easily understandable.

We first present the deterministic description. According to the fundamental principles
of quantum mechanics, states of the systems S and &,, are given by normalized vectors (or
density matrices) on Hilbert spaces Hs and Hg,, , respectively. We assume that dimHgs <
00, while the Hg,, may be infinite dimensional. Observables of S and &,, are bounded
operators forming von Neumann algebras Ms C B(Hs) and Mg, C B(He,,). Observables
As € Ms and Ag,, € Mg,, evolve according to the Heisenberg dynamics R 3 t — ak(Ag)
and R>t+— atgm(Agm) respectively, where afs and atgm are x-automorphism groups of Mg
and Mg, respectively, see e.g. [5]. The Hilbert space of the total system is the tensor
product H = Hs ® H¢, where He = ),,,~1 He,, is the Hilbert space of the chain, and the
non-interacting dynamics is defined on the algebra Ms &),,~; Me,, by ok &), ~1 atgm. The
infinite tensor product H is taken with respect to distinguished “reference states” of the
systems S and &,,, represented by vectors 15 € Hs and g, € He, '. Typically, one takes
the reference states to be equilibrium (KMS) states for the dynamics ozfs, atgm, at inverse
temperatures (s, (¢, -

It is useful to consider the dynamics in the Schrodinger picture. For this, we implement
the dynamics via unitaries, generated by self-adjoint operators Ls and Lg,, acting on
B(Hs) and B(Hg,,), respectively. The generators, called Liouville operators, are uniquely
determined by

aly(A) =" # Aye # t €R, and Lyty =0, (1.1)

where # stands for either S or &, 2. In particular, (1.1) holds if the reference states are
equilibrium states. Let 7,,, > 0 and V;,, € Ms @M, be the interaction time and interaction
operator associated to S and &,,. We define the (discrete) repeated interaction Schrodinger
dynamics of a state vector ¢ € ‘H, for m > 0, by

U(m>w _ e—iTmzm L e—ingge—iT1Z1¢ (12>
where _
Ly =Ly + Z Le, (1.3)
n#k

describes the dynamics of the system during the time interval [71 + -+ Tp_1, 71+ -+ + 7%),
which corresponds to the time step k of the discrete process, with

'Those vectors are to be taken cyclic and separating for the algebras Mis and Me,,, respectively [5].
Their purpose is to fix macroscopic properties of the system. However, since dimHs < oo, the vector ¥s
does not play any significant role. In practice, it is chosen so that it makes computations as simple as
possible.

2The existence and uniqueness of Ly satisfying (1.1) is well known under general assumptions on the
reference states 14 [5].



acting on Hs ® Hg, . (We understand that the operator Lg, in (1.3) acts nontrivially only
on the n-th factor of the chain Hilbert space Hc.)

An operator p on H which is self-adjoint, non-negative, and has unit trace is called a
density matrix. A state o(-) = Tr(p-), where Tr is the trace over H, is called a normal
state. Our goal is to understand the large-time asymptotics (m — o) of expectations

0 (U(m)"0U(m)) = o(a™(0)), (1.5)

for normal states ¢ and certain observables O. Important physical observables are rep-
resented by operators that act either just on S or ones that describe exchange processes
between S and the chain C. The latter are represented by time-dependent operators because
they act on § and, at step m, on the element &,, which is in contact with S. We define
instantaneous observables to be those of the form

O=As®"__,BY, (1.6)
where As € Mg and B,(%) € Me,, ., (we do not write identity operators in the tensor

product). The class of instantaneous observables allows us to study all properties of S
alone, as well as exchange properties between S and C.

Let us illustrate our strategy to analyze (1.5) for the initial state determined by the
vector Y9 = s ® ¢, where ¢ = @m>1v¢,,. We use ideas stemming from the algebraic
approach to quantum dynamical systems far from equilibrium to obtain the following rep-
resentation for large m (Proposition 2.5)

(Yo, ™ (O)vho) = (o, PMy - - - My, 1—1 Ny (O) Py) (1.7)

Here, P is the orthogonal projection onto Hs, along ¢, projecting out the degrees of
freedom of C. The My, are effective operators which act on Hgs only, encoding the effects of
the interactions on the system S. They are called reduced dynamics operators (RDO), and
have the form

M, = Pel™ Kk p,
where K, is an (unbounded, non-normal) operator acting on Hs®Hzg, , satisfying eltKk Ae~1tKr —

eltlr Ae= 1Lk for all A € Ms ® Me,, and Kps @ g, = 0.3 The operator N,,(O) acts on
Hs and has the expression (Proposition 2.4)

Nn(O)tho = Pelm—tbmi . gimmbm(Ag @t BW)emmlm . e=imtlmtyyy (1.8)

The asymptotics m — oo of (1.7) for identical matrices My, = M has been studied in [7].
In the present work we consider the M} to be random operators. We allow for randomness
through random interactions (interaction times, interaction operators) as well as random
initial states of the &, (random temperatures, energy spectra, etc).

Let (Q,F,p) be a probability space. To describe the stochastic dynamic process at
hand, we introduce the standard probability measure dP on Qeyy := Q"

dP =T1I;>1dp;, where dp;=dp, Vje N (1.9)

We make the following randomness assumptions:

3These are the defining properties of K; K} has an explicit form expressible in terms of the modular
data of (Ms ® Me, , s ® g, ), see Section 2.2.



(R1) The reduced dynamics operators M} are independent, identically distributed (iid)
random operators. We write M}, = M (wy,), where M : Q — B(C?) is an operator
valued random variable.

(R2) The operator N,,(O) is independent of the M}, with 1 <k <m —1[—1, and it has the
form N(wy_i...,Wnir), where N : Q"+ — B(C9) is an operator valued random
variable.

Since the operator M}, describes the effect of the k-th interaction on S, assumption (R1)
means that we consider iid random repeated interactions. The random variable N in (R2)
does not depend on the time step m. This is a condition on the observables, it means that
the nature of the quantities measured at time m are the same. For instance, the Bﬁ,{') in
(1.6) can represent the energy of &, ;, or the part of the interaction energy V,,+; belonging
to Em+j, etc. Both assumptions are verified in a wide variety of physical systems: we may
take random interaction times 7, = 7(wy), random coupling operators Vi = V(wy), random
energy levels of the &, encoded in Lg, = Lg(wy), random temperatures fg, = fg(wy) of the
initial states of &, and so on; see Sections 6 and 7 for concrete models.

1.2 Main results

Our main results are: the existence and identification of the limit of infinite products
of random reduced dynamics operators; the proof of the approach of a random repeated
interaction system to an asymptotic state, together with its identification; the analysis of the
macroscopic properties of the asymptotic state; explicit expressions of that state for spin-
spin and spin-fermion systems. We present here some main results and refer to subsequent
sections for more information and for proofs.

— Ergodic limit of infinite products of random operators. The asymptotics of the dy-
namics (1.7), in the random case, is encoded in the product

M(wl) e M(Wm—l—l)N(wm—la . 7Wm+r)-

It is not hard to see that the spectrum of the operators M (w) is contained inside the closed
complex unit disk, and that M(w)ys = s (see Lemma 2.3).

Definition 1.1 Let M g denote the set of reduced dynamics operators whose spectrum on
the complex unit circle consists only of a simple eigenvalue 1.

The following is our main result on convergence of products of random reduced dynamics
operators (see also Theorem 3.3). We denote by E[M] the expectation of M (w).

Theorem 1.2 (Ergodic limit of infinite operator product)
Suppose that p(M(w) € Mgy) # 0. Then E[M] € M(g). Moreover, there exists a set

Qc oV of probability one s.t. for any @ = (wp)nen € Q,
RS
Jim ” Z M(w1) - M(wn)N(Wnt1, - - Wntigr1) = [9s5)(0] E[N],
n=1

where 0 = Pl*JE[M] Vs, P1 x is the (Riesz) spectral projection of X associated to the eigenvalue
1, and * denotes the adjoint.



— Asymptotic state of random repeated interaction systems. We use the result of The-
orem 1.2 in (1.7), where we replace a’™ by the random dynamics, denoted aZ'. It follows
that the ergodic limit of (1.7) is o4 (E[N]), where

0+ (A) == (0, AYs), AcMs. (1.10)

A density argument using the cyclicity of the reference state 1y extends the argument
leading to (1.7) to all normal initial states o on 1.

