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ABSTRACT

Given a positive real Hermitian holomorphic line bundle L over a smooth real projective manifold X, the space
of real holomorphic sections of the bundle L? inherits for every d € N* a L?-scalar product which induces a Gaussian
measure. When X is a curve or a surface, we estimate the volume of the cone of real sections whose vanishing locus
contains many real components. In particular, the volume of the cone of maximal real sections decreases exponentially as
d grows to infinity.

Introduction

Let (X, ¢x) be a smooth real projective manifold of dimension n and (L, ¢,) S
(X, ¢x) be a real ample holomorphic line bundle. In particular, ¢x and ¢, are antiholo-
morphic involutions on X and L respectively, such that ¢x o m =7 o ¢, Let & be a real
Hermitian metric on (L, ¢;,) with positive curvature w. It induces a Kiahler structure on
(X, ¢x). For every nonnegative integer d, this metric induces a Hermitian metric 4% on L
and then a L>-Hermitian product on the complex vector space H(X, L?) of holomorphic
sections of L?. This product is defined by (o, 7) € H*(X, L) x H(X, L) (0, 7) =
fx h(o, T)dx € G, where dx = 0"/ fx " 1s the normalized volume induced by the Kahler
form. Let RH(X, 1Y) be the space of real sections {o € H(X, LY) | ¢, 00 = 0 0 ¢x} and
A Cc H(X, L) (resp. RA; € RH(X, %)) be the discriminant locus (resp. its real part),
that is the set of sections which do not vanish transversally. For every o € H*(X, L¢) \ {0},
denote by C, = o ~'(0) the vanishing locus of o and when o is real, by RC, its real part.
The divisor C, is smooth whenever o € RH(X, L) \ RA,. In this case, we denote by
bo(0) = by(RC,) the number of connected components of RC,, .

0.1. Real projective surfaces

When X is two-dimensional, we know from Harnack-Klein’s inequality [12], [14]
that 6y(RC,) < g(C,) + 1, where equality holds for the well-known maximal curves in-
volved in Hilbert’s sixteenth problem. Here, the genus g(C,) of these smooth curves C,
gets computed by the adjunction formula and equals g(C,) = %(a’QL2 —de) (X). L+ 2),
where ¢(X) denotes the first Chern class of the surface X. It grows quadratically
with respect to d. For every d € N* and a € Q, denote by M the open cone {o €
RH(X, L) \RA, | by(RC,) > g(C,) + 1 — ad}. There always exists a constant a € QL
such that this set M9 is non-empty for d large enough, see Theorem 5. The main purpose
of this article is to prove the following
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Theorem 1. — Let (X, ¢x) be a smooth real projective surface and (L, c1,) be a real Hermutian
holomorphic line bundle on X with positive curvature. Then, for every sequence d € N* + a(d) > 1 of
rationals, there exist constants C, D > 0, such that

VdeN*, (M%) < Ca(d)'e P,
where (MY denotes the Gaussian measure of M.

The Gaussian measure u on the Euclidian space (RH(X, 1Y), (, )) is defined by
the formula

1 2
VA CRH(X,LY), wn(A) = / M,
ﬁN{l A

where dx denotes the Lebesgue measure associated to ( , ) and N, the dimension of
RH’(X, LY). This Gaussian measure is a probability measure on RH’(X, L) which is

invariant under its isometry group.

Remark 1. — Likewise, the scalar product ( , ) induces a Fubini-Study volume
form on the linear system P(RH"(X, L¢)). The volume of the projection P(M) for this
form just coincides with the measure (M) computed in Theorem 1. Note also that the
choice of a scalar product on RH’(X, L9) is equivalent to the choice of a real embedding
®,: X — CPY~! up to composition by a real isometry of CPN¢~! | see Section 1.2. Our
choice of (, ) is such that this embedding is asymptotically an isometry, see [21].

When the sequence a(d) is bounded, Theorem 1 implies that the measure of the
set M;w decreases exponentially with the degree d. This exponential rarefaction holds
in particular for the maximal curves.

0.2. Real curves

When X 1s one-dimensional, we get the following result:
Theorem 2. — Let X be a closed smooth real curve and L. be a real Hermitian holomorphic line

bundle on X with positive curvature. Then, for every positive sequence (€ (d))qsen of rational numbers,
there exust constants C, D > 0 such that

VieN, upfo e RH'(X,L)\RA,, | #(c~'(0) NRX) > Vde(d)}

< Cﬁg—DGQ(d)
€(d)

bl

where W denotes the Gaussian measure of the space RH (X, L).
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0.3. Roots of polynomuals

When (X, ¢x) is the projective space of dimension n > 1 and (L, %, ¢) 1s the
degree one holomorphic line bundle equipped with its standard Fubini-Study metric,
the vector space RH’(X, L) gets isomorphic to the space Ry[Xj,...,X,] of poly-
nomials with n variables, real coefficients and degree at most 4. The scalar prod-
uct induced on Ry[X,,...,X,] by this isomorphism is the one turning the basis

(d+n)!
AT — T
Thus, the induced measure u on R,;[X,...,X,] is the Gaussian measure associated

to this basis. As a special case of Theorems 1 and 2, we get the following

d+n) L 'n) . (d+n) _
( (]. PARERE 0<ji - tjy<q O AN orthonormal one, where i) =

Corollary 1.

1. For every positive sequence (€ (d))qen+ of rational numbers, there exist positive constants C,
D such that the measure of the set of polynomials P € R [X] which have at least € (d)x/d
real roots ts bounded from above by C% exp(—De?(d)).

2. For every sequence d € N* + a(d) > 1 of rationals, there exist positive constants C, D
such that the measure of the set of polynomuals P € R,[X, Y] having at least %dQ —

da(d) connected components i their vanishing locus in R* is bounded from above by

Ca(d)d‘exp(—DF(fi) .

0.4. Strategy of the proof of Theorems 1 and 2

Every curve C, C X, o0 € RH(X, LY) \ {0}, defines a current of integration which
we renormalize by d, for its mass not to depend on d € N*. In order to prove Theorems
1 and 2, we first obtain large deviation estimates for the random variable defined by this
current, see Proposition 3. The expectation of this variable converges outside of RX to the
curvature form w of L. when & grows to infinity. These results thus go along the same lines
as the ones of Shiffman and Zelditch [17]. In particular, they make use of the asymptotic
isometry theorem of Tian [21] (see also [3], [4] and [23]), as well as smoothness results
[13] and behaviour close to the diagonal for the Bergman kernel [19], [2]. In order to
deduce from these results informations on the random variable 4,, we use the theory of
laminar currents introduced by Bedford, Lyubich and Smillie [1]. Indeed, we show as
a corollary of a theorem of de Thélin [5] that every current in the closure of the ones
arising from My (in particular every limit current of a sequence of real maximal curves)
1s weakly laminar outside of the real locus RX, see Theorem 4. As a consequence, these
currents remain in a compact set away from . At this point, our large deviation estimates
provide the exponential decay.

