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Introduction

La notion de catégorie triangulée a été introduite par Verdier et Grothendieck dans
les années 60 (cf. [Ver96]). Leur but était d’axiomatiser certaines propriétés des catégories
dérivées. A partir des années 80, ces catégories ont beaucoup été étudiées en théorie des
représentations, notamment par D. Happel, C. Riedtmann, M. Broué et J. Rickard. Voici
une liste des principales catégories utilisées en théorie des représentations (nous travaillons
sur un corps k algébriquement clos) :

— la catégorie stable Mod A des A-modules a droite sur une k-algebre auto-injective ;

— la catégorie dérivée bornée D’(mod A) des modules de type fini sur une k-algebre

de dimension finie;

— la catégorie stable CM(R) des modules de Cohen-Macaulay sur une singularité

isolée R;

— certaines catégories d’orbites de catégories triangulées.

Décrivons plus en détail cette derniere classe. Si A est une k-algebre de dimension finie,
et ® une auto-équivalence (algébrique) de la catégorie dérivée bornée D’(mod A) des
A-modules (a droite) de dimension finie, alors on peut construire la catégorie d’orbites
D’(mod A)/® : les objets sont les mémes que ceux de la catégorie D°(mod A) tandis que
I’espace des morphismes entre X et Y est de la forme

@B Hompe 4 (X, @"Y').

neL

B. Keller a montré le théoreme essentiel suivant dans [Kel05] :

Théoréme 0.1 (Keller). Soit A une k-algébre de dimension finie et & =7 éA X une
auto-équivalence algébrique de D°(mod A). Supposons que
— la catégorie D*(mod A) est équivalente a une catégorie de la forme D°(H) ou H est
une catégorie héréditaire,
— pour tout indécomposable X de H, il n’y a qu’un nombre fini d’entiers n tels que
O"(X) appartient a 'H.
— 1l existe un entier N > 0 tel que l’orbite sous ® de tout objet indécomposable de
Db(mod A) contient un objet Uln], ot 0 < n < N et U appartient a H.
Alors la catégorie d’orbites est triangulée.
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Appelons acyclique un carquois sans cycle orienté. Alors le théoreme implique en
particulier que la catégorie amassée Cg associée a un carquois acyclique () est triangulée.

Ce travail de these se compose de deux parties indépendantes. Le but de la premiere
(chapitre 2) est la classification des catégories triangulées k-linéaires n’ayant qu’un nombre
fini d’indécomposables (et vérifiant certaines conditions supplémentaires). Dans la deuxieme
(chapitres 4, 5, 6 et 7), le but est de généraliser la construction de catégories amassées
en partant non plus d’un carquois acyclique mais d'une algebre de dimension finie et de
dimension globale 2. Le chapitre 1 est dédié a des préliminaires sur les notions de base
utilisées dans cette these.

Premiere partie

Dans cette partie (correspondant au chapitre 2 de la these) on classifie, dans une large
mesure, les petites catégories triangulées k-linéaires 7 (ou k est un corps algébriquement
clos) vérifiant la propriété de Krull-Schmidt et les conditions de finitude :

a) T est Hom-finie, i.e. les espaces de morphismes sont de dimension finie sur k.

b) T est localement finie, i.e. pour tout objet X indécomposable de 7, il existe
un nombre fini de classes d’isomorphisme d’objets indécomposables Y tels que 1’espace
Hom7(X,Y) est non nul.

Il est montré dans [XZ05] que la condition b) implique son dual. On dira que 7 est
additivement finie si le nombre de classes d’isomorphisme d’indécomposables est fini.
Notons que si la catégorie 7 est additivement finie, elle est localement finie.

Ces conditions peuvent paraitre tres restrictives, mais beaucoup de catégories cons-
truites de manieres tres différentes rentrent dans cette description. En particulier, on
retrouve des catégories de tous les types décrits ci-dessus :

— Si A est une k-algebre auto-injective de dimension finie et de représentation finie,
la catégorie mod A vérifie toutes les hypotheses. Dans [Rie80al, [Rie80b], [Rie83b]
et [Rie83al, C. Riedtmann a classifié ces algebres et décrit la structure k-linéaire de
leur catégorie de modules stables.

— Dans [Hap87], D. Happel a montré que la catégorie dérivée bornée D°(kQ) (ot Q
est un carquois connexe et acyclique) est localement finie si et seulement si @ est
un carquois de Dynkin, c’est-a-dire que le graphe sous-jacent a () est un diagramme
de Dynkin simplement lacé.

— Grace a ce résultat, il est facile de voir que la catégorie amassée Cg associée a un
carquois connexe acyclique () est additivement finie si et seulement si () est un
carquois de Dynkin.

— Si R est une singularité isolée de dimension 1, M. Auslander et I. Reiten ont montré
dans [ARS6] que la catégorie stable des modules de Cohen-Macaulay est additive-
ment finie, et ont calculé son carquois d’Auslander-Reiten.
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Carquois d’Auslander-Reiten

La stratégie pour classifier les catégories 7 vérifiant les hypotheses de finitude com-
porte comme premiere étape le calcul d'un invariant important : le carquois d’Auslander-
Reiten de T. Rappelons d’abord quelques résultats sur les exemples précédents :

Le théoréeme suivant de D. Happel (cf. [Hap87]) donne une description explicite du
carquois d’Auslander-Reiten de la catégorie dérivée D°(kQ), ot Q est un carquois de
Dynkin.

Théoréme 0.2 (Happel). Soit Q un carquois de Dynkin. Alors le carquois d’Auslander-
Reiten de la catégorie dérivée D*(kQ) est le carquois de répétition Z.Q, muni de la trans-
lation canonique.

FExemple. Soit @) le carquois suivant 1 2 3 4 . Le carquois d’Auslander-
Reiten de la catégorie Db(kQ) a alors la forme suivante :

NI 2 1] s [1
..... 4[ / \ /1\ / \ / \ / \
3 \ / \/ \ / \31]/ \4[1]/
__________ VAV NS NN

Chaque module est ici représenté par sa filtration radicale. Le module % a une tete iso-

morphe au module simple S5 associé au sommet 3, la téte de son radical est S,, et son
socle est 9.

Utilisant ce dernier théoreme, A. Buan, R. Marsh, M. Reineke, I. Reiten et G. Todorov
ont determiné dans [BMRT06] la structure du carquois d’Auslander-Reiten d’une catégorie
d’orbites de la forme D°(kQ)/®, ot Q est un carquois de Dynkin.

Théoréme 0.3 (Buan-Marsh-Reineke-Reiten-Todorov). Soit Q) un carquois de Dynkin, et
® une auto-équivalence d’ordre infini de la catégorie D*(kQ). Alors le carquois d’Auslander-
Reiten de la catégorie D*(kQ)/® est de la forme ZQ/p, ot ¢ est l'automorphisme de
carquois a translation de Z() correspondant a l’auto-équivalence ®.

FExemple. Soit Q) le carquois précédent 1 2 3 4 . Alors la catégorie amassée
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Cq a pour carquois d’Auslander-Reiten :

i[-1
/\/\/\/

[
\ / \/ \ / \A[]NE“[—U
1/ \/ \/ \ / o

[ ~

Ll VI TN

Les bords droit et gauche de ce carquois sont identifiés. On obtient ainsi un “ruban de
Mobius”.
FExemple. Soit A 'algebre préprojective de type Ay, c’est-a-dire l'algebre définie par le
carquois :

a b c
A 4 A o
17 27 >3 =4
a* b* c*

et par les relations
a'a=0, aa"+bb=0, bb*"+c'c=0 et cc"=0.

La figure 1 présente le carquois de la catégorie mod A. Les modules projectifs-injectifs sont
entourés en rouge. On voit alors que la catégorie stable mod A a le méme carquois que la
catégorie amassée associée au carquois Dg.
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F1G. 1 — Carquois d’Auslander-Reiten de la catégorie mod A(Ay)

2 1 4
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N 4/ N , 7 L N 7 N 7
173 2 4 173
2 173 3 4
\ A N e
3 2
274 173
173 274
2 3

|



14 Introduction

Exemple. Soit R la singularité isolée k{z, y}/(z*y+y*) de dimension 1, ol k{z, y} désigne
I'anneau des séries formelles. Alors le carquois d’Auslander-Reiten de CM(R) a la forme
suivante (cf. [Yos90], Exemple 9.11) :

A
N M
X—N
-
R

Les pointillés représentent la translation d’Auslander-Reiten qui, dans ce cas, est d’ordre
2. L’unique module de Cohen-Macaulay projectif est le module R. Il est alors facile de
voir que ce carquois muni de la translation est isomorphe au quotient de ZA; par I'auto-
morphisme envoyant le domaine fondamental e sur le domaine fondamental o.

X/

\V/4

N\ AN AN NS
AN N AN AN
NN AN AN
../\./.\./o\/\.
LN NSNS
NN N

Dans le deuxieme chapitre de cette these, section 2.4, on donne une autre preuve du
résultat suivant du a J. Xiao et B. Zhu [XZ05], ot contrairement & eux, on ne traite pas
a part le cas ou le carquois d’Auslander-Reiten comporte une boucle.

Théoréme (Xiao-Zhu). (Théoréme 2.9) Soit T une catégorie triangulée de Krull-Schmidt
localement finie. Soit I' une composante connexe de son carquois d’Auslander-Reiten.
Alors il existe un arbre de Dynkin Q) de type A, D ou E, et un automorphisme ¢
d’ordre infini (ou trivial) de ZQ, tel qu’on ait un isomorphisme de carquois a transla-

tion §: T ——=7ZQ/¢ .