Theorem 1.3 (Asymptotic State) Suppose that p(M(w) € Mg)) # 0. There exists a

set Q c OV of probability one s.t. for any w € Q, for any instantaneous observable O,
(1.6), and for any normal initial state o, we have

m

lim =Y 0(a(0)) = o4 (E[N)). (L11)
peo H m=1

— Macroscopic properties of the asymptotic state. Since we deal with open systems,
it is generally not meaningful to speak about the total energy (which is typically infinite).
However, variations (fluxes) in total energy are often well defined. Using an argument of [7]
(see also [6] for a heuristic argument based on the hamiltonian approach) one shows that
the formal expression for the total energy is constant during all time-intervals [7,,—1, T ),
and that it undergoes a jump

3(m,w) = ag (V(wms1) = V(wm)) (1.12)

at time step m. The variation of the total energy between the instants 0 and m is then
AE(m,w) =Y ;" j(k,w). The relative entropy of ¢ with respect to gy, two normal states
on M, is denoted by Ent(p|gp). Our definition of relative entropy differs from that given
in [5] by a sign, so that in our case, Ent(o|gg) > 0. For a thermodynamic interpretation of
entropy and its relation to energy, we assume for the next result that ¢s is a (8s, al)-KMS
state on Mg, and that the Yg,, are (Gg,,, ok )-KMS state on Mg,,, where Bs is the inverse
temperature of S, and g, are random inverse temperatures of the &,,. Let gy be the state
on M determined by the vector ¥s ® Y¢ = s Q),, Ve,,- The change of relative entropy is
denoted AS(m,w) := Ent(p o a™|gg) — Ent(0|0o)-

Theorem 1.4 (Energy and entropy productions, 2"! law of thermodynamics) Let
o be a normal state on M. Then

lim o (AE(mm@) = dE, = o4 (E [P(Ls +V — ™ (Ls + V)e—iTL)P]) a.s.
A w . .
lim S(;:’W) = dS; = o4 (E [Be P(Ls +V — e (Ls + V)e_”L)P]) a.s.

We call dEL and dSy the asymptotic energy- and entropy productions; they are independent
of the initial state o. If Bg is deterministic, i.e., W-independent, then the system satisfies
the second law of thermodynamics: dS; = BgdE .



— Ezxplicit expressions for asymptotic states. We apply our general results to spin-spin
and spin-fermion systems, presenting here a selection of results, and referring the reader to
Sections 6 and 7 for additional results and more detail.

Spin-spin systems. Both S and £ are two-level atoms with hamiltonians hg, hg having
ground state energy zero, and excited energies Es and Eg, repectively. The hamiltonian
describing the interaction of & with one £ is given by h = hs + hg + Av, where A is a
coupling parameter, and v induces energy exchange processes,

vi=as®ag + a5 @ ag. (1.13)

Here, ay denotes the annihilation operators and a:% the creation operators of # = S, €&.
The Gibbs state at inverse temperature (3 is given by

Tr(e Ph# A)
Zp.#

We take the reference state to be ¥y = s @m>1 Ve, g.,,» Where s is the tracial state on
S, and vg,, g, is the Gibbs state of &, (represented by a single vector in an appropriate
“GNS” Hilbert space, see Section 6).

The following results deals with three situations: 1. The interaction time 7 is random. It
is physically reasonable to assume that 7(w) varies within an interval of uncertainty, since it
cannot be controlled exactly in experiments. 2. The excitation energy of £ is random. This
situation occurs if various kinds of atoms are injected into the cavity, or if some impurity
atoms enter it. 3. The temperature of the incoming atoms is random. This is physically
reasonable since the incoming atom beam’s temperature cannot be controlled exactly in
experiments.

Q@#(A) = , where Zgy = Tr(efﬁh#). (1.14)

. . . 2
Theorem 1.5 (Random spin-spin system) Set T := (R Eyel

1. Random interaction time. Suppose that (¢, = 3 is constant, and that T(w) > 0 is

a random variable satisfying p (1 ¢ TN) # 0. Then there exists a set Q C ON° of

probability one, such that for oll @ € €, for all normal states o on M and for all
observables A of S,

o
lim — " o(aZ(4)) = ops(A), (1.15)

with 3" = 1 := BE¢/Es.

2. Random excitation energy of £. Suppose that T and Bg,, = B are constant, and
that Eg(w) > 0 is a random variable satisfying p (1 ¢ TN) # 0. (Here, T = T(w) is
random via Eg(w).) Then there exists a set Q C QN of probability one s.t. for all
w e ﬁ, for all normal initial states o on M and for all observables A of S, (1.15) holds
with B’ = B3 := —Eg"'log (2{1 — (1 — E[eo)) 'E[(1 — eo)(1 — 2Z§E15/Es,s)] }*1 -1),
and where

2 . 2
(Es — Eg —\/(Es — Eg)” + 4>\2> + 4NZITV (Bs—Fe )2+

eg = (1.16)

2
(Bs — B — /(Bs — Be)” +4X7) " +4X2



3. Random temperature of £. Suppose that B(w) is a random variable, and that T >0
satisfies T ¢ TN. Then there exists a set Qc oV of probability one s.t. for allw € Q
for all normal zmtzal states 0 on M and for all observables A of S, (1.15) holds with

B =33 := _ES log (E[Z (M)Eg/ESS] 1-1).

Remarks. 1. In the situation of point 1. of Theorem 1.5, we obtain the following sharper
result than (1.15). There is are constant C,a > 0, and there is a random variable ny(w)
satisfying E[e®] < oo such that, for each @ € Q: |o(a%(A)) — 0s,5(A)| < Ce™*", for all
n > ng(w), all observables A and all normal initial states .

2. If Es = E¢ then 3y = (3. In the case of identical interactions (no randomness), the
system § is therefore “thermalized” by the elements of the chain, a fact which was already
noticed in [2]. One might expect that for a randomly fluctuating temperature of the &,
the system S would be thermalized at asymptotic temperature equalling the average of the
chain temperature. However, point 3. of the above theorem shows that this is not the
case: the asymptotic temperature is in general not the average temperature. The random
repeated interaction process induces a more complicated thermalization effect on S than
simple temperature averaging.

Spin-fermion systems. Let S be a spin-1/2 system with Hilbert space of pure states C2, and
Hamiltonian given by the Pauli matrix o,. We take the systems £ to be infinitely extended
thermal fermi fields. They model dispersive environments. Let a,(k) and a (k) denote
the usual fermionic creation and annihilation operators, and let a( ng k)d3k,
= Jas f( k)d3k, for square-integrable f. We take the state 03 of 5 to be
the equ1hbr1um state at inverse temperature 3. It is characterized by pg(a*(f)a(f)) =
< f.(Lef)=1f >, where the h appearing in the scalar product is the Hamiltonian of a sin-
gle fermion. We represent the one-body fermion space as h = L?(R*,du(r); g), where g is
an auxiliary Hilbert space, and we take h to be the operator of multiplication by r € Rt.4
At each interaction step, S interacts with a fresh system £ for a duration 7. The inter-
action induces energy exchanges between the two interacting subsystems, it is represented
by the operator AV, where X is a small coupling constant, and V' = o, ®[a*(g)+a(g)]. Here,
0, is the Pauli matrix and g = g(k) € L?(R3,d3k) is a form factor determining the relative
strength of interaction between & and modes of the thermal field. We consider random
interaction times of the form 7(w) = 79+ o(w), where 79 is a fixed value, and o(w) € [—¢, €]
is a random variable with small amplitude e.

Theorem 1.6 (Random spin-fermion system) Assume that the form factor satisfies
(14 eﬁh/Q)g]]Lz(R37d3k) < 00, and that p(o(w) € §N —19) # 1. There is a constant A9 > 0
s.t. if 0 < |A| < Ao, then Theorem 1.3 applies, and the asymptotic state o4, (1.10), has the
following expansion: for any A € Mg,

0+(A) = q(0) Ao + (1 — q(0))An1 + Ro A (A), (1.17)

where Aj; = (i, Aj), i,j = 0,1 and |0), |1) are the eigenvectors of o, with eigenvalues
+1. The remainder term satisfies |Ryx(A)| < C||Al|(e3 + A2), where C is independent of
€,0,\ A.