0.5. Description of the paper

In the first paragraph, we bound from above the Markov moments needed for
our large deviation estimates. In the second paragraph, we recall some elements of the
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theory of laminar currents in order to establish Theorem 4, that is laminarity outside of
the real locus of currents in the closure of the union of the sets M. We then get our
large deviation estimates. We prove Theorems | and 2 in the third paragraph, dealing
separately with the cases of bounded and unbounded sequences a. The last paragraph is
devoted to some final discussion on the existence of real maximal curves on general real
projective surfaces and on non-emptyness of sets M4, see Theorem 5, as well as on the
expectation of the current of integration on real divisors.

1. Moments on real linear systems of divisors

In this paragraph, we estimate from above some Markov moments closely related
to Poincaré-Lelong’s formula, see Section 2.3. The upshot is Corollary 2 which, together
with Poincaré-Lelong’s formula, leads to the proof of our large deviation estimates given
by Proposition 3. The latter provide the exponential decay in Theorems 1 and 2.

1.1. Case of projective spaces

Let Ogpi(1) be the degree one line bundle over CP* and ||. || be its standard Hermi-
tian metric with curvature the Fubini-Study Kahler form wgs. The sections o;([zp: - - - :

z2) =Vk+1z,1€{0, ..., k}, provide an orthonormal basis of RH(CP*, O¢p:(1)). For
every integer m > 1, set

M, :GPY — R

du(o),

Z (ad

1 lo ()]
B\

where dp denotes the Gaussian measure of the (£ + 1)-dimensional Euclidian space

RH°(CP*, Ogpi(1)).

RHO(CPF, Oy (1))

Proposition 1. — For every m > 1, the function Mgy, satisfies

Ve CP\RP, Ml ()< —""
@I

where T denotes the section of Ogpi(2) defined by T(z0, ..., 21) =28 + -+ + 2.

Remark 2. — The holomorphic section 7 in Proposition 1 is invariant under the
action of the group POy, (R) of real isometries of CP*. A slice of CP* for this action is
given by the interval I ={z, =[1:2:0:.--:0],0 <7 < 1}, where the end r = 0 (resp.
r = 1) corresponds to the orbit RP* (resp. 77!(0)) of this action.



EXPONENTIAL RAREFACTION OF REAL CURVES WITH MANY COMPONENTS 73

Proof of Proposition 1. — Both members of the inequality are invariants under the
action of PO, (R), so that it is enough to prove it for z in the fundamental domain I. Let
00, . .., 0; be the orthonormal basis of RH’(CP¥, Ogpi (1)) given by o:([z0: -+ : 2]) =

vk + 1z;. This basis induces the isometry
a= (d(), ey dk) S Rk_H = 0,= a0+ -+ a0} € RHO(CPk, Ocpk(l)).
By definition, for every a € R*! and z € CP,

| 9 lagzo + - - - + apz;|?
—— 1104k =
—— ol e

We deduce that for every 0 <7 <1 and m > 1,

[EACSIERYE
M, (z) = log (122
CPk(z) /1;k+1 Og( /f+ 1 M(d)
. ) m 7|a|2
:/ log |ag + wray | e daoda
R? 1 + 72 T

|cos@ + irsin@)?|" a pdpdd
T

1+ 72

log(p?) + log

00 2
-1
oo

0

since for every 0 <7 < 1 and every 6 € [0,27], ©* < cos*0 + 7 sin?0 = |cosf +
irsinf]? < 1. Hence,

1 2\ m 1)
Mep(2) = 2/ <—10g(§) ) e pdp + 2/ (log(ap)®)"e™" pdp,
0 1

m

" pdp,

. 142
log(p?)] +log( ! )

72

where

,  (1+7) 2
o = 9 = .
r L=zl

We now compute these two integrals. First,

1 0 2\ m , 1/a )
Qf (—log(—> > e’ pd,o:QaQ/ (—log p*)"e™™ " pdp
0 o 0

1
52062/ (—log p*)"pdp
0
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o0
2 m _—t : _ 2
= / t"e~'dt with t=—logp
0

B 2m!
L=zl

As for the second integral, we deduce from the estimate ,oe_'o2 <V /p? valid for every
p > 1, that

,1/p2

o0 ) o0 e
2 / (log(ap)®)"e " pdp <2 / (log(ap)g)’"po-
1 1

With ¢t = 1/p, the right hand side becomes 2 fol (— log(é)Q)’”e_t2 tdt < l_ﬁ’r"éz)u. ]

1.2. Asymptotic results in the general case

Let X be a closed real Kihler manifold of dimension z# and L be a real Hermitian
line bundle over X with positive curvature w. We denote by 4, the smallest integer such
that L/ is very ample for every d > d;, and by @, : X — P(H"(X, L/)*) the associated em-
bedding, where x € X is mapped to the set of linear forms that vanish on the hyperplane
{0 e H*X, LY) | 0(x) = 0}. The L*-Hermitian product of H’(X, L) induces a Fubini-
Study metric on the complex projective space P(H(X, L?)*) together with a Hermitian
metric |.|| on the bundle Opgox 1.4 (1). We denote by /g, the pullback of ||.|| on L7 un-
der the canonical isomorphism L? — & Opapox 1.4y (1). Recall that the latter is induced
by the isomorphism

(x, @) € L' > (Dy(x), @) € Oparox iy (1),
where @, : 0 € H'(X,LY) > (0, a), € C. In particular, the curvature form of hg, is
®wys, where wyg denotes the Fubini-Study form of P(H(X, LY)*). The quotient h?/hqg ;
of these metrics of L? is given by the function x € X Z?”l h(0:(x), 0,(x)), where

(o1, ...,0x,) stands for any orthonormal basis of H(X, LY. Let |l.llo, be the norm in-
duced by /Ag,. For every m € N*, we set

mnoaiX = R

(X,L9)
2 m
S llog (llo (2)115,)|" du(o),
RH[)(X,L‘I)
m —_ m
so that M(X’L,,) = MP(HO(X,L'I)*) o®d,.

Proposition 2. — Let X be a closed real Kdhler manyfold of dimension n and L. be a positive real
Hermitian line bundle over X. For every sequence (K ) sen+ of compact subsets of X \ RX such that the
sequence (d dist(K;, RX)?) jen+ grows to infinaty, the sequence || ||t || o D, |lcok,) converges to zero as
d grows to infinity, where T € RH(Opiyox 1.4+ (2)) s the section defined in Proposition 1. If K is a
fixed compact, the same holds _for any norm C?(K), ¢ € N.
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The L?-Hermitian product on H(X, L) induces a scalar product on RH’ (X, L)
and its dual RH’(X, LY)*. Let (, )¢ be the extension of this scalar product to a com-
plex bilinear product on H*(X, L)*. The section 7 of O2)pmox.1yy that appears in
Propositions 1 and 2 is the one induced by o* € H (X, LY)* > (0%, 0*)¢ € C.