Dans cette these, la preuve consiste d’abord a démontrer 'existence d’un foncteur
de Serre dans la catégorie 7 (section 2.1), c’est-a-dire d’une auto-équivalence v et d’un
isomorphisme bifonctoriel :

Nxy - HomT(X, Y) = DHomT(Y, I/X)

o D = Homy(7, k) est la dualité par rapport au corps de base. Ceci revient a démontrer
I'existence de triangles d’Auslander-Reiten. Puis il est possible de construire une fonction
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sous-additive sur le carquois d’Auslander-Reiten et d’utiliser des résultats de combinatoire
de D. Happel, U. Preiser et C. M. Ringel (cf. [HPR80a], [HPR80b]) pour conclure sur la
structure de I'z (sections 2.2, 2.3 et 2.4).

Etant donné un carquois a translation de la forme ZA /¢, il existe une catégorie trian-
gulée admettant ce carquois comme carquois d’Auslander-Reiten : la catégorie d’orbites
D(kA)/®. La question naturelle qui se pose donc est la suivante :

Si T est une catégorie triangulée localement finie dont le carquois d’Auslander-Reiten
de la forme Z.Q/p, peut-on construire une équivalence entre T et D°(mod kQ)/® ?

Si on distingue le cas d’équivalence seulement k-linéaire (on dira dans ce cas que la
catégorie T est standard), du cas plus fort d'une équivalence triangulée, cette question se
divise en réalité en deux.

Equivalence k-linéaire

Pour construire une équivalence k-linéaire entre 7 et la catégorie d’orbites D*(kQ)/®,
le plus simple est d’utiliser la propriété universelle de la catégorie k-linéaire sous-jacente
a la catégorie d’orbites. Il faut donc construire un foncteur de revétement :

F:D(modkQ) —T
)

P

et un isomorphisme de foncteurs entre F' et F' o . Suivant la méthode de C. Riedtmann
dans [Rie80al, il est facile de construire un foncteur de revétement (section 2.5), avec donc
pour corollaire immédiat (Corollaire 2.11) que si le carquois I' est isomorphe & Z(@), alors
la catégorie 7 est standard et donc k-linéairement équivalente & Db(kQ).

Ensuite, on montre qu’il est possible de construire un isomorphisme de foncteurs entre
F et F o ® sila catégorie est “suffisamment grande” et on obtient le théoréme suivant :

Théoréme. (c¢f. Théorémes 2.12 et 2.13) Soit T wune catégorie triangulée de Krull-
Schmidt localement finie de carquois d’Auslander-Reiten Z.Q/p. Alors T est standard,
i.e. k-linéairement équivalente & D°(modkQ)/® ou ® est I'équivalence de D°(modkQ)
induite par o, si on est dans un des deuzr cas suivants :
— le carquois Q) est de type A, et ¢ est une puissance de la translation d’Auslander-
Reiten ;
— le nombre de classes d’isomorphisme d’indécomposables de la catégorie T est supérieur
au nombre d’indécomposables de la catégorie mod k().

En particulier, si 7 est maximale d-Calabi-Yau avec d > 2, alors 7 est k-linéairement
équivalente & la catégorie d-amassée C3 (Corollaire 2.14).
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Néanmoins en utilisant les travaux de J. Biatkowski, K. Erdmann, et A. Skowronski
[BESO7], il est possible de trouver des catégories 1-Calabi-Yau non standard. Ceci est
traité a la fin du deuxieme chapitre (section 2.8). On montre le théoreme suivant :

Théoréme. (Théoréme 2.21) Soit P une catégorie k-linéaire munie d’une auto-équivalence
S, telle que mod P soit une catégorie de Frobenius. Supposons qu’il existe une suite exacte
de foncteurs exacts de modP dans modP :

0 Id X0 Xt X? S 0

ot les X* sont a valeurs dans projP, et ou S est le foncteur de modP induit par S. Alors
la catégorie P a une structure naturelle de catégorie triangulée avec foncteur suspension

S.

Ce théoreme nous permet de montrer que les catégories des modules projectifs de di-
mension finie sur des algebres préprojectives déformées de type Dynkin généralisé ont
une structure de catégorie triangulée (Corollaire 2.24). Puis en utilisant les résultats
de J. Biatkowski, K. Erdmann, et A. Skowronski (cf.[BES07]), on montre 'existence de
catégories triangulées non standard en caractéristique 2.

Le chapitre 3 de cette these est un appendice dans lequel il est montré (Théoreme 3.1)
que la structure naturelle triangulée des complexes parfaits per A sur une dg-algebre A
provient d’une suite exacte comme dans le théoreme 2.21.

Equivalence triangulée

Montrer qu'une catégorie triangulée est triangle-équivalente a une catégorie d’orbites
est beaucoup plus complexe. On ne peut parvenir a une réponse partielle qu’en rajou-
tant une hypothese supplémentaire sur la structure triangulée. Nous supposons que la
structure triangulée de 7 est algébrique, c’est-a-dire que 7 est la catégorie stable d’une
catégorie de Frobenius, ou de maniere équivalente qu’elle admet un renforcement en une
catégorie différentielle graduée (dg) (cf. [Kel06]). Notons que toutes les catégories citées
en exemple comme étant des catégories triangulées utilisées en théorie des représentations
sont algébriques.

Supposons donc que 7 est une catégorie algébrique de la forme perB, ou B est une
dg-catégorie. Alors pour construire une équivalence algébrique entre 7 et D?(kQ)/®, on

L

® est un foncteur algébrique de la forme ? ®iq Y, on doit construire un foncteur de
L

revétement algébrique F =7 ®o X et un isomorphisme dans D(kQ ® B) entre Y ®po X

et X. Nous parvenons alors au résultat suivant :

Théoréeme. (Théoréme 2.16) Toutes les catégories triangulées localement finies standard
conneres et algébriques sont des catégories d’orbites de la forme D*(kQ)/®, ot Q est un
carquois de Dynkin, et ot ® est une auto-équivalence d’ordre infini de D°(kQ).
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Ces résultats s’appliquent en particulier a de nombreuses catégories stables mod A
d’algebres autoinjectives de représentation finie. Ces algebres ont été classifiées a équivalence
stable pres par C. Riedtmann dans [Rie80b] et [Rie83b] et par H. Asashiba dans [Asa99].
Dans [BS06], J. Biatkowski et A. Skowronski donnent une une condition nécessaire et suffi-
sante sur ces algebres pour que leur catégorie stable mod A soit Calabi-Yau. Dans [HJ06a]
et [HJO6b] T. Holm et P. Jorgensen prouvent que certaines catégories stables mod A sont
en fait des catégories d-amassées en utilisant le théoreme 2.16.

Deuxieme partie

Dans la deuxieme partie de cette these, correspondant aux chapitres 3, 4, 5 et 6, nous
nous intéressons a généraliser la construction des catégories amassées.

Définition 0.4. [BMR106] Soit k un corps algébriquement clos. Soit () un carquois
fini connexe acyclique. Notons v le foncteur de Serre de la catégorie dérivée bornée
Db(mod kQ) des kQ-modules & droite de dimension finie et [1] son foncteur suspension.
Alors la catégorie amassée est la catégorie d’orbites D?(mod kQ)/v[—2].

Notons qu'une autre définition a été donnée indépendamment par [CCS06] pour le cas
ol le carquois () est de type A,,.

Ces catégories ont été introduites dans le but de “catégorifier” les algebres amassées,
inventées par S. Fomin et A. Zelevinski en 2000 (cf. [FZ02], [FZ03],[FZ07]) I'objectif étant
de mieux en comprendre la combinatoire. De trés nombreux articles ([MRZ03], [BMR™06],
[CK08],[CC06],[BMRO07], [BMRO08], [BMRTO07],[CK06]) traitent du probleme de catégori-
fication d’algebres amassées par des catégories amassées associée a un carquois acyclique.

Un autre point de vue de la théorie consiste a catégorifier des algebres amassées par des
sous-catégories de modules d'une algebre préprojective associée a un carquois acyclique
(cf. [GLS07al, [GLS06a], [GLS06b], [GLS07b], [BIRS07]).

Dans ces deux cadres, les catégories 7 étudiées vérifient les propriétés-clés suivantes :

— la propriété 2-Calabi- Yau, i.e. il existe un isomorphisme

Hom7(X,Y) —= DHom7(Y, X[2])

bifonctoriel en les objets X et Y de 7 ;

— l'existence d’objets amas-basculants, ¢c’est-a-dire d’objets basiques tels que pour tout
objet X, I'espace Exty (T, X) s’annule si et seulement si X appartient & add(T), la
plus petite sous-catégorie de 7 contenant T et stable par facteurs directs.

Des catégories vérifiant ces propriétés ont donc été étudiées de maniere plus générale (cf.
[IY06],[KR06], [KROT7], [Kel08a], [Pal], [Tab07]). Dans [IY06] O. Iyama et Y. Yoshino ont
montré en particulier que dans une catégorie triangulée ayant ces deux propriétés, il existe
une “mutation”; concept essentiel a la catégorification.
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Le but de cette partie est de construire une “catégorie amassée” vérifiant ces deux
propriétés en partant non plus d’une algebre héréditaire k() mais d’une algebre de dimen-
sion globale 2, de dimension finie. Le candidat naturel pour cette catégorie est donc la
catégorie d’orbites

D’(mod A) /v[—2]
ot v désigne le foncteur de Serre de D’(mod A). Mais on ne peut conclure sur la structure
triangulée de cette catégorie d’orbites que dans le cas ou on a une équivalence dérivée
entre mod A et une catégorie héréditaire H en utilisant le théoreme 0.1 de B. Keller.
D’apres la classification de D. Happel et 1. Reiten (cf.[HR02] [Hap01]), ceci se produit si
et seulement si A est équivalente par dérivation a une algebre héréditaire ou a une algebre
canonique. On se trouve donc dans un des deux cas suivants :

— Soit A 'algebre des endomorphismes d’un module basculant 7" d’une algebre héréditaire

kQ. Alors A est de dimension globale < 2. De plus, d’aprés D. Happel [Hap88], on
a une équivalence de catégories

RHOka(?,T)

D’ (mod kQ) Db(mod A) .