4 For instance, for usual non-relativistic, massive fermions, the single-particle Hilbert space is L*(R3, d3k)
(Fourier space), and the Hamiltonian is the multiplication by |k|?. This corresponds to g = L?(S?,d¥)
(uniform measure on S?), and du(r) = %rlmdr,



The probabilities q(o) are given by

_ oy a§t —og 2 & —og

q(O’) - a+ + a_ + 2]E[O.]Tg(06+ +Oé_)2 +4(E[U]) (§+ +§_)T61(O[+ +O[_)3
21 X+ — 47—
) v

where, with sinc(z) = sin(x)/x,

s = / du(r)m {emsin(:Q {(7‘22)70] + sinc? [(ri;)m]} (1.18)

2
&4 = 10 / d,u(r)m {efﬁ’”sinc [(r F 2)710] + sinc [(r £+ 2)70]}

r 2
ne = [ 88 e cos (5 2)m) + cos i £ D}

Expansion (1.17) shows in particular that to lowest order in A, the final state is diagonal
in the energy basis. This is a sign of decoherence of S due to contact with the environment

C.

Organization of the paper. In Section 2 we cast the dynamical problem into a shape
suitable for further analysis. Our main result there is Proposition 2.5. Section 3 contains
the proof of Theorem 1.2, and in Sections 4 and 5 we present the proof of Theorems 1.3 and
1.4, respectively. In sections 6 and 7 we present the setup and main results for spin-spin
and spin-fermion systems. In particular, we give the proofs of Theorems 1.5 and 1.6.

2 Repeated interactions and matrix products

In this section, we link the repeated interaction dynamics to products of matrices. This
reduction is a purely “algebraic” procedure and randomness plays no role here. Throughout
the paper, we assume without further mentioning it, that

(A1) dimHs = d < oo, and the reference vectors 14 are cyclic and separating for Mty
(#=S8Sor&).

Recall that cyclicity means that 9.t is dense in Hy, and separability means that
A#w# =0= Ay =0, VAy € My, and is equivalent to M, hy is dense in Hy, where M,
is the commutant von Neumann algebra of 9.

2.1 Splitting off the trivial dynamics

We isolate the “free part” of the dynamics given in (1.2)—(1.4), i.e. that of the elements &
which do not interact with S at a given time step m.

Proposition 2.1 For any m, we have

U(m) = U, e Tmlm .. o=l g7t (2.1)

m



where

m j—1 m
U,, =exp |—i Z Z TjLe, and U =exp —iz Z 7jLe, (2.2)
j=1 k=1 j=1k>j

are unitary operators which act trivially on Hs and satisfy Utipe = e, Ym € N*,

Proof. As the interaction Liouvillean at time m, L,,, and the free Liouvillean Lg, commute
provided k # m, we can write successively

e—iT1L1 — e—iT1L1 e—iTl Zk>1 L.E'k ,
efiTgLQ — e—iTQLgl e*iTQLQ e—i7'2 Ek>2 Lgk
(2.3)
—irm L _ —im Lg —iTm L —iT Lge
e mLm — e mZk<m E e mbm ’mZk>m k,
and then use this decomposition in (1.2). O

2.2 Choosing a suitable generator of dynamics

We follow an idea developed recently in the study of open quantum systems far from equi-
librium which allows to represent the dynamics in a suitable way [9, 7, 8, 12, 13, 14].
Let J,, and A,, denote the modular conjugation and the modular operator of the pair
(Ms @ Mg, , s @ Vg, ), respectively. For more detail see the above references as well as
[5] for a textbook exposition. Throughout this paper, we assume the following condition on
the interaction, without further mentioning it:

(A2) ALV ALY e Ms@Me,, ¥m > 1.

We present explicit formulae for the modular conjugation and the modular operator for
the spin-fermion system in Section 7. The Liouville operator K,, at time m associated to
the reference state s ® ¢, is defined as K,, = Ls + Lg,, + Vi, — JmA}?PVmA;LlﬁJm.
It satisfies ||e™ifm || < exp{HA%2VmAfnl/ 2||} (In [9], such operators are called C-Liouville
operators.) The main dynamical features of K, are the relations

elthm A o=ithm  —  itKm g o=1tKm vA € Mg @ Me,m > 1,t € R, (2.4)

Kntvs®ve, = 0. (2.5)

Relation (2.4) means that K, implements the same dynamics as Ly,. This is seen to hold by
noting that the difference K,, — L., = JmA% 2VmAT}1/ 2Jm commutes with all A € Ms M
(since JMMJ = DMV, as is known from the Tomita-Takesaki theory of von Neumann algebras,
see e.g. [5]). The advantage of using K,, instead of L,, is that e"Sm leaves 15 ® ¢,
invariant. However, while L, is self-adjoint, K, is not even normal and unbounded.

We want to examine the large time behaviour of the evolution of a normal state ¢ on
M, defined by p o ™ (see (1.5)). Since a normal state is a convex combination of vector
states, it is not hard to see that one has to examine the large time evolution of vector states
only. More precisely, by diagonalizing the density matrix, we can write p = >~ pj|#;){(¢;l,
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where p; > 0 and Ejzl pj = 1, and where the ¢; are normalized vectors in H. If we can
show that lim,, o (¢, @™ (A)¢) = 04(A) exists for any normalized vector ¢ € H, then any
normal state satisfies

lim_o(a™(A)) = lim > p;(d;,a™(A)d;) =D pjos,(A). (2.6)

m—0o0
i>1 j>1

In other words, we only have to analyze vector states o(-) = (¢, - ¢). If the asymptotic
states o4 do not depend on the vector ¢, i.e. o4 = 04, then any normal initial state o has
asymptotic state g4, by (2.6). The above argument works equally well if the pointwise limit
m — oo is replaced by the ergodic limit.

Next, since, by assumption (Al), g = ¥s ® P¢, where ¢ = @m>1vs,,, is cyclic for the
commutant 9 (which is equivalent to being separating for 9), we can approximate any
vector in H arbitrarily well by vectors

¢ = B'yo, (2.7)

for some
B' = Bs @,_1 By, @n>n g, €9, (2.8)

with By € 9, B;, € M (with vanishing error as N — oo; see also [7]). Hence, we may
restrict our attention to taking the limit m — oo of expressions

<1/}0, (B/)*Ozm(A)B/w0> = <¢0, (B,>*B/Oém(z4)’¢0> . (29)

2.3 Observables of the small system

To present the essence of our arguments in an unencumbered way, we first consider the
Heisenberg evolution of observables As € s, and we treat more general observables in
the next section. Consider expression (2.9). Using Proposition 2.1, we obtain

a"(As@ 1) = U(m)” (As® Ic) U(m) (2.10)
— (U$)* eiTlLl . eiTmLm (AS ® ]IC) e—iTmLm .. e—iT1L1 U'r:?

where we made use of the fact that U, acts trivially on Hs. Due to the properties of the
unitary U™ (m), specified in Proposition 2.1, and due to (2.4), (2.5), we have
Oém(AS ® ]lC) 1/}0 _ (Urﬁ)* eiTlLl . 'eiTmLm (AS ® ]IC) efi‘rmLm . efi‘rlLlwo
= (UF)* enBr. . eimmBm (45 @ 1e)p. (2.11)
Let us introduce Py = Is®1g, ®- - - 1g,, ®P¢8N+1 ®P¢5N+2 ®---, where P%k = |vg, ) (Ve |-

From the definition of B’, (2.8), we see that (¢o|(B')*B’ = (¢o|(B')*B'Py. Moreover,
introducing the m-independent unitary operator

N—-1 N
Ub=exp [-1Y Y 7Lg | = PyU,
j=1 k=j+1

11



we can write, for m > N,

<w0’ (B/)*B,Oém(Ag ® ﬂc)?/)(]> _ <w0’ (B,)*B,(U]—G)*PNeiTlKl . eiTme(AS ® HC)¢O>
_ <¢07 (B/)*B/( NJ-V&-)*einKl .. .eiTNKNPNeiTN+1KN+1 oo plTm Em (AS Q ]10)1/}0> '

We define the projection
P =1s ® [¢e){tcl, (2.12)

and observe that

PNeiTN+1KN+1 PR (e (As @ I¢g)pg = P]\feiT]\“rlKN'H - ‘eiTmeP(AS @ lle)iho
_ PeiTN+1KN+1 - eiTmeP(AS & HC)wO-

By a simple argument using the independence of the elements & of C, we show exactly as
in Proposition 4.1 of [7], that for any ¢ > 1 and any distinct integers ni,--- ,ng,

Pei'rnl Knl eiTnQ Kn2 . eian an P = PeiTnl Knl PeiT’VLQ an P... Peianan P. (213)
Therefore, introducing operators M; acting on Hs by
Pelilip = M; @ ) (e|, or Mj~ PeiKip, (2.14)
we have proven the following result.