Proof of Proposition 2. — Let D* € L* be the open unit disc bundle for the metric £
and dxdv the product measure on D*, where dx = @"/ [, " is the measure on the base
X of D* and dv is the Lebesgue measure on the fibres. Let L*(D*, C) be the space of
complex functions of class L? on D* for the measure dxdv and H? C L*(D*, C) be the
closed subspace of L* holomorphic functions on the interior of D*. Every function f € H>
has a unique expansion

fiv)eD > > g’ eC,

d=0

where for every d > 0, a, € H°(X, LY). The series Z;io a,(x)v? converges uniformly on
every compact subset of D* as well as in L?-norm. Let B be the Bergman kernel of D,
defined by the relation:

YO, w) eD*Vf e H:,  f(y, w) =/ F(x, v)B((x, v), (y, w))dxdv,
D*

where this function B : D* x D* — C is holomorphic in the first variable and antiholo-
morphic in the second one. Kerzman [13] proved that the Bergman kernel can be ex-
tended smoothly up to the boundary outside of the diagonal of D* x D*. Now, denote by
Di\rx = {(x, v) € D* | x € X\ RX}. The function

b:(x,v) € D;(\RX — B((x, v), cx(x,v)) € C

is holomorphic on DY, gy and can be extended smoothly on D\gy. For every d > 0 let
(0;.4)1<i<x, be an orthonormal basis of RH"(X, LY and

[d+1 __
€d =1 ——— i,dEHQ,
T

where 7, : (v, v) € D* = 0, 4(x)v? € C. The family (¢; 4);, forms a Hilbertian basis of
‘H?. Then,
V(X, U) € D;\RX’ b(xv U) = B((X, U), CLx (X, U))

oo Ny

= Z Z ¢.q(x, v)m

d=0 =1
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0 Ny
d+1
=3 S o 0v e ()
d=0 T =1

o N,/
d+1
= E — E afd(x)vM
d=0 i=1

since 0; 4 1s real, that is satisfies 0; 4, 0 cx = ¢1¢ 0 0; 4. Note that T 0 , = Zl | al d(x) and
from Tian’s asymptotic isometry theorem [21] (see also [4] and [23] ) [|.[le, < & 1.1l For
a fixed compact K, the result thus just follows from Cauchy formula applied to 4. In gen-
eral, we may substitute L with L7, K with K, and deduce the result from Proposition2.1
of [19] (see also [2]) since the sequence (dsup, i, dist(x, ex(%))%) gen+ grows to infinity as
d grows to infinity. U

Proposition 2 and Proposition 1 imply the following

Corollary 2. — Let X be a real Kéihler manmifold and L. be a real positive Hermitian line
bundle over X. For every sequence (K)sen of compact subsets of X \ RX such that the sequence
(d dist(K, RX)?) sen+ grows to infinity, there exists a positive constant cx such that as soon as LY is
very ample,

Vm e N*, supM < cgm!

XL —

Remark 3. — Actually, in Corollary 2, lim,-, » supy, 1\/1(X 1y =
tion 2 and even the exponential decay of the quantity supg || 7| o ®, are easy to establish
in some cases, including the following ones.

< 4m!. Also, Proposi-

Projective spaces. — When X = CP", ®, : CP" — CPY"! is equivariant with respect to
the groups of real isometries PO, (R) and POy, (R). Since 7 is invariant under these
actions, T o ®, has to be a multiple of the section t. Now ||t ||gp: = 1, so that T 0 &, = ¢
and supg ||t o @] = sup||T |. This was observed by Macdonald [15] in the case X =
C".

Ellipsoid quadrics. —  Assume now that X = {[xy : - -+ : x,41] € CP"T! | x(Q) =l -+x§+l}
is the ellipsoid quadric and L the restriction of Ogpi+1 (1) to X. Then, t o ®, is a multiple
of the hyperplane section x2?, since it is invariant under the group of isometries O, (R)
acting on the coordinates (xi, ..., x,+1). At a real point x = (xo, ..., %,41), [|T|| 0o Py =1
and

2
1 = il
2
[%0]? 4+ - 4 [%1 2




EXPONENTIAL RAREFACTION OF REAL CURVES WITH MANY COMPONENTS 77

1( X2 x%+---+x,3+l> 1

=5\ 2 2 2 2 =5
2 X0+"'+X”+1 x0+'“+xn+l

=5
_ 09d 24 _ 211\d
hence 7 o &, = 2°x" and sup [lo' || o D, = supx 2|51

The hyperboloid surface. —  Finally, if X = (CP] x CPy; Conj x Conj) is the hyperboloid
quadric surface and L = O(a)¢p! ® O(b)(:}g with a, b > 0, then 7 o ®, is POy (R) x
PO, (R)-invariant, hence a multiple of (z{ ® IQb)d where 1; = Tep! € O@) fori=1,2.
Computed at a real point, this multiple is one, so that T o ®, = (t{ ® 7)? and supg|lo || o
@, = (supgllT ® Tyl

2. Weakly laminar currents and large deviation estimates

This paragraph is devoted to two key ingredients of our proofs of Theorems 1
and 2. The first one is the large deviation estimates given by Proposition 3 which will
produce the exponential decay. The second one, of independent interest, is the weak
laminarity away from the real locus of limit currents of real maximal curves, see Theorem
4. To establish the latter, we first recollect some definitions and facts about weakly laminar
currents, among which Theorem 3 of de Thélin which plays a crucial role.

2.1. Weakly laminar currents

Let (X, w) be a smooth Kihler surface and ’21(21’1) be its space of closed positive
currents of type (1, 1) and mass 1.? = fXa) A w. Recall that by definition such a current
is a continuous linear form on the space of smooth two-forms that vanishes on forms of
type (2, 0) and (0, 2) as well as on the exact forms. Moreover, the mass (T, w) equals L
and T is positive once evaluated on a positive (1, 1)-form. In particular, T is of measure
type, that is continuous for the sup norm on two-forms. The space TL(QI’I), equipped with
the weak* topology, is a compact and convex space. For every d € N* and every o €
H(X, L) \ {0}, denote by Z, € 71(21’1) the current of integration

Zgzq’)eQQ(X)r—)l/ é €R,
dJe,

where C, = 07'(0). The following definition of weakly laminar currents was introduced
in [1].

Definition 1. — A positive current T of type (1, 1) is called weakly laminar in the
open set U C X iff there exist a family of embedded discs (D,),c4 in U together with a
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measure da on A, such that for every e and ¢ in A, D, N D, is open in D, and D,, and
such that for every smooth two-form ¢ with support in U,

o[ ([ )+

Examples.

(1) The current of integration over a complex curve in a complex manifold is
weakly laminar.

2) LetD={z€C||z| < 1} and D, = {(2,£,(2)) € D*, z€ D}, a € A, be a mea-
surable family of disjoint holomorphic graphs in the complex bidisk. Then, the
integral over A of the current of integration over D, is weakly laminar.

(3) Any current in a complex manifold locally modeled on the previous Example 2
is weakly laminar.

(4) The sum of the currents of integration over the three one-parameter families
of complex disks with boundary on the Clifford torus 4D x 3D C CP* is a
closed weakly laminar current, see [6] or [1]. Note that likewise, the preimage
under the moment map of any tropical curve lying in the moment polytope of
some toric surface, is the support of some closed weakly laminar current of this
surface.

(5) The integral over p € R of the current of integration over the disk of radius
p 1s weakly laminar.

Some of these examples actually carry stronger laminarity properties than the one
of Definition 1. Currents given by Example 3 are called uniformly laminar in [1] while
the current in Example 4 is called laminar and is not uniformly laminar. For a current
to be weakly laminar, the disks D, need not be disjoint whereas for it to be laminar, they
have to. Example 5 provides a weakly laminar current which is not laminar. A closed
current of finite mass having this property, modelled on Demailly’s Example 4, can be
found in [9]. On the other hand, Kahler forms provide closed positive currents which
are far from weakly laminar ones, as Lemma I shows.