Donc d’aprés le théoreme 0.1, la catégorie d’orbites D°(mod A) /v4[—2] est triangulée
et équivalente a la catégorie amassée Cg.

— Dans [Rin84|, C. M. Ringel a introduit les algebres canoniques A(p, A), dépendant
d’une suite de poids p = (p1,...,p:) d’entiers positifs et d’une suite de parametres
A= (As,...,\) dans k deux & deux distincts. Plus précisément I’algebre A(p, \) est
définie par le carquois :

o —0 o —0
a2
ail e —> o eo—eo Aalpy
/21 a2pg
[ : [
atl
Atpy
a2

et les t — 3 relations suivantes :
pour tout ¢ = 3, Ce ,t Aip; * « - A2A41 = A2py * * * Q22021 — /\ialpl RRNADIANE

Cette algebre est de dimension globale 2. W. Geigle et H. Lenzing ont montré dans
[GL] I’équivalence entre les catégories D°(mod A(p, \)) et D’(cohX) ou X est la
droite projective pondérée X(p, A). La catégorie des faisceaux cohérents coh(X) est
une catégorie héréditaire, donc la encore le théoreme 0.1 s’applique, et la catégorie
d’orbites D°(mod A(p, \))/va[—2] est triangulée.
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Construction de la catégorie amassée et propriété 2-CY

Mais pour une algebre A de dimension globale < 2 quelconque, la catégorie d’orbites
DP(mod A) /v4[—2] n’est pas triangulée. Il semble donc judicieux de prendre son enveloppe
triangulée calculée par B. Keller dans [Kel05] (Théoreme 2). Ceci nous amene a poser la
définition suivante :

Définition. Soit A une k-algebre de dimension globale 2. Posons B = A & DA[-3]
I'algebre différentielle graduée, ot DA est le A-A-bimodule Homy (A, k). Alors on définit
la catégorie amassée Cy associée a A comme la sous-catégorie épaisse engendrée par A
dans le quotient :

Cl =D"B)/perB

ol D°(B) est la catégorie dérivée des dg-B-modules dont 1’homologie est de dimension
totale finie, et olt per B est la sous-catégorie épaisse engendrée par B dans D°(B).

La catégorie quotient C} n’est pas Hom-finie en général, ce qui pose donc un probleme
si on veut montrer que C4 est 2-Calabi-Yau. En revanche, il existe une forme bilinéaire
bifonctorielle non-dégénérée [ :

ﬁNX : HomD(N, X) X HomD(X,N[S]) — k

pour tout N dans per B et pour tout X dans D°(B). Ceci nous permet (chapitre 4, section
1) de construire une forme bilinéaire bifonctorielle 5’

By : Home(X,Y) x Home (Y, X[2]) — &

pour tous X et Y objets de C}. Cette forme (3’ sera non dégénérée (chapitre 4, sections
2 et 3) si les objets de D’B sont “limites” d’objets de per B. En particulier on obtient le
corollaire suivant :

Corollaire. (Corollaire 4.4) Soit A une k-algebre de dimension finie et de dimension glo-
bale < 2. Supposons que le foncteur Torf(?, DA) est nilpotent. Alors la catégorie amassée
Ca est Hom-finie et 2-Calabi- Yau.

Je remercie R. Rouquier de m’avoir informée que ces résultats ont été obtenus de facon
indépendante, sous une forme beaucoup plus forte, dans la prépublication en préparation

(CR.

Objet amas-basculant

Le but est maintenant de trouver un objet amas-basculant dans cette catégorie 2-
Calabi-Yau. Il y a un candidat canonique qui est 'algebre A elle-méme, de méme que
I'algebre k() vue comme objet dans la catégorie amassée Cg est un objet amas-basculant.
Cet objet A est en effet rigide (Proposition 5.4.1). Et de plus, si le foncteur Tors (?, DA)
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est nilpotent, 'objet A est amas-basculant dans la catégorie d’orbites D°(mod A)/v4[—2]
(Proposition 5.4.2). De maniére plus précise, si X est un objet de D°(mod A)/v4[—2]
tel que Ext;(T, X) est nul, alors X est dans add(A) la sous-catégorie de C4 des facteurs
directs de somme directes de A. Au chapitre 7, nous montrerons par d’autres méthodes un
résultat plus fort : 'objet A est amas-basculant dans la catégorie amassée toute entiere.
On peut calculer l'algebre des endomorphismes de cet objet A dans la catégorie
amassée, et on obtient I’algebre tensorielle T4Ext% (DA, A) (Proposition 5.2.1). Cette
algebre est de dimension finie si et seulement si le foncteur Tory (?, DA) est nilpotent
(Théoreme 5.1).
Remarque. Si A est 'algebre des endomorphismes d’un objet basculant 7" de mod k() ou
@ est un carquois acyclique, alors les catégories amassées C4 et Co sont équivalentes.
L’objet T vu dans Cg est amas-basculant, et il est montré dans [ABS06] que son algebre
des endomorphismes Cg est

Endc, (A) ~ Ende, (T) ~ A @ Ext} (DA, A).
En effet dans ce cas le produit tensoriel Ext% (DA, A) ® 4 Ext’ (DA, A) est nul.

Cas d’une algebre d’endomorphismes d’un morceau “postprojec-
tif”

On s’intéresse dans le chapitre 6 au cas particulier ou A est 'algebre des endomor-
phismes d’un morceau “postprojectif” M stable par prédecesseurs d’une algebre dérobée
(=concealed) B (cf. [Rin84]). Plus précisément, soit 7" un module basculant préinjectif
d’une algebre héréditaire k@ et B l'algebre d’endomorphismes Endyg(7"). On pose

M = {X € mod B | Exty(X, H) = 0}

ou H est une tranche post-projective de mod B.

Dans ce cas, d’apres le résultat précédent et les résultats de I. Assem, T. Briistle et
R. Schiffler, le carquois de 1'algebre des endomorphismes de A dans la catégorie amassée
C4 est le carquois d’Auslander-Reiten de M auquel on rajoute, pour chaque module z de
M non-projectif, une fleche x — 7px ol 75 est la translation d’Auslander-Reiten de la
catégorie mod B (Proposition 5.2.2).

Exemple. Soit A I'algebre d’Auslander du carquois de Dynkin :
1 2 3 4.

Alors le carquois de l'algebre Endg, (A) est le suivant :

VRN

oO<—0

N N

O<— 0 <— 0

N N N
[} [ ] [ [}
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qui est le carquois d'un objet amas-basculant de la catégorie mod A(Aj;) d’apres [GLS06a].
On peut donc se demander si les catégories mod A(As) et C4 sont équivalentes.

Plus généralement, C. Geiss, B. Leclerc et J. Schréer ont construit [GLS07b] des sous-
catégories Cpr de modA (ot A = Ag est une algebre préprojective) associées a certains
kQ-modules terminaux. On montre dans cette these (Théoreme 6.5) que la catégorie stable
de cette catégorie de Frobenius est triangle équivalente a une catégorie amassée C4 ou A
est une l'algebre des endomorphismes d’un module postprojectif d’une algebre héréditaire.

Suivant un autre point de vue, A. Buan, O. Iyama, I. Reiten et J. Scott ont construit
dans [BIRS07] des catégories triangulées 2-Calabi-Yau de la forme SubA/Z,, ou Z,, est un
idéal d'une algebre préprojective A = Ag associé a un élément w du groupe de Weyl du
graphe de (). Pour certains éléments w du groupe de Weyl, qui sont associés a des kQ-
modules basculants préinjectifs, on construit une équivalence triangulée entre SubA/Z,
et une catégorie amassée C4 (Théoreme 6.8) ot A est l'algebre des endomorphismes d’'un
module post-projectif d’une algebre dérobée.

Algebre préprojective dérivée

En utilisant la théorie du basculement généralisée aux dg-algebres élaborée par B. Kel-
ler dans [Kel94], on trouve dans le chapitre 7 une autre construction de la catégorie
amassée C4. La catégorie amassée est définie comme le quotient de catégories triangulées

Ca = (A)p/per B,

olt B est la dg-algebre A® DA[—3] et (A)p est la sous-catégorie épaisse de D’ B engendrée
par A. Notons II3A la dg-algebre RHomp(Ap, Ag). D’apres [Kel94], le foncteur

RHomp(Ap,?) : D'B — perll3A

induit une équivalence triangulée entre les catégories

RHomB(AB, ?) : <A>B = perH3A .

J

J
per B ~ . DMI4(A)

On obtient donc une autre définition de la catégorie amassée comme le quotient
Ca = perIIsA/DUTIA.

L’image de A par ce foncteur est le dg-module libre II3A.