Proposition 2.2 Let As € Mg and ¢ = B’y with B’ as in (2.8). Then for any m > N
we have

(¢, 0™ (As ® 1c)¢) (2.15)
= <¢0, (B')*B/(Uf) e ™8 . o ™EN PN My g+ My (As ® nc)wo> :
Proposition 2.2 shows how the large time dynamics of a repeated interaction system is

described by products
\IJmZMlMQMm on HS' (216)
The main features of the matrices M;, inherited from those of e"i%i | are given in the

following lemma.

Lemma 2.3 ([7], Proposition 2.1) Assuming (A1), we have Mjs = s, for all j € N*.
Moreover, to any ¢ € Hs there corresponds a unique A € Ms such that ¢ = Avs. |||¢]|] :=
|Allgrs) defines a norm on Hs, and as operators on Hs endowed with this norm, the M;
are contractions for any j € N*.

Remark: It follows from Lemma 2.3 that the spectrum of M; lies in the closed complex unit
disk, and that 1 is an eigenvalue of each M; (with common eigenvector 1s).

12



2.4 Instantaneous observables

So far, we have only considered observables of the system S. In this section, we extend the
analysis to the more general class of instantaneous observables, defined in (1.6). Those are
time-dependent observables, which, at time m, measure quantities of the system S and of a
finite number of elements & of the chain, namely the element interacting at the given time-
step, plus the [ preceding elements and the r following elements in the chain. Physically
important instantaneous observables are those with indices j = —1,0: they appear naturally
in the study of the energy exchange process between the system S and the chain (see Section
5); they also appear in experiments where one makes a measurement on the element right
after it has interacted with S (the atom which exits the cavity) in order to get indirect
information on the state of the latter.

The Heisenberg evolution of instantaneous observables is computed in a straightforward
way, as for observables of the form As ® l¢z. We refrain from presenting all details of the
derivation and present the main steps only. Let

a""(B) = imnmley eI ibe -y <y (2.17)

denote the free evolution from time n — 1 to m of an observable B acting non trivially
on Hg, only, with the understanding that o)™ equals the identity for n > m. With this
definition and (2.2), we get

(Un)™(As @5__y BR)U,, (2.18)
= As®ap "B @ apn (B @ BY) ©--- @ B
= As ®@__y ap TN (BY)).
Hence,
a™(As ®__; BY)) (2.19)
= (UF)renbr ... oimbm (A & a%ﬁﬂﬂ(lg%)))e—imm cemmligrt

Consider a vector state (¢, -¢), where ¢ is given by (2.7). We proceed as in the previous
section to obtain

(6,0 (As &}, BY) 0)
= <B’1/;0, B’(ﬁ;\;)*ei”Ll ... eirmIm (As o am,m+j+1(B£g))) o—iTmLm . -e_i“Llwo>

= m+j
= (Bvo, BI(U3) Pre ™t el (Ag @y aln T (B ) (2.20)

The vector to the right of (f]f\;)* can be further expanded as
eiTlKl . eiTNKNPNeiTN+1KN+1 - eiTme (AS ®§:_l azﬂ—’_‘j—"_l(B%)))wO

i’T1K1 iTNKN i’TN KN 1 iTm K T m)m+j+1 j
oKL G peitv K gt (4 @ o (BG)) )y,

KL eiTNKNPMN+1 o My X
x PelTm—tBm—t ... gltmEm (A g R azﬁ'ﬂH(B%))Wo; (2.21)
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where P has been defined in (2.12), and where we have proceeded as in the derivation
of (2.15) to arrive at the product of the matrices My41 - My,—;—1. We now define the
operator N,,, = N;,(O), see (1.6), acting on Hgs by

(Ninths) ® the i= Pelmm—tFm=t el (A @i (BS)))o. (2.22)

We will also denote the 1.h.s. simply by N,,¥q. The operator NV,, depends on the instanta-
neous observable, N,, = N,(As, Bfn_ l), .. ,By(,:)). It can be expressed as follows.
Proposition 2.4 Let o™ denote the dynamics from time n to time m, i.e.,
a™"(:) =U(m,n)" - U(m,n),

where U(m,n) = U(m)U(n)*, and U(m) is given in (2.1). Then we have

Npthy = Pa™™ 1 (As @i__ BY))o (2.23)

T
= Pa™ N As @9 B Yo [[(Wepiir BR Ve, )-
k=1

Proof. The second equality is clear, since the dynamics involves only the & with indices

k < m. To prove the first equality, we use the properties of the operators K; and the
definition (2.22) to see that

Npthg = Pelmotbm-t . oimmlm(Ag @t ol (BO))) x (2.24)

m—+j m

Xe_iTmLm .. e_iTm_le_l'(/}O-

m,m+j+1

Next, we write the X't

in terms of the generators Lg, . ., see (2.17),

mti . e—i(Tm+j+1+'~~+Tm)L£

m,m+j+1(_) — ol (Tm+jtrttTm)Le i

m-+j
Inserting this expression into (2.24) we can distribute the generators Lg, ,. among the
propagators in (2.24), and we see that

Nptho = Pel™m—1Lm—1 ... giTmLm (AS ®7Jf:7l B%))e_leLm .. _e—le—sz—sz’

where the Ly, (1.2), give the full dynamics. O

Finally, N, can be defined on all of Hs in the following way. From Proposition 2.4, it
is immediate that for all observables A’ in the commutant 95, we can set Ny, A5ty :=
AlsNyipg. Since Mshs = Hs (separability of 15), Ny, is defined on all of Hs. We have
proven the following result.

Proposition 2.5 Let O be an instantaneous observable, (1.6), and let ¢ = B’y with B’
as in (2.8). Then we have for any m > N +1+ 1

(6.0™(0)¢) = (Yo, (B) B'(U) - ™Y PM - My N (O)io)
where the M; are defined in (2.14), and Np,(O) is given in (2.22).

To understand the large time behaviour of instantaneous observables, we study the
n — oo asymptotics of products

\I}nNn+l+1 = M1M2 s MnNn+l+1 on HS7 (225)

where N, ;41 involves only quantities of the systems S and &, with k = n+1,... n+l+r+1.
The numbers [, r are determined by the instantaneous observable O (1.6).
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3 Proof of Theorem 1.2

According to Proposition 2.5, the large time dynamics is described by products of operators
of the form (2.25), in the limit n — co. We will use in this section our basic assumptions
(R1) and (R2), saying that the M; form a set of iid random matrices, and that N, ;41 is a
random matrix independent of the Mj, j =1,...,n. In this section, we review results of [§]
on products of the form Mj --- M, and we extend them to products of random matrices of
the form (2.25). Our main result here is Theorem 3.3.

3.1 Decomposition of Random Reduced Dynamics Operators

Let Py ; denote the spectral projection of M; for the eigenvalue 1 (c.f. Lemma 2.3) and
define

V= Pis,  Pji=|vs) (Y], (3.1)
where Py, is the adjoint operator of P ;. Note that (¢jls) = 1 so that P; is a projection
and, moreover, M;¢; = ¢;. We introduce the following decomposition:

Mj = F)] + QijQj, with Qj =1 - Pj. (3.2)
The following are basic properties of products of operators Mj.

Proposition 3.1 ([8]) We define Mg, := Q;M;Q;. For any n, we have

Ml"'Mn:‘w3><9n’+MQ1"'MQn’ (3'3>

where
By = nt MY Guos+ o+ M, Mt (3.4)
= M, - M (3.5)

and where (s, 0,) = 1. Moreover, there exists Cy such that
1. For any j € N, | Byl = 5] < Co and |Qyl] < 1+ Co.
2. sup{||Mq,, Mg, - Mg, |l, n €N, jr € N} < Co(1 + Co).

3. For any n € N*, ||6,] < C3.

Typically, for matrices M), € Mgy (recall Definition 1.1), we expect the first part in
the decomposition (3.3) to be oscillatory and the second one to be decaying.