Lemma 1. — Let w be a Kahler form on a complex surface X. Then w s nowhere weakly
laminar.

Proof. — Assume that there exists an open subset U of X and a measured family
(D,)wea of embedded discs in U given by Definition | such that for every two-form ¢
with compact support in U,

Jeono= ()
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For every two-form v defined and continuous on |, 4 D,, we denote by T\, the current

¢eQ§<U>HT¢(¢>=fA</ (‘/’aff)w)da.
ae D,

Then T, = w, since for every ¢ € Q2(U),

i (522 om (550 [ e

Let ¢ be the (1, 1)-form defined along |, 4 D, in such a way that for every a € A and
x € D,, T,D, lies in the kernel of ¥, and ¥, A @ = *. Then Ty = w, since

weston, o= ([ (#22)e) o= (5}
A \JD, w A \JD,

But v is integrable for both currents Ty, and T, and T, (/) = 0 while T, (/) = w?.
This contradicts the equality Ty, =T,,. UJ

The advantage for us to consider weakly laminar currents comes from the follow-
ing Theorem 3 of H. de Thélin, see [5].

Theorem 3 (de Thélin). — Let (C,),en be a sequence of smooth holomorphic curves in the
complex unit ball of dimension two, such that g(C,) = O(A(C,)), where g(C,) stands for the genus
of C,, and A(C,) for its area. If ﬁ[cn] converges to a current 'I' as n grows to ifinity, where [C,]
denotes the current of integration over C.,,, then T is weakly laminar.

Recall that the genus of C, in Theorem 3 is by definition the genus of the closed
surface obtained by capping a disk at every boundary component of C,. The rough ob-
servation behind Theorem 3 is that a curve G, of small genus in a conveniently chosen
complex bidisk D; x Dy defines a branched cover of D; with few ramification points. One
can then subdivide D, and remove from C, pieces which are not graphs over elements of
the subdivision. Taking the limit as #n grows to infinity, ones gets from Montel’s theorem a
laminar current. Then, refining the subdivision so that the diameter of its elements con-
verges to zero, one gets the result. Indeed, the mass of what has been removed converges
to zero in the limiting process, see [5].

2.2. Real maximal curves and laminarity

For every open subset U of X, denote by Lam(U) C TL(QH) the subset of closed
positive currents of mass L* which are weakly laminar on U. For all a € Q* , denote by

Z“ the closure of the union |, Z§ in TL(QI’I), where Z¢ denotes the image of the set

7=1{o e RH'X, L) \RA, | 5(RC,) = g(Cy) + 1 — ad)
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under the map o +— Z, € TL(;’I).

Theorem 4. — Let X be a closed real projective surface and L. be a positive real Hermatian line
bundle on X. Then, for every a € Q. , the inclusion Z° C Lam(X \ RX) holds.

In particular, every limit of a sequence of real maximal curves is weakly laminar
outside of the real locus of the manifold. The point in Theorem 4 is that curves in M
have small genus outside of the real locus RX, so that Theorem 4 quickly reduces to de
Thélin’s Theorem 3. For instance, smooth real maximal curves are just unions of two
genus zero curves with boundary on RX, exchanged by ¢x (see for example Proposi-

tion 6.3 of [22]).

Proof. — Every current of integration is weakly laminar so that we just have to
prove the result for T € Z\ |J,cn« Z5- Let T be such a current and (Z,,)sen+ be a
sequence of currents of integration which converges to T' as d grows to infinity. For every
d € N*, the genus of the complement C,, \ RC,, satisfies g(C,, \ RC,,) < ad. Indeed, its
Euler characteristic satisfies x (C,, \ RGC,,) = x(Cy,) — x (RCy,) =2 — 2g(C,,). Every
connected component of RG,, creates two ends of C,, \ RC,,, so that the number 7(C,, \
RC,,) of ends of the Riemann surface C,, \ RC,, equals 26,(RC,,). By definition, the
genus g(C,, \ RC,,) of this Riemann surface is given by the formula x (C,, \ RC,,) =
2by(C,, \ RC,,) — 2¢(C,, \ RC,,) — 7(C,, \ RC,,)), where 6,(C,, \ RC,,) denotes the
number of connected components of C,, \ RC,,. It is well known that the latter is at
most two, see for example Section 6 of [22], for such a component together with its image
under the involution ¢x compactifies as a closed irreducible component of C,,. Moreover,
by assumption, 7(C,, \ RC,,) = 26y(RC,,) > 2g(C,,) + 2 — 2ad. We deduce that g(C,, \
RC,) <2+ (g(Cy) — 1) 4+ (ad — 1 — g(Cy,)) < ad. Let B be a closed complex ball in
the complement X \ RX transversal to all curves G,,. Once more, the genus of C,, N B
is such that the formula x (C,, N B) = 24,(C,, N B) — 2¢(C,, N B) — r(C,, N B) holds,
that 1s, it is the genus of the closed surface obtained by capping a disk at each boundary
component of C,, N B. Since the genus of an orientable surface can only increase under
connected sums, we deduce that g(C,, NB) < g(CG,, \ RC,;,) < ad. Let A(C,, N B) be the
area of the restriction of G,, to B, so that A(C,, NB) < A(C,,) = a’fX ?. Without loss of
generality, we can assume that %A(C(7 , N B) converges to mp € [0, fX w?]. If mg =0, the
restriction of T to B vanishes. Otherwise, g(C,, N B) = O(A(C,, N B)), where the area
A(C,, NB) can be computed for the flat metric on the ball. Theorem 3 then implies that
1/mg'T'|g 1s weakly laminar. Hence the result. ]

2.3. Large deviation estimates

The aim of this paragraph is to establish Proposition 3 which provides an esti-
mate from above of the volume occupied by the sections o € RH’(X, L?) whose corre-
sponding current of integration Z, is far from the Kéhler form %CDZQ)FS. Recall indeed
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that from Poincaré-Lelong’s formula, the current 1 /(2: d)d9 log |lo (x) ||EI> , coincides with
é@jwps — 7. Note also that this Kihler form ldCDja)Fs turns out to coincide asymptoti-
cally with the average current of integration, see Proposition 5.

Proposition 3. — Let X be a real projective manifold of dimension n and L. an ample real

Hermatian line bundle over X. For every smooth (2n — 2)-form ¢ with compact support in X \ RX,
every d > dy, and every € > 0, the measure of the set
-]

1
{a eRH X, LY\ RA, | y

f logllo(x)13,09¢
X

is bounded from above by the quantity

26K¢ ( —ed >
cX = )
Vol(Ky) P\ 2185 1~ Vol(K,)

where K, can denote both the support of & or the support of 3¢, while cx , and dy, are defined in
Section 1.2.

Recall that X is equipped with the volume form dx = "/ fx ®". The norm
| 85(]) ll1~ and the volume Vol(Ky) are computed with respect to this volume form. Recall
also that N, denotes the dimension of RH’(X, L%). Note that a similar result has been
obtained by T'-C. Dinh and N. Sibony, see Corollary 7.4 of [7].