Cette dg-algebre est isomorphe dans la catégorie homotopique des dg-algebres a la
dg-algebre T40[2] on O est le dg-A-bimodule RHom% (DA, A). Cette dg-algebre (la 3-
algebre préprojective dérivée) a été introduite tres récemment par B. Keller et vérifie les
propriétés (cf.[Kel08a], [Kel0O8b]) :
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— II3A est homologiquement lisse (au sens de M. Kontsevich et Y. Soibelman [KS06]) ;

— II3A a son homologie nulle en degrés strictement positifs ;

— TI3A est 3-Calabi-Yau en tant que bimodule (au sens de V. Ginzburg [Gin06]).

La condition de nilpotence de Torj (7, DA) est équivalente au fait que H(II3A) est de
dimension finie. On obtient dans cette these le résultat suivant :

Théoréme. (Théoréme 7.1) Soit T’ une dg-algébre homologiquement lisse, 3-Calabi- Yau
en tant que bimodule, d’homologie nulle en degré strictement positif et telle que H(T') est
de dimension finie. Alors la catégorie perT'/Db(T) est Hom-finie, 2-Calabi- Yau et [’objet
libre T' est un objet amas-basculant.

Ce théoreme implique donc que 'objet A est un objet amas-basculant de la catégorie
amassée C4 (Corollaire 7.2).

De plus, le théoreme 7.1 peut s’appliquer aux dg-algebres de Ginzburg (cf. [Gin06])
[(Q, W) ou (Q, W) est un carquois a potentiel (cf. [DWZ07]) dans le cas ou I'algebre de
Jacobi J(Q, W) est de dimension finie. On construit alors une catégorie amassée Hom-finie
2-Calabi-Yau qu’on notera Cgw). Le résultat suivant est alors un corollaire immeédiat :

Théoréme. (Théoréme 7.10) Soit (Q, W) un carquois a potentiel. Si l’algébre Jacobienne
J(Q, W) est de dimension finie, alors J(Q,W) est Calabi-Yau-amassée (Calabi-Yau-
tilted au sens de Reiten [Rei07]).

En combinant ce dernier résultat avec des résultats récents de B. Keller ([Kel0O8b]), de
B. Keller et D. Yang [KYO08] et de A. Buan, O. Iyama, I. Reiten et D. Smith [BIRS08],
on obtient en particulier le résultat suivant :

Proposition. (Corollaire 7.13) Soit Q un carquois acyclique et T un objet amas-basculant
de la catégorie amassée C = Cq. Soit (Q', W) le carquois a potentiel associé a l'algébre
des endomorphismes Ende, (T) (cf. [BIRSO0S] et [Kel08b]). Alors la catégorie Ciqwy est
triangle équivalente a la catégorie Cq.

Perspectives

Les résultats de cette deuxieme partie amenent de nombreuses nouvelles questions.

— Soit C une catégorie triangulée 2-Calabi-Yau et T' =T, & --- ® T,, un objet amas-
basculant. Alors d’apres [IY06], on peut “muter” I'objet T" pour chaque i = 1,...,n.
Si le carquois Qr de T et le carquois de son “muté” u;(7") n’ont ni boucle ni 2-cycle,
alors le carquois du “muté” p;(T') est le “muté” du carquois p;(Qr). Il s’agirait donc
de trouver des conditions sur le carquois a potentiel (Q, W) associé & une algebre A
de dimension globale 2 pour qu’il soit rigide au sens de [DWZ07]. Ainsi, on pourrait
muter (@, W) indéfiniment sans qu’il n’apparaisse ni boucle ni 2-cycle.

— B. Keller et I. Reiten ont montré dans [KR06] que si une catégorie triangulée
algébrique 2-Calabi-Yau C a un objet amas-basculant 7" dont le carquois Q)7 est
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acyclique, alors il existe une équivalence triangulée entre C et la catégorie amassée
Cq. Ceci serait faux dans le cas ou le carquois de 7' comporte des cycles orientés
(cf. [Tep]), mais il semblerait que le carquois a potentiel (Q, W) soit un meilleur
invariant de la catégorie amassée Cg,w). Formulons donc la question suivante :

Soit C une catégorie 2-Calabi- Yau algébrique admettant un objet amas-basculant.
Eziste-t-il un carquois a potentiel (Q, W) et une équivalence triangulée entre C et

Cow) ?

La motivation initiale des catégories amassées est de ‘catégorifier’ des algebres
amassées. Il serait donc intéressant d’explorer la classe des algebres pouvant étre
catégorifiées par les catégories C(gw). Nous montrons une premiere propriété de
cloture a la section 7.4.3 : la classe des carquois a potentiels (@, W) Jacobi-finis est
stable par extension triangulaire (Proposition 7.4.1). Soient deux algebres amassées
Ai et Ay catégorifiées par des catégories C(g, w,) et C(@,,w») Jacobi-finies. Soit A un
“recollement” (=gluing) des algebres A; et Ay comme le décrivent C. Fu et B. Keller
(cf. [FKOT7] section 5). Alors l'algebre A pourra étre catégorifiée par une catégorie
Cig.w) ou le carquois a potentiel (Q, W) est une extension triangulaire de (Qy, W)

par (Q27 WQ)
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Introduction




Summary of results

This thesis is divided into two independant parts. The first one, corresponding to chapters
2 and 3, is devoted to the problem of classifying triangulated categories with finitely
many indecomposables. In the second one (chapters 4, 5, 6, and 7), we are concerned in
generalizing the construction of cluster categories. The first chapter is devoted to basic
definitions and properties used in this thesis.

Part 1

The results of the first part are communicated in the article [Ami07]. The aim is to classify
the small triangulated k-categories 7 (where k is an algebraically closed field) with the
Krull-Schmidt property and satisfying the following finiteness properties:

e 7 is Hom-finite i.e. the morphism spaces Hom7(X,Y") are finite dimensional for all
objects X and Y in 7;

e 7 is locally finite, i.e. for each indecomposable X of 7, there are at most finitely
many isoclasses of indecomposables Y such that Homz(X,Y) # 0 (this condition
implies its dual by [XZ02]).

Auslander-Reiten quiver

The strategy to classify such categories consists first in computing an invariant of the
category 7: the Auslander-Reiten quiver. Here we give another proof of a theorem by
B. Xiao and J. Zhu [XZ02].

Theorem (Xiao-Zhu). (theorem 2.9) Let T be a triangulated Krull-Schmidt k-category
which is Hom-finite and locally finite. Let " be a connected component of its Auslander-
Reiten quiver. There exists a simply laced Dynkin quiver Q) and an automorphism ¢ of
the repetition quiver ZQ of infinite order (or trivial) and an isomorphism of translation

quivers @ : T —=ZQ /¢ .

The first step of the proof consists in showing the existence of Auslander-Reiten trian-
gles in 7 (section 2.1). Next we construct a subadditive function on the Auslander-Reiten
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quiver. Finally we conclude the proof using combinatorial results of D. Happel, U. Preiser
and C. M. Ringel [HPR80a], [HPR80Db|(sections 2.2, 2.3 and 2.4).

In the other hand, by [Kel05] and [BMR*06], for each quiver ZQ /¢ where (@ is Dynkin,
there exists a triangulated category whose quiver is ZQ/p: the orbit category D°(kQ)/®.
Thus we formulate the following question:

If T is a triangulated locally finite category with Auslander-Reiten quiver ZQ /e, is it
possible to construct an equivalence between the categories T and D°(kQ)/®?

In order to answer to this question, we have to make precise what we mean by ‘equiv-
alence’. We consider two possibilities: k-linear equivalence and triangle equivalence.

k-linear equivalence

In order to give a k-linear equivalence between 7 and D’(kQ)/®, we use the universal
property of the orbit category. First we construct a covering functor (section 2.5)

F:D"kQ)—>T
)

P

following the method of C. Riedtmann [Rie80a]. We provide then an isomorphism of
functors between F and F' o ® when the category 7 has ‘enough’ indecomposables. More
explicitly, we obtain the following result:

Theorem. (c¢f. Theorems 2.12 and 2.13) Let T be a Krull-Schmidt locally finite trian-
gulated category with Auslander-Reiten quiver ZQ /. The category T is standard, i.e.
k-linearly equivalent to D°(kQ)/® where ® is the equivalence of DP(kQ) induced by ¢, if
we are in one of the following two cases:

o the quiver of Q) is of type A, and ¢ is a power of the Auslander-Reiten translate;

o the number of isoclasses of indecomposables of the cateqory T is at least equal to the
number of indecomposables of the category mod k().

In particular, if 7 is maximal d-Calabi-Yau, with d > 2, then 7 is k-linearly equivalent
to the d-cluster category (corollary 2.14).

By using results of J. Biatkowski, K. Erdmann, and A. Skowroniski [BES07], we succeed
in constructing non-standard 1-Calabi-Yau categories in caracteristic 2 (Theorem 2.25).
We show the existence of a triangulated structure on the category of projective mod-
ules of finite dimension over deformed preprojective algebras of generalized Dynkin type
(Corollary 2.24).
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Triangle equivalence

We make some additional assumptions on the triangulated category 7. We assume that
T is algebraic, i.e. triangle equivalent to the stable category of a Frobenius category. We
prove the following result:

Theorem. (Theorem 2.16) If T is a triangulated category which is locally finite, con-
nected, algebraic and standard, then T is triangle equivalent to some category D°(kQ)/®,
where Q is a Dynkin quiver and ® is an autoequivalence of infinite order of D°(kQ).

Part 2

In the second part of the thesis (chapters 4, 5, 6, and 7), we generalize the construction
of cluster categories.
Let k be an algebraically closed field, and () an acyclic quiver. The cluster category
Cq is the orbit category
D' (kQ)/v[-2]

where v is the Serre functor of the derived category D°(kQ) and where [1] denotes its
suspension functor.