3.2 The probabilistic setting

We use the notation introduced at the end of Section 1.1. Let us define the shift T : Qgyy —
Qext by
(Tw); = wjy1, V= (w))jen € Qext. (3.6)

T is an ergodic transformation of {2¢xt. The random reduced dynamics operators are char-
acterized by a measurable map

Q> wq M(wl) S Md((C), (37)
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where the target space is that of all d x d matrices with complex entries, d being the
dimension of Hs. With a slight abuse of notation, we write sometimes M (@) instead of
M (w1). Hence, for any subset B C My(C), p(M (@) € B) = p(M~1(B)) = fol(B) dp(w),
and similarly for other random variables. According to (R1) the product (2.16) is ¥, (@) :=
M (w1)M(ws) -+ M (wy) = M(TQ)M (T'w) - - - M(T" ).

In the same way as in (3.1), we introduce the random variable ¢(w;) € C? defined as

Y(@) == P1(w) s, (3.8)

where P;(w) denotes the spectral projection of M (w) for the eigenvalue 1, and where *

stands for the adjoint. We decompose
M(@) := [¥s)(h(@)] + Mo(@) = P(@) + Mqo(@) (3.9)

as in (3.2). Note that ¢ (@) and Mg (@) define bona fide random variables: @ — P;(@) is
measurable since @ — M (w) is [4]. In the next section, we will consider the process (see

(3.4), (3.5))

0, (@) = M*T"'@)M*(T"%T) - M*(T)y (D) (3.10)
= > My(wa) M(wn) - M(wjr1)d(wy).
j=1

Note that 6,, is a Markov process, since 0,,11(w) = M*(wp+1)0n(@).
Finally, the operators N, = N,,,(O), given in (1.8) and Proposition 2.4, have the form

Nn(0) = N (Wit - - -y Winsr) = N(T™1715), (3.11)

see also condition (R2).

3.3 Convergence results for random matrix products

We have pointed out after Lemma 2.3 that the spectrum of any RDO lies inside the complex
unit disk, and 1 is an eigenvalue (with the deterministic, i.e., W-independent, eigenvector
1s). The following result on the product of an iid sequence of RDO’s is the main result of

8].

Theorem 3.2 ([8]) Let M (w) be a random reduced dynamics operator. Suppose that p(M(w) €
Mgy) # 0. Then we have E[M] € M(gy. Moreover, there erist a set 1 C ON" with
P(Q1) =1, and constants C,a > 0, s.t. for any @ € Q there is an no(w) so that

[Mg(w1) -+ Mgo(wy)|| < Ce™", for all n > no(w), and (3.12)
ol ,
lim V;Hn(w) = 0. (3.13)
Also, ng(w) is a random variable satisfying E[e*™] < oo, and
0= (1- E[MQ]*)_I Ely] = Pf,E[M}EM = Pf,E[MW& (3.14)
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As a consequence,

o1
lim —
v—00 I/

D M(wi)--- M(wn) = [ds){0] = Prgimy. (3.15)
n=1

Remark. In the setting of Theorem 3.2, if not only M (w), but also M*(w) has a deter-
ministic eigenvector with eigenvalue 1 (denoted % and normalized as (15,vs) = 1), then
§ = % and one can sharpen (3.15) as follows (see Proposition 3.1 and equation (3.12)):
There are constants C, a > 0, and there is a random variable ng(@) with E[e®™] < oo, s.t.
for all @ € ; and all n > ng(w), we have |M(w1)--- M(wyn) — [ts) (W5 || < Ce ™.

While this result allows us to study the large time behaviour of observables of the
small system S (see Section 2.3), in order to study the physically relevant instantaneous
observables, we need to understand products of the form (2.25). In our probabilistic setting,
they read M(w1) -+ M (w,)N(T"w).

Theorem 3.3 Let M(w) be a random reduced dynamics operator and let N (@) be a random
matriz, uniformly bounded in w. Suppose that p(M(w) € M(g)) # 0. Then there exists a
set Qo C OV 5.t P(Q) = 1 and s.t. for any @ € Qy,

1 _
lim Y~ M(wi) - M(wn)N(T"®) = |¢bs)(0] E[N]. (3.16)
e
Remark. In our dynamical process, N(w) depends only on finitely many variables
Win—ls -+ -y Wmtr, see (3.11), so measurability and boundedness of the random matrix N

are easily established in concrete applications.
Proof of Theorem 3.3. Using the decomposition (3.3) together with (3.12), it suffices to
show that

1 v
lim — N*(T"w)6,,(w) = E[N]*6. 1
Jim SN (1 30(3) = BN (3.17)
We follow the strategy of [8] used to prove (3.13) of the present paper. From (3.4) we get
v v n—1
S ONY(TD)0n (@) = Y Y N(T"w)My(T"'@) - - Mg (T @)y (T9w)
n=1 n=1j=0
= Y Y NY(TMIB)MHTH D) - My(TI @) p(TVw). (3.18)
k=1 j=0

Let us introduce the random vectors
oW (@) = N*(TFw) My(TH o) My (TF2w) - - - MG (Tw)w(T7D), (3.19)
so that, by (3.18),

v v v—k
1 1 ,
- * n— — _ - (k) j—
VZN (T"D)0, (@) = VZ@ (1)
n=1 k=1 7=0
0o v—k ‘ 1 00
= Z X{k<v} Z %) (Tjw); =: Z g(k,v,0). (3.20)
k=1 7=0 k=1



For each fixed k, by ergodicity, there exists a set ;) C QN of probability one, such that,
for all w € {2y, the following limit exists

1 _v—k+1
i o) = lim —— k) (ig) = — >~
Vlgrolog(k:,l/,w) Vlglgoy_k+1 E: 0\ (T’ w) ”
J
im k) (Tig) = E[o®)
= lim - ]§:0:9< (Tw) = E[pW)].

Therefore, on the set Qoo := Ngen{(r) of probability one, for any k£ € N, we have by
independence of the M(w;), 1 < j < k, and of N*(T*w),
lim g(k,v,w) = E[0")] = E[N*|E[My]* " E[)]. (3.21)

V—00

It follows from Proposition 3.1, Theorem 3.2 and the boundedness of N(w) that for w €
Qs = 01 NQy, we have |08 (T75)|| < Cevmo(T@)e=alk=1)  Therefore, for all v large enough,
and for all 1 < k <w,
v—k
lg(k, v, @)|| < c% 3 ceno(@)g-alk-1) < oCR[en]e-alk-1), (3.22)
j=0
where we have used ergodicity in the last estimate. Of course, the same upper bound (3.22)
holds for k > v, since then g(k,v,w) = 0. The r.h.s. of (3.22) is summable w.r.t. k € N,
so we can use the Lebesgue Dominated Convergence Theorem in (3.20) to conclude that,
almost surely on Qy, lim, o L 37 N*(T"w)6, (@) = E[N*] 3%, E[Mé]k E[¢]. Relation
(3.17), and thus the proof of the theorem, now follow from (3.14). 0

4 Proof of Theorem 1.3

Let ¢ be a normalized vector in H. Fix € > 0 and @ € Qext. There exists a B’ = B'(e,w) €
M of the form (2.8) (with N depending on €,), s.t.

I — B'dol| < e (4.1)
Here, both ¢ and 1y may depend on @. It follows that
| (¢, 0 (0)¢) — (B4, o (0)B'yhy) | < 2¢]|O]. (4.2)

Using Proposition 2.2 and Theorem 3.3, and that B’ commutes with o/2(O), we arrive at
the relations

7 "
lim = Y (4o, (B)*B'aZ(O)) = lim — > (¢o,(B")*B'a(O)o)
R R ]
i
= Jim ~ > <¢07(B')*B/(Uﬁ)*eh(wl)m”l) LeT@N) K wn) py
g m=N-+1
XM(wni1) - M(wWm—1-1) N (Wm—1, Wm—141, - - - 7wm+r)%/)o>
= (vo.(B')*B'bo) (0,E[N(O)]vs), (4.3)
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for all @ in a set Q2 of measure one. It follows from (4.1) that (1 —€)? < (¢po, (B")*B'1)g) =
| B"ol|? < (1 + €)?. Since € is arbitrary, using the latter bound in (4.3) and taking into
account (4.2), we conclude that (1.11) holds for any vector initial state o(-) = (¢, ¢).
Finally, the argument leading to (2.6) shows that (1.11) holds for all normal initial states.
The proof of Theorem 1.3 is complete. O

5 Proof of Theorem 1.4

An easy application of Theorem 1.3 shows that for any normal initial state g,

. o(AE(m,w .
lim AAE(m,Z)) =0+(j+), a.s., (5.1)
m—0o0 m
where _ .
j+ =E[PVP — Pe™ Ve ™LP] = E[P(V — o™ (V))P]. (5.2)

The energy grows linearly in time almost surely, at the rate dE,.> In order to show the
expression for dE given in Theorem 1.4, it suffices to prove that o [E(P(Ls—a™(Ls))P)] =
0.