Proof. — We use Markov’s trick. For every A > 0,

/ logno—ufpdaw') > ¢,
X

> €d < exp <k

/logHallfDdaéd)
X

B 00 A
exp (A floguanédaaqs‘) =)~
X n=0 '

From Hélder’s inequality we get

flog(noni,,)aéas
X

m—1
< ‘log<noué)»’”dx( / \aaqswx)
x X

(19911 Vol (K,»))" / llog (llorl13,)[" dx.
X

where

m

/bgllfflliﬁ%
X

m

<
= Vol(K,)
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As a consequence, for every d > dy,, the measure 1 (¢) of our set satisfies

)\.Ed d(¢)</ exp <)\‘
RHO(X,LY)

f log [lo[13,33¢ ‘du(a))
X

o0

1 A"n m 1
< ol 2 Z 18967 Vol (Ky) | M
where M({ |, is defined in Section 1.2. Thanks to Corollary 2, the latter right hand side

s (L1886 |1 VoI(K,))", that is

n=

is bounded from above by o—=— \701(K¢> Z

CK¢

Vol(Ky) (1 = A[1986 |~ Vol(K,))

The result follows by choosing A = (2|| 30 |1 VOI(Ky)) . 0

3. Proof of Theorems 1 and 2

3.1. Proof of Theorem 2

Lemma 2. — Let X be a closed real one-dimensional Kéhler manifold. ‘There exist nonnegative
constants Ny, E1, Eo, Es, By and a family of smooth cutoff functions x,, : X — [0, 1] with support in
X\ RX, 0 < n < nq, such that for every 0 < n < n,

1. Ein < Vol(supp(3dx,))
2. Vol(X\ x; (1)) < Eon

3. 109 ), [~ < Es/n?
4. dist(supp(x,), RX) > E4n

Progf: — A neighborhood V of the real locus RX is the union of a finite number of
annuli isomorphicto A={z€ G| 1 —¢€ < |z] <1+ ¢€}. For every n > 0, choose yx, such
that x,(X\ V) = I and the restriction of x, to A only depends on the modulus of z € A.
That is, for every z € A, x,(2) = p,(|z] — 1), where p, is a function | — €, e[— [0, 1].
Let p : R — [0, 1] be an even function such that p(x) =1 if |x|] > 1 and p(x) =0 if
lx| < 1/2. For every n > 0, we set p,(x) = p(x/n). The family x,, 0 < n < € = nj satisfies
the required conditions. 0J

Proof of Theorem 2. — For every d € N*, denote by
M = {0 e RH (X, L)\ RA, | #(07'(0) NRX) > V/de(d)}.

For every o € ./\/l;(d), denote by Z, : ¢ € C'(X) 5 fco ¢ € R the associated discrete
measure, where C, =0 7'(0). Let (x,)0<y<y, be a family of real cutoff functions given by



EXPONENTIAL RAREFACTION OF REAL CURVES WITH MANY COMPONENTS 83

Lemma 2. By definition, for every 0 < n < ny and every o € ./\/l;(d),

d
ZJ’XU / Xn /w_ﬁ

where @ denotes the curvature of L. Without loss of generality, we can assume that when

d 1s large enough, e(d)/«/g < 1. We then set n, = e(d)/(QEQﬂfX ), where E, is given
()

by Lemma 2. From Lemma 2, we deduce that for every o € ./\/lf,(d), (W —"Zg, Xn,) > i

and then from Poincaré-Lelong formula that

— 21 | = D*wps — @
p FS

d

9 ax me(d)
XlogllU(x)||q>,,33XW > 7z
We know from Tian’s asymptotic isometry theorem [21] that 4 ||§CI>*a)FS — 0|1~ 18

bounded, so that for d large enough, the right hand side is greater than €(d)/ Vd. For
every d large enough, denote by K, the support of 90 x,,. Without loss of generality,

LOO

we can assume that €(d) grows to infinity as ¢ grows to infinity. By Lemma 2, so does
d dist(K;, RX)?. Proposition 3 and Lemma 2 then provide the result. UJ

3.2. Proof of Theorem 1 when a is a bounded function

Let a € Q7. We have to prove the existence of two positive constants G and D
such that u(M?4) < Ce ®?. From Theorem 4 we know that the compact Z* = ;.- 25
introduced in Section 2.1 is included in Lam(X \ RX), whereas from Lemma 1, o ¢

Lam(X \ RX). As a consequence, there exists a finite set (¢;);es of two-forms with
compact support in X \ RX such that VI' € Z*,3 € J, [(w — T, ¢;)| > 1. Moreover,

Poincaré-Lelong formula writes
1 1
Vd > dy, Yo e RH'(X, L) \ {0}, ﬁaalog lolly, = “iors = Zo,

where wys denotes the Fubini-Study form of P(H(X, LY))* defined in Section 1.1, and
Z, the current of integration defined in Section 2.1. From Tian’s asymptotic isometry
theorem [21] (see also [3], [4] and [23]), édDZa)FS converges to @ as d grows to 00. Thus,
there exists d; > d;, such that

1 -
Vd > d\,Yo e Mj,F €T, ‘<28810g||0||fbd, ¢,> > 27T.

From this relation and Proposition 3 we deduce

1
pMH <3 {o eRH'(X.L)\ (0} | -
jed

log|o||s,d0¢;
X

>2n}
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QCK#j JTd
f . eXp - = )
inf Vol(supp(¢;)) max;e 7 [|00¢;[r~ Vol(K)

where K C X'\ RX is a compact containing all supports of the ¢’s, j € J, and ¢k is given
by Corollary 2. Hence the result.

3.3. Proof of Theorem 1, general case

This paragraph is devoted to the proof of Theorem 1 in the general case. For
this purpose, we first establish some preliminary consequences of the estimates given by
Proposition 3.

3.3.1. Prelvminaries

We first prove in Corollaries 3 and 4 that for generic sections o € RH(X, L), the
curve C, 1s uniformly distributed in X \ RX. More precisely, given a relatively compact

open subset K of X \ RX, there exists a subset of RH’(X, L?) having exponentially de-
creasing size, such that for o away from this subset, the portion of C, in K corresponds
to the portion of K in X. We then prove in Lemma 4 a similar result for the genus of C,,.

Corollary 3. — Under the hypotheses of Proposition 3, let K be a relatively compact open
subset of X\ RX. Then, there exist constants Cx, Dg, Ax > 0 and, for every d > d,, a subset AdK C
RH"(X, LY) of measure bounded from above by Cce™ "% such that for every o € RH* (X, L) \ AY,
the volume A(C, N K) of C, N K satisfies A(C, NK) > Akd.

Proof. — Let 10{1 be a relatively compact open subset of K and x:X—=1[0,1] bea
smooth cutoff function with support in K such that xx, = 1. Applied to ¢ = x»""! and
e=m | k, @", Proposition 3 provides us with constants Cx and Dk such that the set

Al ={0}uU {a e RH(X, L) \ {0} | %

f log [l 13,03 (")
X

zn/ w”}
K

is of measure bounded from above by Cxe . From Poincaré-Lelong formula follows
that for every o € RH(X, LY) \ A,
1 / n
<= w".
2 Jk,

1 n—1 1 * n—1
7 X' — ZCIdeFSAxa)
- X

Now, from Tian’s asymptotic isometry theorem [21] (see also [3], [4] and [23]), icbja)Fs

converges to @ as d grows to 00, so that for d large enough, [, %CDZa)FS Axo" > le "
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As a consequence,

(n—1)!
d

1 1 1
AG, NK) = _/ X' Z/ —Dlwps A X"t — —/ w".
d CG’ X d 2 I{1

The left hand side being bounded from below by a constant (z — 1)!Ak, the result fol-
lows. 0

For every n € N* and p > 0, denote by B*(p) C C” the closed ball of radius p and
volume 7" p*"/n!. The standard Kihler form of G” is denoted by w.