This category has been introduced by [BMR'06] (and by [CCS06] in the A,, case) in
order to ‘categorify’ cluster algebras. In the ‘categorification’ process, all categories 7
satisfy the following fundamental properties:

e 7 is a triangulated category;

e 7T satisfies the 2-Calabi-Yau property, i.e. there exists an isomorphism
Hom7(X,Y) —s DHom7(Y, X[2])
which is bifunctorial in the objects X and Y of 7T;

e there exist cluster-tilting objects, i.e. basic objects T' with the property that the
space Exty- (T, X) vanishes if and only if X is in add(T) (= the smallest subcategory
of 7 which contains T" and which is stable under direct summands).

If 7 is a category with such properties, then by [IY06], it is possible to mutate the
cluster-tilting objects. This is an essential property of the ‘categorification’ process.

Cluster category and 2-CY property

We want to generalize the construction of C¢ by replacing the hereditary algebra k(@) with
a finite dimensional algebra A of global dimension < 2. A candidate might be the orbit
category DP(A)/v[—2], where v is the Serre functor of the derived category D°(A). By
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[Kel05], such a category is triangulated if A is derived equivalent to an hereditary category
‘H. By [HRO2| and [HapO01], this is true if and only if A is a canonical algebra, or if A
is the endomorphism algebra of a tilting module over an hereditary algebra. However in
general, it is not triangulated.

Thus a more appropiate candidate is the triangulated hull of the orbit category
Db(A)/v[-2]. Tt is defined in [Kel05] as follows: Let B be the dg algebra A & DA[-3]
where DA is the dual Homy(A, k) of A over k. The category D°(B) is the derived cate-
gory of dg B-modules whose homology is of finite total dimension. Denote by per B its
thick subcategory generated by B. The cluster category of A is then defined as the thick
subcategory C4 of the quotient

CI =D"B)/perB

generated by A.

The category C} is not Hom-finite in general. This can be a problem since we want
to show that C, is 2-Calabi-Yau. Nevertheless there exists a non degenerate bilinear
bifunctorial form g3:

ﬁNX : Homp(N, X) X HomD(X,N[i%]) — k

for each N in per B and each X in D°(B). This allows us to construct a bilinear bifunctorial
form (chapter 4, section 1)

By : Home(X,Y) x Home (Y, X[2]) — k

for all X and Y objects of C}. The form 3 will be non degenerate (chapter 4, sections 2
and 3) if each object of D°(B) is a ‘limit’ of objects of per B. In particular we obtain the
following result:

Corollary. (Corollary 4.4) Let A be a finite dimensional k-algebra of global dimension
< 2. If the functor Tor‘;(?,DA) 1s nilpotent then the cluster category Ca is Hom-finite
and 2-Calabi- Yau.

I thank R. Rouquier for informing me that these results have been independently
obtained, in a much stronger form, in the forthcoming preprint [CR].

Cluster-tilting object

The next step is to find a cluster-tilting object in this 2-Calabi-Yau category. Since k() is
a cluster-tilting object of Cg, the canonical candidate would be the object A itself. This
object A is rigid (Proposition 5.4.1). Moreover, if the functor Tors\(?, DA) is nilpotent,
the object A is orbit-cluster-tilting (Proposition 5.4.2). More precisely, if X is an object of
the orbit category D?(A)/v[—2] such that Ext (T, X) vanishes, then X is in add(A). In
chapter 7 we will show that A is in fact cluster-tilting using completely different methods.
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Its endomorphism algebra is the tensor algebra TyExt’ (DA, A) (Proposition 5.2.1).
It is finite dimensional if and only if the functor Tory (?, DA) is nilpotent (Theorem 5.1).
Using same techniques as in the paper [ABS06] we can compute its quiver (Proposition
5.2.2).

Endomorphism algebra of a postprojective module

In [GLSO7b], C. Geiss, B. Leclerc and J. Schréer constructed subcategories Cps of mod A
(where A = Ag is a preprojective algebra of an acyclic quiver) associated to certain ter-
minal kQ-modules M. We show in chapter 6, that the stable category in such a Frobenius
category Cy; is triangle equivalent to a cluster category C4 where A is an endomorphism
algebra of a postprojective module over an hereditary algebra (Theorem 6.5).

Another approach is given by A. Buan, O. Iyama, I. Reiten and J. Scott in [BIRS07].
They construct 2-Calabi-Yau triangulated categories SubA/Z,, where Z,, is a two-sided
ideal of the preprojective algebra A = A associated with an element w of the Weyl group
of Q. For certain elements w of the Weyl group (namely those coming from preinjective
tilting modules), we construct a triangle equivalence between SubA/Z, and a cluster
category C4 where A is the endomorphism algebra of a postprojective module over a
concealed algebra (Theorem 6.8).

Derived preprojective algebra

Using generalized tilting theory (cf. [Kel94]), we give another construction of the cluster
category in chapter 7. Let A be a finite dimensional algebra of global dimension < 2 and
let B be the dg algebra A & DA[-3]. Let II3(A) be the dg algebra RHomp(Ag, Ap).
Using the results of [Kel94] we show that the functor RHomp(Ag,?) : D°B — perll3A
induce the following triangle equivalences:

RHomB(AB, ?) . <A>B = perH3A s

J

J
per B ~ . DMI4(A)

where (A)p is the thick subcategory of D°(B) generated by Ap. We then obtain another
definition of the cluster category as the quotient:

C = perIl3A/D T A.

The image of the rigid object A is the free dg module TI3(A). This dg algebra is in
fact isomorphic, in the homotopy category of dg algebras, to the derived 3-preprojective
algebra defined by B. Keller. As a consequence of results in [Kel08a] and [KelO8b], it
satisfies the following properties:

1. it is homologically smooth in the sense of M. Kontsevich and Y. Soibelman (cf.
[KS06]);
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2. it has its homology concentrated in negative degrees;
3. it is bimodule 3-Calabi-Yau (i.e. 3-Calabi-Yau in the sense of V. Ginzburg [Gin06]).

The nilpotence of the functor Tors (?, DA) is equivalent to the fact that H(II5(A)) is
finite-dimensional. Therefore we study in chapter 7 dg algebras with such properties and
we prove the theorem

Theorem. (Theorem 7.1) Let I be a dg k-algebra with properties (1), (2) and (3). Sup-
pose that H°(T') is finite dimensional. The category per'/D*(T) is Hom-finite, 2-Calabi-
Yau and the free dg module I' is a cluster-tilting object.

As a direct consequence of this theorem, A becomes a cluster-tilting object of the
cluster category C4 (Corollary 7.2).

Furthermore it is possible to apply Theorem 7.1 to Ginzburg’s dg algebras I'(Q, W) (cf.
[Gin06]) where (Q, W) is a quiver with potential (cf. [DWZ07]) when the Jacobi algebra
J(Q, W) is finite dimensional. We construct a cluster category C(g,w) which is Hom-finite,
2-Calabi-Yau. This category admits a cluster-tilting object whose endomorphism algebra
is isomorphic to J(Q, W).

Combining this last result with some results of [Kel08b], [KY08] and [BIRSO08], we
obtain the corollary:

Corollary. (Corollary 7.13) Let Q be an acyclic quiver, and T a cluster-tilting object
of the cluster category Cq. Let (Q',W') be the quiver with potential associated to the
endomorphism algebra Ende, (T'). The cluster category Ciqw is triangle equivalent to the
category Cq.

Perspectives

The results of the second part of this thesis lead to many questions:

e Let C be a 2-Calabi-Yau triangulated category and T' =T ®- - - BT, a cluster-tilting
object. By [IY06], for each i = 1,...,n it is possible to mutate the object T into
another cluster-tilting object 1;(T"). If the quivers of T and of p;(7") have no loops
nor 2-cylces, then the quiver of the mutated object u;(T") is the mutation p;(Q7) of
the quiver Q1 of the endomorphism algebra of T'. Therefore, it would be very useful
to find conditions on the quiver with potential (@), W) associated to an algebra A
of global dimension 2 to be rigid in the sense of [DWZ07]. We could then mutate
indefinitely the quiver with potential (Q, W).

e B. Keller and I. Reiten showed in [KR06] that if a 2-Calabi-Yau algebraic triangu-
lated category C has a cluster-tilting object whose quiver @) is acyclic, then C and
Cq are triangle equivalent. This is not true when the quiver () has oriented cycles,
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but the quiver with potential (@, W) might be a better invariant. Therefore we
formulate the following question:

Let C be a 2-Calabi- Yau algebraic triangulated category with a cluster-tilting object.
Does there exist a quiver with potential (Q, W) such that C and Ciow) are triangle
equivalent?

Cluster categories have been constructed in order to categorify cluster algebras.
Hence it might be interesting to explore the class of cluster algebras that may be
categorified by categories of the form Cq ). We show a first closure property of this
class in section 7.4.3 which can be related to the ‘gluing process’ of cluster algebras
described in section 5 of [FKO7].
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Chapitre 1

Préliminaires

1.1 Catégories triangulées

1.1.1 Définitions et propriétés de base

Soit 7 une (petite) catégorie additive munie d’'une auto-équivalence ¥. Soit S Ien-
semble des sextuplets (X,Y, Z,u,v,w) ou X, Y et Z sont des objets de 7 et u: X — Y,
v:Y — Zetw:Z — XX des morphismes. On notera un tel sextuplet :

v

X —=Y ). ¢

Un morphisme de sextuplets est la donnée d’un diagramme commutatif

X——Y —"=7—>%X .
lf lg lh lzf
X sy Y W ey

Si f, g et h sont des isomorphismes, on dira que (f, g, h) est un isomorphisme de sextuplets.