Let ¢ be a normal state. Although Lg ¢ 9, still o (Ls) —a*~1(Lg) is an instantaneous
observable belonging to 9. This follows from e+ [ge " lk — L € Ms @ Me, , which in
turn is proven by noting that

. . Tk . . Tk . .
elTkLkLSe—lTkLk . LS — / elth [lLk, Ls]e—lthdt — / elth [IV]C, Lg]e_‘thdt,
0 0

where [in, LS] = —%eitLS VkefitL5|t:0 € Ms ® Mg, .

As a consequence, of(Ls) — o' (Ls) € M, and we can apply Theorem 1.3 to obtain
limp, oo = S5ty 0 (a¥(Ls) — o1 (Ls)) = 04+ (E[P(Ls — a"(Ls))P]) a.s. On the other
hand, we have that > 1" ; o (a*(Ls) — o*™(Ls)) = Lo (a!(Ls) — a™(Ls)), which tends
to zero as m — oo. This proves the formula for dE given in Theorem 1.3.

Next we show the expression for d.Sy in Theorem 1.3. The following result is determin-
istic, we consider w fixed and do not display it.

Proposition 5.1 Let ¢ be a normal state on M. Then for any m > 1, we have

AS(m) := Ent(g o a™|0o) — Ent(o|oo)

— 0 (Z B, (3(k) + a* (L + Vi) — 0¥ (Ls + Vi) ) + As(a™ (Ls) - Ls>> ,
k=1

where the energy jump j(k) has been defined in (1.12).

5The definition of dE; differs from the one of [7] by a factor %: here dE represent the asymptotic
average energy production per interaction and not per unit of time. One could also study the average energy
production per unit of time. It is easy to see that

AABmD) B,
m—oo T(w1) + -+ + 7(wm) E[r]’

a.s.
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Proof. The proof is similar to that one of Proposition 2.6. in [7]. Using the entropy
production formula [10], we have

AS(m) = o <am <6SLS +) ﬂgkL5k> —> BeLe, — ﬁgLs) : (5.3)
k k

Clearly, the sums in the argument of ¢ in the right hand side only extend from k£ = 1 to
k = m. We examine the difference of the two terms with index k.

o™ (Be,Le,) — Be,Le, = oF(Be,Le,) — B, Le,
= Be.a¥(Ly) — Be,Le, — Be,a"(Ls + Vi)
= Be, N (Ly) — Be,Le, + Be,j(k) — Be,a®(Ls + Vit1)
= Be, o N (Ls + Vi) + Be,j(k) — Be, o (Ls + Vi),

where we use a™(Lg,) = o*(Lg,) in the first step, af(L;) = o*~1(L;) and (1.12) in the
third step, and in the last one a*~1(Lg,) = Lg, . O

By Proposition 5.1, we have for all m > 1, W € Qext

M — % i Q(ﬁgk](k‘)) + % i 1Y (/ng (ak—l(vk) - ak(Vk—i—l)))

m

k=1 k=1
+3 0 (B (o4 (Bs) — 0k (Ls)) ) + - o(fis(a™(Ls) — L)),
k=1

Using Theorem 1.3 we see that with probability one (and where M denotes the reduced
dynamics operator)

tim 250Dy (BgeMIE[PY P) ~ E[gPa”(V)P]) + oo (B3 PV P
—E[fs M]E[PVP]) + o (E[Be P(Ls — a” (Ls))P])
= o1 (E[BeP((Ls + V) —a"(Ls + V) P]).
This completes the proof of Theorem 1.4. O

6 Spin-spin models and proof of Theorem 1.5

In this section, we consider both & and £ to be two-level systems, with interaction given by
(1.13). This is a particular case of the third example in [7]. The main results of this section
have been anounced in [8].

The observable algebra for S and for £ is As = A = My(C). Let Es, Ec > 0 be the
“excited” energy level of S and of &, respectively. Accordingly, the Hamiltonians are given
by

0 O

0 O
hg—[o E8:| and hg—[o Eg}
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The dynamics are given by ak(A) = eihs Ae7#hs and aL(A) = e'the Ae~ithe. We choose
(for computational convenience) the reference state of £ to be the Gibbs state at inverse
temperature (3, see (1.14), and we choose the reference state for S to be the tracial state,
00,5(A) = %Tr(A). The interaction operator is defined by Av, where X is a coupling constant,
and v is given in (1.13). The creation and annihilation operators are represented by the

matrices
ay = 01 and af = 00
10 0 #7110

The Heisenberg dynamics of S coupled to one element £ is given by the x-automorphism
group t — eM Ae= A € As @ g, hy = hs + he + Av.

To find a Hilbert space description of the system, one performs the GNS construction
of (As, 00,s) and (Ug, 0p.¢), see e.g. [5, 7]. In this representation, the Hilbert spaces are
given by Hs = Hg = C?> @ C2, the Von Neumann algebra by Ms = Me = M>(C) ® Iz C
B(C? ® C?), and the vectors representing gp.s and gge are ¢s = % (10) ® |0) + |1) ® |1))
and Vg = ﬁ (10) @ [0y + e~PFe/2|1) @ |1)), respectively, i.e., we have 05, #(A) =

(g, (AR Mpy), # = S,E, Be = B, Bs = 0, and where |0) (resp. [1)) denote the ground
(resp. excited) state of hs and hg. Finally, the Liouvillean L is given by

L = (hs®1lg2 — 2 ® hs) @ (Ig2 @ Le2) + (Iez @ 1Ip2) ® (he @ ez — Lez @ he)
+A(as ® Ic2) @ (ag @ Ue2) + Aag ® Ie2) @ (ag @ Le2).

6.1 Spectral analysis of the reduced dynamics operator M

The RDO M is defined by (2.14). However, in this example, where the hamiltonian h) is
explicitly diagonalizable, we shall use another expression for it, which may look less simple
but has the advantage that it only makes use of the self-adjoint hamiltonian. Since g is
cyclic for Ms and Hs has finite dimension, V¢ € Hg, I'As = A ® N2 € Ms such that
¢ = Astps. Tt is then easy to see that

M(A® lc2)s = (M(A) ® Le2)¢s, (6.1)
and where the map M acts on s and is defined as
M(A) = Tre (e”h* A8 116*”’”) : (6.2)

where Trg(As ® Ag) := 0p,e(Ag)As denotes the partial trace over £.
Similarly, if M* denotes the map dual to M, ie. Vp, A € My(C), Tr(pM(A)) =
Tr(M*(p)A), then we have, for any density matrix p

(M*(p))" ©@ M)ips = M™(p" @ N)i)s. (6.3)

In particular, the spectrum of the map M?* is in one-to-one correspondance with the spec-
trum of the operator M* (via complex conjugation), and if p is an eigenvector of M* for
the eigenvalue 1 (which we know to exist), then the “corresponding eigenvector” of M* is
s = (p* ® 1)1hs. A simple computation shows that the four eigenvalues of hy are Eqy =0,
Ey_ = Es + E¢ and

1 1
Bl = 5(EgjLEg)j:5\/(E3—Eg)2+4A2. (6.4)
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The corresponding normalized eigenvectors are given by ¥+ = |0) ® |0), Y- = |1) ® |1),
and Y14+ = a14|1) ®|0) + b1+|0) ® |1), respectively, where

A Es — Eix
a1+ = — , bix = - (6.5)
VA2 + (Es — E1+)? VA2 + (Es — E12)?
We finally denote agy = bp— = 1 and ag— = bg+ = 0. Inserting the spectral decomposition

of hy into (6.2) gives the following result.