Defination 2. — Let (X, w) be a Kahler manifold of dimension n. By abuse, we define
a ball of radius p of X to be the image of a holomorphic embedding v, : B*(p) — X
whose differential at the origin is isometric and which everywhere satisfies the inequalities
1/2wy < w;a) < 2wy.

Corollary 4. — Under the hypotheses of Proposition 3, let K bea relatively compact open subset
of X\ RX. Then, there exist constants Dg, Ay, A > O such that for every ball B of radius p > 0
included in K and every d > dy,, there exists a set .A% C RH(X, LY) of measure

2¢ "
A < —Kpf; ¢ Pxer’

such that for every o € RH (X, LY) \ A%, the volume of C, N B satisfies My dp* < A(C, NB) <
Akdp*.

Recall that the constant ¢k 1s given by Corollary 2, while 4, is defined in Sect. 1.2.

Proof. — Let x : G" — [0, 1] be a smooth cutoft function with support in the unit
ball and such that x~'(1) contains the ball of radius +/2/7. For any p > 0, let x, :
x € CG" = x(x/p) be the associated cutoff function with support in the ball of radius p.
Let ¥ : B— B*(p) C C" be a biholomorphism given by Definition 2, and B; = (x, o

Y)'(1). Let ¢ = (x, o ¥)w" !, Ky = supp(¢), and for every d > 4.,
Zn/ a)"}.
B,

Aj = {0} U {a e RH (X, LY\ {0} | %

/ log lloll5,80¢
X
From Proposition 3 follows that

92 —nd [, @"
HAD < e [ — J, »
Vol(Ky) 211836 |1 Vol(K,)
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1
(/ w”)Vol(K¢) = f "> — wy > 0"
X Ky 2" Sy

The metric on B is bounded from above and below by the flat metric, see Defini-
tion 2. The quotient fBl "/Vol(Ky) is thus bounded from below by a positive constant,

since ]Xp—l(l) wg/ fsupp(xp) w(;, does not depend on p. Likewise, ||85¢)||Loo 1s bounded from

above by a multiple of supg.(,, 100 x » A" /l]. The latter being of the order of 1/p?,
we deduce the existence of a positive constant Dk such that

where

(AL < 2(/ a)”) % exp(—Dg p’d).
X

But for every o € RH(X, L) \ A%, we have

1 1
‘— (Xp 0PI — / ;CDZwFs A (X 0 Yo"

d Je, X

1 f .
< - w".
2 Jp,
The term éfx O%wps A (X, 0 Y)w" ! is greater than

|
/ " +/ (Xp 0 ¥ — H (—CDZwFS — a)) A" !
B, B\B, d

From Tian’s asymptotic isometry theorem [21], %CDja)Fs converges to @ as d grows to
infinity. Together with Definition 2, this implies that for  large enough,

1
L / Orps A (xp 0 P = f o
d Jx B,

Vol(B).

Lo

and

(n 1)!A(C NB) > —1 f ( Vo' > : / "
o = o = .
d,OQn dan Co XP 2p2” B,

The right hand side being bounded from below by a positive constant, we deduce the
lower bound for A(C, N B). Likewise, we deduce that (n — 1)!/(dp*)A(C, N B) <
3/(2p™) [, ®". The right hand side being bounded from above by a positive constant,
we deduce the upper bound for A(C, N B) replacing B; by B in the proof. U

Lemma 3. — For every compact subset K of a n-dimensional Kahler manifold, there exist
constants rg._and ng. > O such that for every p > 0 small enough, K can be covered by ¢/ p*" balls of
radius p, in such a way that every point of K belongs to at most ng_balls.
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Proof. — The lattice Z*" acts by translations on G”. The orbit of the ball B*(/n)
under this action covers G" in such a way that every point belongs to a finite number of
balls. The images of this covering under homothetic transformations provides for every
p > 0 a covering of C" by balls of radius p such that every point belongs to a number of
balls bounded independently of p. Let (X, @) be a Kahler manifold. For every point x €
K, choose a holomorphic embedding ¢, : B — X, where B’ is a ball in C" independent
of x, $,(0) = x and ¢, is everywhere contracting. Let B C B’ be the ball of half radius.
We extract a finite subcovering ¢,(B), ..., ¢x(B) from the covering (¢,(B)).cx of K. For
every j € {1, ..., k} and every p € B, there exists an affine expanding map D), : C" — C"
that fixes p and such that ¢; o D, is an isometry at p. Then, there exists py > 0 such that
for every 0 < p < py and 1 <j < £, the restriction to B of the covering of C" by balls
of radius p satisfies the following: for every ball B,(p) of this covering centered at p € B,
we have D;(B/,(p)) C B, and ¢, o D;(Bﬁ(,o)) is a ball of radius p of (X, w). Since Dj) 18
expanding, D;(B/,(,o)) contains B,(p), so that the union of these balls of radius p covers
K. Moreover, the norm of D)), is uniformly bounded on B. Thus, there exists a constant

h > 1 such that D}(Bp(,o)) C B,(hp) for every p and j. From this and the construction of
our coverings of G", we deduce the existence of a constant ng > 0 independent of p such
that for every point x € K and every covering of K by balls of radius p obtained in this
way, x belongs to at most ng balls of the covering. Finally, the existence of 7x follows from
the construction of the covering of C" we used. U

Lemma 4. — Under the hypotheses of Theorem 1, let K bea relatively compact open subset
of X\ RX equipped with a covering by balls given by Lemma 3. Let ng be given by Lemma 3 and
x> 0, AL C RH(X, LY) be given by Corollary 3. Then for every d > di, and o € MED \ AL,
there is a ball B of the covering such that the genus g(C, N B) of C, N B satisfies g(C, N B) <
;—I‘l;a(a,’)A(C(T N B), where A(C, N B) denotes the area of C, N B.

Recall that the integer ¢, was defined in Section 1.2.

Proof. — By definition, the genus g(C, N B) is such that the Euler characteristic
x (G, N B) of this curve be given by the formula

x(Co NB) =2b,(C, NB) — 2g(C, NB) —r(C, NB)

where by(C, N B) (resp. 7(C, N B)) denotes the number of the connected components
of C, NB (resp. of 3(C, N B)). In particular, for every 0 € M?, g(C, NB) < g(Cy \
RC,) < a(d)d, as established in the proof of Theorem 4. Denote by (B;);cr the covering
of K. Since o ¢ A{, Corollary 3 implies that ) ., . A(C, NB;) > A(C, NK) > Axd. Now,
from Lemma 3 we conclude that

Y 4(Co NB) < nkg(C, \RC,) < nxa(d)d.
i€
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Hence the result. O

3.3.2. Proof of Theorem 1

From Section 3.2, we can assume that the sequence a(d) grows to infinity. For

every d € N*, we set p; = a(d) "%, Let K be a relatively compact open subset of X \ RX.
For every d large enough, we cover K by balls of radius p; as given by Lemma 3. This
cover contains at most g/ ,Oj = rga(d)* balls. From Corollary 4, there is a subset B of
RH’(X, L) satisfying

a(d)
and such that for every o € RH(X, LY) \ B? and every ball B of the cover,

w(BY) < 2/ w’cgrga(d)t exp (—DKL> ,
X

Ak <A(C, NB) <Ay

a(d)? a(d)?