Définition 1.1. Une catégorie triangulée T est une catégorie additive munie d’une auto-
équivalence X et d’un sous-ensemble A de S appelé I'ensemble des triangles qui vérifient
les axiomes suivants :

TRO : L’ensemble des triangles est stable par isomorphisme. Pour tout objet X
de 7, le sextuplet X =——= X ——= () ——= XX est un triangle.
TR1 : Pour tout morphisme u : X — Y dans 7, il existe un triangle :

X —=Y 7 »X

TR2:Si X —=Y — 7 —>YX est un triangle, alors le sextuplet

w —Eu

UX MY

v

Y

A

33
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est un triangle.
TR3 : Pour tout diagramme commutatif de la forme

u v w

X Y 7 nX
T
X sy Y W ey

ou les deux lignes sont des triangles, il existe un morphisme h : Z — Z’ (non unique) tel
que (f,g,h) est un morphisme de triangles.
TR4 (Axiome de 'octahédre) : Etant donné un diagramme commutatif de la

forme
X=—X
Yy —=Y; Yy Ny
| | ).
Y ——= 7y f Ty o !>y

YX=—=3XX XY

\\_Zw,/

ol les deux colonnes et la premiere ligne sont des triangles, il existe des morphismes
f:2y — Zyet g: Zy — XY, tels que la deuxieme ligne soit un triangle et que tous les
carré commutent, y compris le carré :

Zy—2 =¥V
|
YX 2L YY,

Si les axiomes TR1-TR3 sont vérifiés, cet axiome est équivalent a ’axiome suivant
[Nee01] :
TR4’ : Etant donné un diagramme

w

X Y 7 nX
T
X ey Y g sy

ol les lignes sont des triangles, il existe un morphisme h : Z — Z’ rendant le diagramme
commutatif et tel que le cone est un triangle :
(—v 0> —w 0 (—Eu 0)
u/ ! Sf w'
g 7® y? ( h v > VX @ A !

Yo X' YY ¢ X'
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Pour les propriété de bases des catégories triangulées, nous renvoyons au premier
chapitre de [Hap88|. Rappelons juste la propriété bihomologique du bifoncteur Hom.

Proposition 1.1.1. Soit 7 une catégorie triangulée. Alors, tout triangle
X Y Z ¥X
nduit des suites exactes longues :

s> HomT(?, Z_IZ) — HomT(?, X) — HomT(?, Y) — HomT(?, Z) — HomT(?, EX) —

u v w

ce—> HomT(EX, 7) — HomT(Z, 7) — HomT(Y, ?) — HomT(X, 7) — HomT(Z_lZ, 7) — e

Définition 1.2. Soit (7,%) et (7',%') deux catégories triangulées. Une foncteur tri-
angulé (F,®) : 7 — 7' est la donnée d'un foncteur F' : 7 — 7' de catégories addi-
tives et d’un isomorphisme de foncteurs ® : F'o ¥ — >/ o F' tel que pour tout triangle

X —>Y —=7—>%X deT, le sextuplet

Fu Fov b xoFw

FX FY FZ YFX

est un triangle de 7",

1.1.2 Dualité de Serre et catégories de Calabi-Yau

Soit k£ un corps commutatif.

Définition 1.3. Une catégorie triangulée k-linéaire 7 vérifie la propriété de Krull-Remak-
Schmidt si tout objet est isomorphe a une unique (& permutation pres) somme directe de
d’objets indécomposables et si 'anneau des endomorphismes d'un objet indécomposable
est local. Cela est équivalent au fait que les idempotents se scindent, i.e. si e est un
idempotent de X, alors e s’écrit op ol o est une section et p une rétraction [Hap88](1.3.2).

Dans toute cette these, les catégories triangulées étudiées sont k-linéaires
et vérifient la propriété de Krull-Remak-Schmidt.

La catégorie est dite Hom-finie si pour tous objets X et Y dans 7, le k-espace vectoriel
Hom7(X,Y) est de dimension finie.

Définition 1.4. Soit 7 une catégorie triangulée k-linéaire et Hom-finie. Un foncteur de
Serre est la donnée d’une auto-équivalence k-linéaire v : 7 — 7 et d’un isomorphisme de

foncteur
DHomz(X,?) — Hom¢ (7, vX)

pour tout objet X de 7, ou D est le foncteur dual Homg (7, k).
Si 7 admet un foncteur de Serre, alors celui-ci est unique a isomorphisme pres.

Définition 1.5. Soit 7 une catégorie triangulée k-linéaire et Hom-finie, de foncteur sus-
pension ¥. La catégorie 7 est dite d-Calabi-Yau, si le foncteur ¢ est un foncteur de
Serre.
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1.1.3 Exemples
Algebre préprojective

Un carquois @ = (Qo,Q1,s,t) est la donnée d'un ensemble de sommets (), d'un
ensemble de fleches @ et de deux applications s : @1 — @ (I'application source) et
t: Q1 — Qo (I'application but).

Soit @ un carquois fini et sans cycle orienté. On définit Q le carquois double & partir
de ) en ajoutant a chaque fleche a : ¢ — j une fleche @ : j — i. L’algébre préprojective
Ag = kQ/Zq associée & Q est définie comme le quotient de 'algeébre des chemins kQ du
carquois double quotienté par I'idéal Zg engendré par les relations :

> (@a + aq).

ac@Q1

Les résultats suivants sont classiques :

Théoréme 1.6. Si le graphe sous-jacent a Q) est Dynkin de type A, D ou E, alors l’algébre
Aq est de dimension finie, auto-injective, et la catégorie stable mod A est triangulée 2-
Calabi-Yau.

Q=A,(n>1) 0&1 il Qi n_2_”* n—1
ao a1 an—2
ao
o a2 An—2
2 — 3 .............. n — 2 _ﬁ n — 1
al az Gn—2
ai
1
ao iao
al a2 as Q2
1 — 2 — 3 —  I— n—?2 = n—1
al a2 as aén_Q

Théoreme 1.7. ([BBK02], [Boc07]) Si Q n’est pas de type Dynkin, alors lalgebre Ag
est de dimension infinie. Notons Ag la complétion de l'algebre A, et f.1.Ag la catégorie

des /_\Q-modules de longueur finie. Alors la catégorie dérivée Db(f.l./_\Q) est triangulée
2-Calabi- Yau.
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Catégorie amassée

Soit ) un carquois fini sans cycle orienté. La catégorie amassée est définie comme la
catégorie d’orbites :

Co = D'(kQ)/v[-2]

olt v est le foncteur de Serre de la catégorie D°(kQ) et [1] le foncteur décalage, qui est
la suspension de la catégorie triangulée D°(kQ). Les objets de cette catégorie sont les
mémes que ceux de D?(kQ), et étant donnés deux objets X et Y de D’(kQ), 'espace des
morphismes dans Cg entre X et Y est donné par :

Home,, (X,Y") = @D Homps ) (X, 7Y [—2p]).

PEZL
Un corollaire du théoreme 0.1 est le suivant :

Corollaire 1.8. Soit () un carquois fini sans cycle orienté. La catégorie amassée Cg est
Hom-finie, triangulée, 2-Calabi-Yau. La projection canonique m : D*(kQ) — Cq est un
foncteur triangulé.

La structure k-linéaire sous-jacente a la catégorie Cq vérifie la proposition universelle
suivante : soit 7 une catégorie triangulée et £ un foncteur k-linéaire F' : D°(mod k@) — 7.
Si il existe un isomorphisme de foncteur entre F' et Fov|[—2]|, alors F se factorise a travers
7. En particulier, si 7 est 2-Calabi-Yau et que F est triangulé, alors F' induit un foncteur
k-linéaire Cqg — 7.

1.2 Généralités sur les dg-catégories

Cette section reprend les notations et définitions de [Kel06].
Soit k£ un corps commutatif.

1.2.1 Cas général
k-modules différentiels gradués
Un k-module gradué est un k-espace vectoriel V muni d’une décomposition :

V=@

pEZ

On note V1] le k-module gradué tel que pour tout p and Z, on a V[1]F = VPTL.
Un morphisme de k-module gradué homogéne de degré n est une application linéaire
f:V — V' telle que pour tout p dans Z, on a f(V?) C V'’Ptm,
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Le produit tensoriel de deux k-modules gradués est un k-module gradué par
Vew) =g VPew"
p+q=n

Si f:V — V' est un morphisme gradué et g : W — W' est un morphisme homogene
de degré p, alors 'application f ® g est définie par

(f@g)lvew) = (=1)"f(v)®g(w)

si v € V est homogene de degré q.
On note G(k) la k-catégorie tensorielle des k-modules gradués ou les morphismes sont
les morphismes homogenes de degré 0.

Un k-module différentiel gradué (dg-k-module) est un k-module gradué V' muni d’un
endomorphisme de degré 1 dy : V — V appelé différentielle tel que d?, = 0. Alors on
définit le décalage et le produit tensoriel de dg-k-modules par :

(V,d)[1] = (V[1],=d) et (V.dy)®@ (W,dw)= (V@ W,dy @ 1y + 1y @ dw).

Un morphisme de dg-k-module est un morphisme homogene de degré 0 qui commute a la
différentielle.

dg-catégories

Définition 1.9. Une dg-catégorie A est une k-catégorie dont les espaces de morphismes
sont des dg-k-modules et dont les compositions

Az, y) ® Ay, z) — Az, 2)
sont des morphismes de dg-k-modules.