Lemma 6.1 For any A € A,

M(A) = Zﬁ_}: Z €iT(E"U_E”/"/) (C_lncran’cr’ <n’An/> + Enabn’o’<1 - n‘A(l - n/)>)

n,o,n’ o’

X (anodn’a’ |n> <n/| + e_ﬁEg bnal;n/cr’|1 - n><1 - 7’LI|> ) (6'6)

where n,n' € {0,1} and 0,0" € {—,+} and Zgg = Tr(e Phe). Similarly, for any density
matric p,

M*(p) _ Zﬂ—é Z eiT(Ena_En/O./) (am@n/g/ <n/|pn> + e_ﬁEganBn’o/<1 o n']p(l _ 7’L)>>

n,o,n’ o’
X (Gnoanior|n') (n| + brobnror |1 —n') (1 — n|). (6.7)
The above lemma allows us to make a complete spectral analysis of M.
Proposition 6.2

1. The eigenvalues of M are 1,eq,e_, e where ey is given in (1.16),

2 .
(Eg —Be—/(Bs — Bl + 4)\2> + 4N2eiTV/(Bs =BT X3

2
(ES —Be—\/(Bs —Ee)° + 4A2) + AN
welT(Es+Ee—y/ (ES_E£)2+4)‘2),

€L = €_.

Moreover, the eigenstates of M* for the eigenvalues 1,eq,e_, ey are respectively ¢ =
(e @ T2 )yps where §' := BEg[Es, ¢o = |0) ®[0) — [1) @ |1), ¢— = [0) @ [1) and

¢4 = (1) ®10).
2. The functions |eo(T)], |e+(7)| and |e_(T)| are continuous and periodic of period T :=
27

W. Moreover, they have modulus strictly less than 1 if and only if 7 ¢ TN.
s—L¢g

Remark 6.3 Since eqg is positive, point 2. proves that 1 is a non degenerate eigenvalue for
M* if and only if T ¢ TN, i.e. for all but a discrete set of interaction times. This condition
agrees with the corresponding assumption of [7] in the perturbative regime.

Proof. Point 2. follows from point 1. Point 1. is proven by direct computation using
(6.4)-(6.5)-(6.7). a
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6.2 Proof of Theorem 1.5

Point 2. of Proposition 6.2 shows that M € Mg if and only if 7 ¢ TN. Hence, for this
spin-spin model, Theorem 1.3 applies if and only if p(7 ¢ TN) # 0, which is precisely the
assumption we have in each of the three situations of Theorem 1.5. It remains to compute
the asymptotic state g4 in each of these three situation. Using the complete spectral
decomposition of M*(w) (see Proposition 6.2), we compute explicitly its expectation E[M*]
and then the spectral projection Py g[y+). After computation, we get:

1. Random interaction time: Py g+ = Ww‘g)(e*ﬁ/h‘s ® lc2 s,
2. Random excitation energy of £: Py giar+) = [¥s)(pE ® lc2 ¥s|, where

pr = [1—(1—E(eo))E((1 ~ eo)(1 - 2255))] [0)(0]

1 (1= Eeo)) E((1 - e0) (1 - 2235))] (1)1,

3. Random temperature of £: P g+ = ﬁhs)\wgﬂ —Bhs @ I s|, where 3 =
—B510g(E[Z s — 1)

Combining these formulas with (1.10) give the various expressions for the asymptotic state
0+. Finally, when the interaction time 7 is random, the map M*(w) has a deterministic
eigenvector for the eigenvalue 1. This allows for stronger convergence results as mentioned
in the Remark after Theorem 3.2.

7 Spin-Fermion models and proof of Theorem 1.6

We combine our convergence results with a rigorous perturbation theory in the coupling
strength between S and C. We take § to be a 2-level atom and the £ are large quantum
systems, each one modeled by an infinitely extended gas of free thermal fermions. The ran-
dom parameters are the temperature of the system &, Ty, = 3, ! as well as the interaction
time Tk

The state space and the reference vector of S are

Hs=C?0C ds=—(0)@0)+ e, (7.1

V2
where {|0) = [1,0]7,]1) = [0,1]T} is the canonical basis of C2. (7.1) gives the GNS
representation of the trace state on the algebra of complex matrices My(C), $Tr(As) =
(Vs, (As @ 1s)1s), for all As € Ma(C). The von Neumann algebra of observables repre-
sented on Hg is thus Mg = My(C)®1 C B(C2®C?). The Heisenberg dynamics of S is given
by el’7= Age™17: The Pauli matrices o, and o, (the latter plays a role in the interaction)

are
1 0 01
Jz—[o _1}, Uz—|:1 0]. (7.2)
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On the algebra Mg, the dynamics is implemented as 75(As ® 1) = eltls(As @ N)e 1ths,
with standard Liouville operator

Ls=0,01-1%0,. (7.3)

Note that Lsis = 0, as required in (1.1). It is easily verified that the modular operator Ag
and the modular conjugation Jg are given by

As=101, Js(®®@x)=x®1, (7.4)

for vectors 1, x € C2, and where the bar means taking complex conjugation of coordinates
in the canonical basis.

We now describe a single element £ of the chain, a free Fermi gas at inverse temperature 3
in the thermodynamic limit. We refer the reader to [5] for a detailed presentation. Let h and
h be the Hilbert space and the Hamiltonian for a single fermion, respectively. We represent
h as h = L2(R*,du(r); g), where g is an auxiliary Hilbert space, and we take h to be the
operator of multiplication by »r € R*. (See also footnote 4 at the end of Section 1). The
fermionic annihilation and creation operators a(f) and a*(f) act on the fermionic Fock space
I'_(h). They satisfy the canonical anti-commutation relations (CAR). As a consequence of
the CAR, the operators a(f) and a*(f) are bounded and satisfy ||a” (f)|| = ||f|| where a#
stands for either a or a*. The algebra of observables of a free Fermi gas is the C*-algebra of
operators 2 generated by {a? (f)|f € h}. The dynamics is given by 7f(a™(f)) = a¥ (e f),
where h is the Hamiltonian of a single particle, acting on h. It is well known (see e.g. [5])
that for any § > 0, there is a unique (7¢, 5)—KMS state o3 on 2, determined by the two
point function gg(a*(f)a(f)) = (f, (1 + e*)~1f). Let us denote by Q¢ the Fock vacuum
vector, and by N the number operator of I'_ (). We fix a complex conjugation (anti-unitary
involution) f — f on h which commutes with the energy operator h. It naturally extends
to a complex conjugation on the Fock space I'_(h) and we denote it by the same symbol,
ie. & — .

The GNS representation of the algebra 2 associated to the KMS-state gg is the triple
(He,m3,1¢) [1] where

He =T _(h)®@T_(h), e=QQ, (7.5)

and

ﬂﬁ(a(f)):CL(\/e%f)®]1_|_(_1)N®a* (\/ﬁf) . as(f). B
ma(a*(f)) = a* <¢%f> S 14 (1Y @a <\/Tf) ) (7.6)

The von Neumann algebra of observables for an element £ of the chain is Mg = m5(A)
acting on the Hilbert space Hg. The dynamics on mg(2) is given by 74(m3(A)) = m3(rf(A)),
it extends to Mg in a unique way. The standard Liouville operator is given by

"
)

Le =dI'(h) ® 1 — 1® dL'(h). (7.7)

Note that Legve = 0. Finally, the modular conjugation and the modular operator associated
to (Mg, e) are

Je(® @ W) = (—1)NWV-D2F @ (—)NWN-D12§ ~ Ap = e Fle, (7.8)
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The combined, uncoupled system has product structure, with Hilbert space Hs ® Heg,
algebra s ® Mg, reference state s ® g. The uncoupled dynamics is generated by the
Liouville operator

Ly=Ls+ Lg. (7.9)

We now specify the interaction between the small system and the elements of the chain.
Let g € h be a form factor. The interaction operator is given by

V=0, @ lc2 @ (ag(g) +ajlg)) (7.10)

(where o, is defined in (7.2)). It produces energy exchange processes between S and &.
Using (7.4), (7.8), one readily calculates

(As ® Ag)?V (As @ Ag) ™1/

1 efh
_— 1 L — 1
\/1+eﬂhg>® +a(\/l-i-eﬁhg)®

N efh/2 N e Bh/2
+(-1)" ®a \/ﬁg +(-1)" ®a \/ﬁg . (7.11)

We assume that e®"/2g € . Then (7.11) shows that (As ® Ag) 2V (As ® Ag)~1/2 ¢
Ms @ Mg, i.e., Condition (A2) of Section 2 is satisfied.