Let AL € RH(X,L?) be the set given by Corollary 3. By Lemma 4, for every o €
RH’(X, LY) \ A%, there is a ball B, of our cover such that

gK%ﬂBA§§5M®A@aﬂm-
K

Without loss of generality, we can assume that B, = B*(p,) C C? and that the area of C,,
is computed with respect to the standard metric w, of G*. Denote by C, the image of
Co N B under the homothetic transformation with coefficient 1/p,, so that a(, C B*(1)
and g(C,) < ZA(C,).

Let '];(21 ’1)(B(1)) be the space of positive closed currents of bidegree (1, 1) on the
unit ball B*(1) with mass 72, and Z, € '];(21 l)(B(l)) the current of integration

2

Zo ¢ € QUVBH)) > Z, () = 9.

AC,) Jz,
We set

z'=| J{Zo. 0 e RH (X, L)\ AL} € TV (B(D)).

d>dy,

By Theorem 3, Z is contained in the space of weakly laminar currents of the unit ball
B*(1). In particular, from Lemma | we know that w, ¢ Z*. Since B*(1) is compact, Z* is

compact and there exists a finite number of two-forms (¢;),e.7 with compact support in
B*(1) such that

AL A2 ~
VAe[—%,—E],VTeZ“,HjGJ, (AT — o, ¢))| > 1.
T T
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Applying this inequality to T =7, and A = a(d)*A(C, N B)/72d, we get

a(d)’A(C, N B) 5—/ " /\a
dA((N](,) Co ! B(1) 0w

Denote by ¢; the pullback of (?5} under the homothetic transformation of coefficient 1/p,,
so that the support of ¢; lies in B*(p,). We get

1
‘;/ ¢./—/ wy A ¢
Co B (p,)

as long as o ¢ B“. Finally, since by Definition 2 a(d) fBg (w — wy) A ¢; converges to zero,
we deduce for d large enough the relation

> 1.

> 1/a(d),

VYo e RH'(X, L)\ (AL UBY), Fe J,

1
il Lene

Likewise, from Tian’s asymptotic isometry theorem [21], a(d) fX(a) — %CDja)FS) A ¢; con-
verges to zero as d grows to 00. Applying Proposition 3 to every ball of our cover and

> 1/a(d).

every ¢, j € J, with support in this ball, we finally obtain the existence of positive con-

stants C, D, such that /L(/\/lj(d)) < Ca(d)* exp(—Dﬁ .

4. Final remarks
4.1. Average current of integration
For every £ > 1, denote by
Egpi :CPF — R

2
z logllo (2)[I"du(o)
RHO(CPF,Op (1))

the expectation of the random variable o +> log ||o ||%.

Proposition 4. — For every k> 1 and z € CP* \ RP/,

k+1 <
Ecpt(2) :10g<T) +/ ¢ "log pdp +log(1 + /1 —|IT]1%(2)),

0

where T 1s the section introduced in Proposition 1.
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This result is very close to Lemma 2.5 of [15].

Proof. — As in the proof of Proposition 1 and using the notations of Remark 2, we
get for every 0 <7 < I:

lag + ira; | ¢lal?
L ) = 1 k+1 dayd
crt(2)) fRz 0g<( +1) I ——daoda,

/f+1 oo_ 1 2w
:10g<1+72>+/0 e plogpdp+2—n/0 log | cosf

+ irsinf|*do

k+1 o0
=1 _— ] d
°g<4<1+r2>>+/0 ¢ Tlogpdp

1 2 )
—i——/ log|6219(l+r)+l — 7]%d0.
2 J,

From Jensen formula, as soon as r > 0,

1—|—r2

1 —7r

1 2 . (
—/ log | (14 7) + 1 —7|°d8 =log |1 — r|* +log
27 J,

=log(1 +7)%

From this we deduce

k+1 o° 1 4+ 7)2
Ecpi(z,) = log(T) +/ ¢ "log pdp + log ((1 n Tz )
0

,
k+1 o0 ‘
=log(T) —I—/ ¢ "logpdp —i—log(l +1-— ||t||2(z)) ,

0

since ||7]|(z,) = |1(z)|/|2]> = (1 —1*)/(1 + 7*). The result follows from the invariance
of Egpt and || ]| under the action of PO, (R), see Remark 2. O

_ Corollary 5. — For every k > 1 and every real line D in CP*, the restriction of the current
Q%n 00Ecpt to D\ RD cowncides with the Fubini-Study form, while its restriction to the quadric {t = 0}
vanishes.

Proof. — Proposition 4 implies that the restriction of Egpt to the quadric {t =
0} is constant, so that the current d0Egp+ vanishes on this quadric. In the same way,
Proposition 4 implies that the restriction of ﬁaaECPk to D does not depend on 4. Thus,

we may assume k£ = | and D = CP'. Now, every 0 € RH(CP!, Ogpi (1)) does not vanish
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on CP'\ RP!, so that by definition
1 -
Vz e CP' \ RP', QTnaaECPk (2)

1 -
-/ —03log o (2)*dp(0)
RHO(CP!, O (1) 41T

- / s (D)
RHO (CP1 ’OCPI (1))

= wys(2). ]

Now, let LL be a real Hermitian line bundle with positive curvature on a smooth
real Kahler manifold X of dimension n > 1. For every d € N* and every (2n — 2)-form
¢ € 2**(X), we denote by

1
VARY: eRHO(X,L‘Z)\{O}HZ?:E/ R
Co

the associated random variable, where the space RH"(X, LY) is equipped with the L
Gaussian probability measure . We write

E, (2%) = f Z%du(o)
RHO(X, 1)

for the expectation of this random variable, and E;(Z) : ¢ € Q*(X) — E,(Z?) € R for
the associated closed positive (1, 1)-current.

Proposition 5. — Let L. be a real Hermitian line bundle with positive curvature on a smooth
closed real Kahler manifold X. Then, for every d > dj,,

1 * 1 *0n
Ed(Z) = ;CDda)FS — %cbdaaEp(H()(X’Ld)*).
Moreover, the restriction of this current to the complement of the real locus converges to w as d grows to
Recall that the embedding ®, : X — P(H’(X, LY)*), d > 4y, and the Fubini-Study

form wys of the projective space P(H?(X, LY)*) were introduced in Section 1.2.