Ezemple. Soit Cyy(k) la catégorie définie comme suit :
— les objets de Cy,(k) sont les dg-k-modules,
— si Vet W sont des dg-k-modules, 'espace Cyy(k)(V, W) = Homj, (V, W) est le com-

plexe suivant :
= G(R) (V. W [p) —> G(R) (V. W[p +1]) —= -+ ;

ol d est définie comme df = dy o f — (=1)Pf ody, si f est dans G(k)(V,W|p]),
¢’est-a-dire homogene de degré p.
Cette catégorie est une dg-catégorie.

Définition 1.10. Soient A et A’ deux dg-catégories. Un dg-foncteur est la donnée d’une
application F': obj(A) — obj(.A’) et de morphismes de dg-k-modules

Foy : Alz,y) — A'(Fz, Fy)
pour tous objets x et y de A.
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dg-A-modules

Définition 1.11. Un dg-A-module M est un dg-foncteur de A? — Cy,(k). En particulier,
M est la donnée :

— pour tout objet x de A, d’'un complexe de k-espaces vectoriels M,

— pour tous objets x, y de A d'un morphisme de complexes :

M(z,y) : Ay, x) Cag(k)(Mx, My)

qui doit étre compatible avec la composition.
Comme M (x,y) = M est un morphisme de dg-k-module, il commute a la différentielle et
alors si f est dans A(y,x), on a M o d(fP) =dp, 0 M fP — (—1)PM fP o dypyy.

Notons C4y.A la classe des dg-.A-modules. Un morphisme f entre deux dg-.A-modules
M et N, est la donnée pour z dans A d'un élément f, de G(k)(Mz, My) tel que si g est
dans AP(y, z), alors pour tout ¢ on a le diagramme commutatif suivant :

q

Mz —" Nag]

N

My(p] —fy>Ny[p+ q]

On munit cet espace gradué de morphismes de la différentielle induite par celle de Cyy (k).
C’est-a-dire que si f est homogene de degré ¢ entre M et N, on pose (df), = d(f.).
Munie de ces espaces de morphismes, la catégorie des dg-.A-modules Cy,(A) forme alors
une dg-catégorie.

Pour tout objet x de A, le foncteur 2" = A(?7, z) est un dg-A-module. Le foncteur de

Yoneda :
Yon: A — Cy(A)

x —

est un dg-foncteur pleinement fidele.

Catégorie dérivée d’une dg-catégorie

On définit ensuite les catégories CA et ‘H.A. Les objets sont les mémes que ceux de
Cay(A) et les espaces de morphismes sont donnés par :

CA(M7 N) = ZO(Cdg(A)(Mv N)),
ot HA(M, N) = H(Cay (A)(M, N)).

Donc si f est dans CA(M, N), et = dans A, alors f, est un morphisme de complexes entre
Mz et Nx. Si f est dans HA(M, N) alors f, est un morphisme de complexes modulo
homotopie entre Mz et Nx.
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Un quasi-isomorphisme h est un morphisme de H.A tel que pour tout x de A et pour
tout p, HP(f,) est inversible. On définit la catégorie dérivée D.A comme la localisation de
la catégorie H.A par les quasi-isomorphismes.

La catégorie CA est une catégorie exacte pour les conflations

p

0 L—>M N 0

qui sont les suites exactes scindées de C.A. Les objets contractiles, c¢’est-a-dire homotopes
a 0 sont les projectifs-injectifs de cette catégorie. La catégorie C.A est une catégorie de
Frobenius. Sa catégorie stable est la catégorie HA qui est donc une catégorie triangulée.
La catégorie DA est alors triangulée, comme localisation d’une catégorie triangulée.

On a la suite de foncteurs suivante :

Ac—Yor e, (A) L CA—>HA—=DA

La catégorie per A est définie comme la plus petite sous-catégorie triangulée de DA conte-
nant les 2\ et stable par facteurs directs (=sous-catégorie épaisse). La catégorie D°A est
la sous-catégorie de DA formée des objets M tels que pour tout = de A, 'espace vectoriel

P H? (M=)

PEZL

est de dimension finie. C’est une sous-catégorie triangulée de D.A.

1.2.2 Cas ou la dg-catégorie provient d’une dg-algebre
Cas général

Une dg-algebre A est une algebre Z-graduée munie d’une différentielle vérifiant la regle
de Leibniz, c’est-a-dire que d est un morphisme k-linéaire homogene de degré 1 et si a et
b sont dans A et a est homogene de degré p, alors d(ab) = (da)b + (—1)Pad(b).

On peut voir A comme une dg-catégorie : la dg-catégorie n’ayant qu'un seul objet %
et ou End(x) est la dg-algebre A.

Un dg-A-module est alors la donnée :

— d’un complexe de k-espaces vectoriels Mx*, que I'on notera M,

— et d’'un morphisme de dg-algebres M (x, %) : A — Cqy(k)(M, M).

M (, %) est un morphisme gradué, donc pour tout p, AP s’envoie dans Cg,(k)(M, M|p]),
c’est-a-dire que pour tout n, on a une application

M™ x AP —  M"™P

(m,a) — m.a.

De plus, M (%, %) est un morphisme de complexes, il commute donc & la différentielle. Ceci
signifie que si a est dans AP et m dans M", alors

m.daa = dy(m.a) — (=1)P(dym).a.



1.2. Généralités sur les dg-catégories 41

Enfin M (x,*) est un morphisme de k-algebre, donc pour m dans M", a dans AP et b
dans A%, on a (m.a).b = m.(ab) dans M™P*4,

Soient M et N deux dg-A-modules. Un morphisme f de dg-A-modules entre M et N
est un élément de Cqy(k)(M, N) tel que pour tout a dans AP, et pour tous n,q, le carré
suivant commute :

Mn i). NnJrq

Mner _f> Nn+p+q'

Dans la catégorie CA les morphismes sont les morphismes de complexes de k-espaces
vectoriels gradués entre M et N tels que si a est dans A,, on a le carré commutatif :

M —L s

l.a f l

Mn+p N, Nner'

Le dg-A-module représentable " est le complexe A muni de la multiplication de 1’algebre.

Cas d’une algebre

Soit A une k-algebre, on peut la voir comme une dg-algebre concentrée en degré 0.
Les objets de Cgy(A) sont alors les complexes de A-modules a droite. La composante
homogene de degré p de l'espace des morphismes de Cyy(A) de M dans N est 'ensemble
des morphismes gradués de A-modules de M dans N[p| (f commute avec I'action de A
mais pas avec la différentielle de M).

La catégorie CA est simplement la catégorie des complexes de A-modules.

La catégorie DA est la catégorie D(Mod A). Si A est de dimension finie, on a toujours :

per A C D’(mod A) C D’A C DA = D(Mod A),

ou mod A désigne la catégorie des modules de présentation finie sur A (=modules de type
fini).
Si A est de dimension globale finie, on a de plus 1’égalité per A = D°(mod A) = DA.

1.2.3 Foncteur de Serre

Soit A une dg-algebre de dimension finie. Notons D la catégorie DA, et pour X et
Y des dg-A-modules, notons Hom?% (X, Y') 'espace des morphismes entre X et Y dans la
dg-catégorie Cyy(A). Il a donc une structure de complexe de k-espaces vectoriels.
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Lemme 1.2.1. Soit X un objet de per A et Y un objet de D°A, alors on a un isomorphisme
bifonctoriel

L
DHomp(X,Y) ~ Homp(Y, X ®4 DA).

Démonstration. Pour X dans per A, notons vX = DHom?% (X, A). Nous allons construire
un morphisme bifonctoriel :

Fxy : DHom%(X,Y)

Hom® (Y, vX)
Soit ¢ un élément du dual de Hom%(X,Y"). On utilise I'isomorphisme canonique
Hom$ (Y, vX) ~ Hom% (Hom%(A,Y), DHom% (X, A)).

A un élément f de Hom%(A,Y) on associe la forme Fxy (f), qui a un g de Hom% (X, A)

associe p(gf).
En utilisant les formules classiques d’adjonction, on vérifie facilement que F4y est un

isomorphisme. Donc pour tout X appartenant a la sous-catégorie épaisse HA contenant
A, Fxy est un quasi-isomorphisme. Donc, H°(Fxy) est un isomorphisme, i.e. on a un
isomorphisme fonctoriel :

DHomy 4 (X, Y) —== Homy 4 (Y, vX)
Pour tout objet cofibrant X de per A, v.X est fibrant et on a donc un isomorphisme :
DHomp(X,Y) ——=Hompa(Y,vX)

Il reste a montrer que pour tout X de per A, on a un quasi-isomorphisme entre vX =

L
DHom% (X, A) et X ®4 DA. Si X est un dg-module, on a un morphisme fonctoriel :
X &, DA— DHom¥(X, A)

T ® pr——=s (9 — ¢(g(2)))

qui s’étend a un morphisme pour tout X dans per A. Comme c’est un isomorphisme pour
X = A, c’est un quasi-isomorphisme pour X dans per A.
U

Remarque. En utilisant les formules d’adjonction, on obtient immédiatement que si X est
dans per A et Y dans D’(A) alors on a un isomorphisme

L
DHomp(X,Y) >~ Homp(Y ®4 RHoms(A, DA), X).

Ce lemme nous donne immédiatement le corollaire suivant :
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Corollaire 1.12. Soit A une dg-algebre de dimension finie. Si DA est isomorphe a Ald]
en tant que A-A-bimodule, alors pour tout X dans per A et pour tout Y dans DA, on a
un isomorphisme fonctoriel :

DHomp(X,Y) —— Homp(Y, X[d]) .
En particulier la catégorie per A est d-Calabi- Yau.