= 0m®]l(cz®[a*<

Theorem 7.1 (Convergence to asymptotic state) Let 0 < Tiin < Tmax < 00 and 0 <
Bmax < 00 be given. Let T : Q — [Tmin, Tmax] and B : Q — (0, Bmax| be random variables.
Suppose that ||(1 + ePmaxh/2)g|| < oo, and that there is a § > 0 such that

p(dist(r, ZN) > 6) # 0. (7.12)

Then there is a constant \g > 0, depending on Tmin, Tmax, Omax, 0, and on the form factor g,
s.t. if 0 < |A| < Ao, then p(M(w) € Mgy) > 0. In particular, the results of Theorem 1.8,
applied to the spin-fermion system, hold: the system approaches the repeated interaction
asymptotic state o4, defined in (1.10).

Proof. We expand the operator M in a power (Dyson) series in A:
M =¢Tlsp (7.13)

T ton—1 ) ) . . )
+ E )\2"/ dty -- / dto,, e'TLs peltenKopygitanko . Git1 Ko We_lthOP,
0 0

n>1

where only the even powers appear since the interaction is linear in creation and annihilation
operators, and P projects onto the vacuum. W is the operator

W=V —JAV2vA2] (7.14)

where V' is given in (7.10) (see also (7.11)), and J = Js® Jg, A = As® A¢ are the modular
conjugation and the modular operator associated to (Ms ®@ Mg, s ® ¢), see also (7.4),
(7.8). Using the Canonical Anticommutation Relations, one easily sees that ||a7gE @) = lall
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(independent of ; see (7.6) for the definition of the thermal creation and annihilation
operators). Using (7.14) and (7.11), it is easy to find the upper bound

W < 3[I(1 +e™2)g]. (7.15)

We apply standard analytic perturbation theory to the operator (7.13). For A = 0, the
eigenvalues of M, {1,eT7}, lie apart by the distance

ro(7) := min {2|sin(27)], 2| sin(7)|} . (7.16)

(Note the spectrum of Ls is {—2,0,0,2}, c.f. (7.3).) We assume that the interaction time
is such that 7o(7) is strictly positive. Below, this condition appears as dist(7, N) > § > 0.

The following result gives an estimate of the eigenvalues of M, which will be needed in
verifying that M is in the family M g).

Proposition 7.2 Suppose that |\ < %7“0(7‘). Denote by 1,eq,e+ the four eigenvalues of
M. We have

o = 1—X7%a+ ¢, (7.17)

or — izirl_)‘QTQ +102:2 [ g 2
L= e TN [ du(n)llg(n)]l3 %

" (1 — Sin;(_T(f —)) N 1— Sin;(_:(f + 7')))} Les, (7.18)
where sinc(z) = sin(x)/x and where
o= / dpa(r)llg(r) 2(sine? [“’"2_2)] +smc2[7(r;2)]). (7.19)
The error terms e4, # = 0, £, satisfy the bound
o] < 120474 W |4 cosh2(|A|7(|W])) [1 41 AQT?|Wﬂz(i0)8h(w7||w||)]. (7.20)

Proof. Expansions (7.17), (7.18) of the eigenvalues have already been calculated in [7], Sec-
tion 4.8, but the error estimate (7.20), allowing the control of 7, 3, has not been given there.
This error estimate is obtained by performing perturbation theory in a straightforward, but
careful fashion. One proceeds as in [11], Chapter I1.2. O

By knowing this expansion of the eigenvalues of M, we can impose a smallness condition
on A which guarantees that the eigenvalues ex have modulus strictly less than one, which
is equivalent to saying that M € M g).

Proposition 7.3 Suppose that Tmin < T < Tmax, 3 < Pmax, and that dist(r, FN) > 6,
for some constants 0 < Tmin < Tmax and Bmax, 0 > 0. Then there is a constant Ag > 0,
depending on Tmin, Tmax, Bmax, 0, as well as on the form factor g, s.t. if 0 < |A| < Ao, then

2.2

lew| <1- 21 <1, (7.21)

# = 0,%. In particular, M € Mg).
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End of proof of Theorem 7.1, given Proposition 7.3. Fix Tmin, Tmax, Omax and ¢, and
suppose that (7.12) holds. Denote by Q' the set of w for which dist(7(w), N) > §. Then
p(Q') # 0, and for each w € €', we have M (w) € Mgy, by Proposition 7.3. Consequently,
p(M(w) € M(g)) > p(©) > 0. O

Proof of Proposition 7.3. We impose conditions s.t. the three eigenvalues given in
(7.17), (7.18) have modulus strictly less than one. We have

)\2 2
leo < 1— 2T a, (7.22)
provided
AZ 2
leo] < 27 a. (7.23)

Next, since e_ is the complex conjugate of ey, it suffices to consider the latter. We write,
with obvious identifications in (7.18), e; = €*7[1 — x + iy + £,]. We have

ex] <L —a+iyl+lex] = VI— 20+ 22 + 2 + ey . (7.24)

Since 22 + y? is just the square of the modulus of the second order (A\?) contribution to the
eigenvalue e, it is easy to see that z2 + y? < \74||[W||*(1 + TO%T))Q. We now impose the
condition

2
22272 |W |t (1 + > < a, (7.25)

1
ro(T)

which implies that 22 + y? < z. Combining this latter inequality with (7.24) gives
ler| <V1—x+4lep] <1—2x/24 |eg]. (7.26)

Finally we impose the condition

)\27_2

—a, (7.27)

<zx/4=
le] <z/ 5

so that we get from (7.26)

)\27_2
8
This last bound, combined with (7.22), proves that (7.21) holds, provided the conditions
(7.27), (7.25) and (7.23) are imposed. Taking into account the bound (7.20), we see that a

sufficient condition for (7.27), (7.25) and (7.23) to hold is that

|€+‘<1—1’/4:1—

a. (7.28)

1+ A272|W |2 cosh(|A|7||W
+ AT [WE cosh(|Al7]] II)]<Q

96272 || W |4 cosh? (N TI|W ) |1 +
W] ([A[T[W 1) ro()

(7.29)
One may now use (7.15), (7.16), to find a constant )y, depending only on the parameters as
stated in the proposition, s.t. if |A| < Ao, then (7.29) holds. (Note that a, (7.19), does not
depend on [, and the minimum of «, taken over 7 > 0 varying in any compact set, must be
strictly positive.) This completes the proof of Proposition 7.3, and hence that of Theorem
7.1 O
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7.1 Proof of Theorem 1.6

Since E[M] € Mg (by Theorems 7.1 and 1.2), 1 is a simple eigenvalue of E[M]. Let 97
denote the unique vector invariant under E[M*], normalized as (%, s) = 1, where s is
given in (7.1). We have Py gy = [¢)s)(¥5|, and thus, by (3.14), 0 = ¢5. To calculate s,
we note first that for any w, M (w) is block-diagonal:

Lemma 7.4 Let Py = [0)(0| + |1)(1| be the spectral projection of Ls associated to {1}.
The operator M (w) leaves the subspace RanPy invariant. In the ordered orthonormal basis
{]0),]1)} of RanPFy, we have the representation

a_(w) —a_(w)

4
—op(w)  ay(w) O, (7.50)

PoM(w)Py = 1 — X?72(w)
where the ay(w) are given by (1.18) with 7(w) replaced by 19. The remainder term is
uniform in T varying in compact sets.

Proof of Lemma 7.4. As explained at the beginning of the proof of Theorem 7.1, only
even powers of the interaction are present in the Dyson series expansion for M, (7.13).
It follows from (7.10) and (7.14) that each term in the Dyson series (7.13) leaves RanP,
invariant; this is so because the operator o, shows up an even number of times, and 0,|0) =
|1) and o,|1) = |0). The calculation of the explicit form (7.30) is not hard. This concludes
the proof of Lemma 7.4 O

The expansion for M* and hence of E[M*] in powers of A follow directly from (7.30). One
then performs an expansion in powers of o and finds for the O(\?)-term:

N { o ] — 2A%E[0] { S ]

—a oy & &
2 2| - TN+ 2 3
—\*(E[o]) [ . ] + A“O(0”).

The following expansion of the invariant vector ¢5 follows:
* a4 _
= ———|0 0
wS a++a_’>®|>+a++a_

+280) S (o) @ [0) - 1) @ 1)

e

& —ay
Tolay + as)?

+E[£]W(m> 210) ~ 1) ® 1)) +O0(c*) +O0(\?).  (7.31)

+A(E[o])*(&- +&4) (10) ®0) — 1) @ 1))

Formula (1.17) now follows directly from (7.31) and (1.10). This concludes the proof of
Theorem 1.6. O
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