Proof. — Poincaré-Lelong’s formula provides for every o € RH(X, 1Y) \ {0} the
relation

= 1
%8alogl|a|lfpd = ECDZQ)FS — ZJ.
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The first part of Proposition 5 is obtained by integration of this relation over RH" (X, LY).
Tian’s asymptotic isometry theorem [21] implies that é@;wps converges to the curvature
w of L. Proposition 2 combined with Proposition 4 imply that ﬁq);aéEp(HO(X’Ld)*) con-
verges to zero faster than every polynomial function in ¢, and even exponentially fast in
the cases covered by Remark 3 (compare with [15]). Hence the result. 0J

Note that when the chosen probability space is the whole complex space
H°(X, L), the expectation fHO X.L9) log |0 (2)||?du (o) is a function of z € CP* invariant

under the whole PU,,(C), thus is constant. Hence, E(Z‘é) = écbja)FS, see [17]. More-

over, Shiffman and Zelditch proved in [18] that the law of Z‘é converges to a normal
law as d grows to infinity, a result that was already obtained in dimension one in [20]. It
would be here of interest to understand in more details the convergence of the law of Z?.

4.2. Existence of real maximal curves

A smooth real algebraic curve C of genus g(C) is said to be maximal when the
number of components of its real locus coincides with g(C) + 1, the maximum allowed
by Harnack-Klein’s inequality [12], [14]. Our Theorem 1 implies, in particular, that if
L is a real ample Hermitian line bundle over a real projective surface X, the measure
of the set of real maximal curves linearly equivalent to LY decreases exponentially as
increases. When X = GP?, Harnack [12] proved that such maximal curves exist in any
degree. These curves were later involved in Hilbert’s sixteenth problem and quite studied
since that time. Nevertheless, such curves do not always exist. For instance, if X is the
product of two non maximal real curves, then for every ample real line bundle L over X
and every d € N*, the linear system RH’(X, L) contains no maximal curve.

However, every real closed symplectic manifold (X, w, ¢x) of dimension four with
rational form w supports, when d 1s large enough, symplectic real surfaces Poincaré dual
to dw and whose real locus contains at least ed components, where € depends on the
manifold (X, w, ¢x), see [11]. Applying Harnack’s method to these curves, we can prove
that there even always exist symplectic real surfaces whose real locus contains at least
€'d* connected components. For real projective surfaces, this method gives more, as was
pointed out to us by V. Kharlamov, see Theorem 5. For every ample real line bundle L
on a real projective surface X and every d € N*, denote by

m(LY) = sup by(RCy)

o eRHO(X,L)\RA,

the maximal number of connected components that a smooth real divisor linearly equiv-
alent to LY may contain. Likewise, denote by g(L7) = %([ZQL2 — dey (X)L + 2) the genus
of such a smooth divisor, so that Harnack-Klein’s inequality provides m(L¢) < g(L¢) + 1.
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Theorem 5. — Let C. be a smooth ample real divisor with non-empty real part on a smooth real
projective surface X, and L. be the associated line bundle. Then, as soon as d € N* s large enough,
m(LY) > g(LY) — 2dg(L) + O(1).

In particular, this Theorem 5 implies that there always exists a constant a € Q7
such that the set M introduced in Section 0.1 is non-empty for ¢ sufficiently large. From
Theorem 1, its volume decays exponentially as d grows to infinity.

Proof. — Let o be a real holomorphic section of L vanishing transversally along C.
From Riemann-Roch’s theorem, denoting by L|¢ the restriction of L to C, we know that
there exists dy € N such that for every d > d;, dimH’(C; L|é) = deg(Llé) + 1 —g),
since H'(C; L|é) = H(C; K¢ ®L|Ed) =0. Let then d > d; and x, be a set 0fdeg(L|dC) —
g(L) distinct points of C. There exists a non-zero section u,, of L|é vanishing along
x,. Moreover, from the short exact sequence of sheaves 0 — Ox (L - Ox(LY) —
OC(L|é) — 0 we deduce the exact sequence H(X; LY) — H%(C; L|é) — H'(X; L,
while from ampleness of L there exists ¢, > d such that for > 4, H' (X; L) =0.Asa
consequence, for every d > dy, the section u,, extends to a real section of L over X which
is still denoted by u,,. We now apply Harnack’s method [12]. Let us choose a connected
component of RC which we identify with R U {o00}. Let then o, = u, ., and for d > d,
0,=0 ® 0, + €4y,. We choose the sets of points x, C R C RC, d > d,, such that u,,
does not vanish on the intervals [infx, ,,supx, ;] and [infx,, ,supx, ]. Such a choice

is always possible by induction. Indeed, we may start with g(L.) + I sets of distinct points
1 g(L)+1

Xyseoos Xy with disjoint corresponding intervals [inf 121’ sup gfil], l <i<g)+ 1.
Then, we choose g(L)(g(L)) + 1) 4 1 sets of distinct points g}llH, ...,a_ffiflfl(g(m“)“ with

disjoint corresponding intervals away from the union | ' ([inf xy s supa TU My, =
0}). For every j € {1,...,g(L)(g(L) + 1) + 1}, there exists ¢ € {1, ..., g(L) + 1} such
that i does not vanish on [inf' gz] , sup EZIL since fb 4 has only g(LL) vanishing points
different from Q{AH. Then, there exists z € {1,...,g(L) + 1} such that the fiber /~!(z)
of themap f:je{l,...,g(L)(g(L) + 1)+ 1} = 4 € {l,...,g(LL) + 1} contains at least
g(L) + 1 elements. We choose x;, and continue our induction for d = d; + 1 with g(L) + 1
elements chosen in /7' (z). Now, choosing real numbers €, small enough with adequate

signs, we can ensure that the vanishing locus C,, 19 of 0,49 has deg(L|é‘+1 —gl) —1
real components near [infx, ., supx, ;] CRG, see Figure 1.

By induction, for every d > d; + 1, G, has deg(LI;é) — g(L) — I real components
near [infgj, supgj-] CRC, d, 4+ 1<) <d. We deduce that

d—1
Vd>di+1, h(RC,) =D (L —gL)—1)+O(1)

J=1

> %d(d — DL2—d(g(L) + 1) + O(1)
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Cdl+2 C

Fic. 1. — Harnack’s method

1 21 2 d 2 2
> §d L2 — 5(L + 12— X)L+4) +0()
1. (
> §(d2LZ—dcl(X)L)—d(Lz—cl(X)L+2)
+O(1)
and the result. ]

Note that the constant O(1) in Theorem 5 is actually quite explicit. Is the linear
term in this Theorem 5 optimal? That is, what is the best lower bound for the quan-
tity limsup,_, o }I(m(Ld) — %dQLQ)? The same questions holds within the realm of four-
dimensional real symplectic manifolds. Recall that the real symplectic surfaces built in
[11] are obtained via Donaldson’s method [8], so that their current of integration con-
verges to w as d grows to infinity. Theorem 4 provides an obstruction to get real maximal
curves using this method (Donaldson’s quantitative transversality gives another one, as
observed in [11]). This phenomenon was in fact the starting point of our work.

This work raises several questions. It is known [10] that the expectation of the
number of real roots of a real polynomial in one variable is 4/z2. What is the expected
value of b)(RC,) in dimension two? How to improve Theorem 1 to get decays till this
expectation, as in Theorem 2? What happens for values below this expectation? Note
that for spherical harmonics on the two-dimensional sphere, such kinds of results have
been obtained in [16]. More generally, what is the asymptotic law of the random variable
by? What happens in higher dimensions?
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