Remarque. Plus généralement, Keller a montré dans [Kel08a] que si A est un dg-algebre
de dimension quelconque, alors pour tout X dans per A et Y dans D°(A) on a un isomor-
phisme

DHomp(X,Y) ~ Homp (Y é)A RHome(A, A%), X).

Si A est une algebre de dimension finie et de dimension globale finie alors le foncteur

L L
v =7®4 DA est une équivalence dont l'inverse est ?7® 4 RHom (A, DA). Donc la catégorie
D*(A) = per A admet un foncteur de Serre.

1.2.4 Catégories triangulées algébriques

Soit 7 une catégorie triangulée k-linéaire. On dit que 7 est algébrique s’il existe une
équivalence triangulée entre 7 et £ ou &£ est une catégorie de Frobenius k-linéaire. En
fait d’apres Keller [Kel06], une catégorie triangulée est algébrique si et seulement si elle
admet un renforcement en catégorie différentielle-graduée, i.e. il existe une équivalence
triangulée entre 7 et DA ou A est une dg-catégorie. Cette notion est stable par passage
a une sous-catégorie triangulée et par localisation. Ainsi, toutes les catégories triangulées
apparaissant en algebre et en géométrie sont algébriques.

Si DA et DB sont des catégories triangulées algébriques, alors un foncteur algébrique
F' est un foncteur ‘provenant’ des renforcements A et B, i.e. F =7 é 4 X est le produit
tensoriel dérivé par un objet X de D(A” ® B).

Cette définition nous permet de donner la propriété universelle de la catégorie amassée.
Soit 7 = DA une catégorie algébrique, et soit X un objet de D(kQ? @ A).

L
? X
Db(mod kQ) ——2= =D A
W)
?ékQDkQ[*Q]

Si il existe un isomorphisme dans D(kQ” ® A) entre DkQ Qo X[—2] et X, alors le

L
foncteur ? @i X se factorise en un foncteur algébrique de Cg vers DA.
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1.3 Une autre construction de la catégorie amassée

1.3.1 Enveloppe triangulée

Soit, A une k-algebre de dimension finie et de dimension globale finie. Alors la catégorie

L
Db(A) est triangulée et admet un foncteur de Serre vy =7 ®4 DA ou DA = Homy (A, k)
est le dual de A. La catégorie d’orbites

DY(A)/? &4 DA[-2)

n’est pas triangulée en général si la dimension globale de A est > 2. Son enveloppe trian-
gulée est la catégorie C4 vérifiant la propriété universelle suivante :
— il existe un foncteur triangulé algébrique m : D°(A) — C4 (pas essentiellement
surjectif en général) ;

L
— Soit ?®4 X : D*(A) — DB un foncteur algébrique ot B est une dg-catégorie. Si
L
on a un isomorphisme dans D(A%” ® B) entre DA ®4 X[—2] et X, alors le foncteur

L
7?7 ®a X se factorise par .

L
DHA) —A2E . py
(MU 4
2% 4 DA[2]

Ca

1.3.2 Construction du foncteur =

Soit B la dg-algebre suivante :
A® DA[-3] = --- 0 A 0 0 DA 0

Un objet M de CB est un complexe de A-modules muni d’une action de DA de degré
3 qui anticommute a la différentielle. Ce qui signifie que pour tout n et pour tout a* dans
DA le diagramme suivant anticommute :

M™ x DA —%— ppn+3
(deid)l ldM
M+ % DALM”H
et que pour tous a*,b* dans DA, m.a*.b* = 0.
La projection p : B — A induit un foncteur restriction pleinement fidele p, : CA — CB.

Ce foncteur envoie un complexe de A-modules sur lui méme muni de 'action de DA
nulle. L’objet A peut étre vu comme un A-B-bimodule, et alors le foncteur p, est égal
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au foncteur ? ® 4 Apg. Deux complexes homotopes dans CA vont étre homotopes dans CB
donc ce foncteur induit un foncteur HA — HB. De méme les quasi-isomorphismes de CA
sont des quasi-isomorphismes de CB, donc la projection induit un foncteur DA — DB.
De plus si 'homologie de M est de dimension totale finie alors I'homologie de son image
sera la méme et donc de dimension totale finie. Finalement, on a un foncteur :

Dy DA — DB,

Maintenant, comme A (et donc DA) est de dimension finie, per B est inclus dans D°B.
On obtient donc un foncteur :

F:D'A— D'B/perB =: C.

Notons i : A — B l'injection canonique, et i, : D’B — DA, le foncteur ‘oubli’ associé.
Alors on a les adjonctions suivantes :

DB et DPA

L X L
—®ABT ll* _®BAT lp*

DA D'B

La suite exacte de A-B-bimodules :

0 — DA[-3] B A 0

nous donne un triangle dans D(A” ® B)

ADAB[—?)] ABB AAB —>ADAB[—2] .

L’objet Bp est parfait donc le morphisme Ap — DAg[—2] est un isomorphisme dans
Ci = D°B/per B. D’apres la propriété universelle de 1'enveloppe triangulée de la catégorie
d’orbites, p, induit un foncteur triangulé algébrique :

py:Cs — Ch =D'B/perB.
Ce foncteur est pleinement fidele et Keller a montré le théoreme suivant [Kel05] :

Théoréme 1.13 (Keller). Soit A une algébre de dimension finie et de dimension globale
finie. Soit B la dg-algébre A ® DA[-3] et p. : D’A — DPB le foncteur restriction de la
projection p : B — A. Notons (A)p la sous-catégorie épaisse (=sous-catégorie triangulée
stable par facteurs directs) de D°B engendrée par l'image de A par p.. Alors l'enveloppe
triangulée de la catégorie d’orbites

DY(A)/? &4 DA[-2)

est algébriquement équivalente a la catégorie (A)p/per B.
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Notons que dans le cas ou la dimension globale de A est 1, ou que A est dérivée
équivalente a une catégorie héréditaire, la catégorie d’orbites est triangulée et donc on a
une équivalence triangulée :

DY(A)/? &4 DA[—2] ~ (A)/per B



Chapter 2

On the structure of triangulated
categories with finitely many
indecomposables

Ce chapitre correspond a l'article [Ami07].

Notation and terminology

We work over an algebraically closed field k. By a triangulated category, we mean a
k-linear triangulated category 7. We write S for the suspension functor of 7 and
U V ——=W —= SU for a distinguished triangle. We say that 7 is Hom-finite
if for each pair X, Y of objects in 7, the space Hom7(X,Y) is finite-dimensional over
k. The category 7 will be called a Krull-Remak-Schmidt category if each object is iso-
morphic to a finite direct sum of indecomposable objects with unicity (up to reordering)
of this decomposition, and if the endomorphism ring of an indecomposable object is a
local ring. This implies that idempotents of 7 split, i.e. if e is an idempotent of X, then
e = op where o is a section and p is a retraction [Hap88, I 3.2]. The category 7 will
be called locally finite if for each indecomposable X of 7, there are only finitely many
isoclasses of indecomposables Y such that Hom+(X,Y") # 0. This property is selfdual by
[XZ02, prop 1.1].

The Serre functor will be denoted by v (see definition in section 2.1). The Auslander-
Reiten translation will always be denoted by 7 (section 2.1).

Let 7 and 77 be two triangulated categories. An S-functor (F, ¢) is given by a k-linear
functor F' : 7 — 7' and a functor isomorphism ¢ between the functors F'o S and S’ o F,
where S is the suspension of 7 and S’ the suspension of 7’. The notion of v-functor, or
7-functor is then clear. A triangle functor is an S-functor (F, ¢) such that for each triangle

U V—"e SU of T, the sequence FUJ —2% py —Eo% pyy — 20 arppy

u

u w

47
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is a triangle of 7.

The category 7 is Calabi- Yau if there exists an integer d > 0 such that we have a
triangle functor isomorphism between S and v. We say that 7 is mazimal d-Calabi- Yau
if 7 is d-Calabi-Yau and if for each covering functor 7’ — 7 with 7’ d-Calabi-Yau, we
have a k-linear equivalence between 7 and 7.

For an additive k-category &, we write mod £ for the category of contravariant finitely
presented functors from £ to modk (section 2.8), and if the projectives of mod & coincide
with the injectives, mod £ will be the stable category.

2.1 Serre duality and Auslander-Reiten triangles

2.1.1 Serre duality

Recall from [RVdB02] that a Serre functor for 7 is an autoequivalence v : T — T
together with an isomorphism DHomz (X, ?) ~ Homz(?,vX) for each X € 7, where D
is the duality Homy(?, k).

Theorem 2.1. Let T be a Krull-Remak-Schmidt, locally finite triangulated category.
Then T has a Serre functor v.

Proof. Let X be an object of 7. We write X" for the functor Homz(?, X') and F' for the
functor DHom7(X, 7). Using the lemma [RVdBO02, 1.1.6] we just have to show that F' is
representable. Indeed, the category 7 ° is locally finite as well. The proof is in two steps.

Step 1: The functor F is finitely presented.

Let Y7, ..., Y, be representatives of the isoclasses of indecomposable objects of 7" such
that FY; is not zero. The space Hom(Y/", F') is finite-dimensional over k. Indeed it is
isomorphic to F'Y; by the Yoneda lemma. Therefore, the functor Hom(Y;", F) @ Y;" is
representable. We get an epimorphism from a representable functor to F':

P Hom(Y), F) @, Y/ — F.
=1

By applying the same argument to its kernel we get a projective presentation of F' of the
form U — VN — F — 0, with U and V in 7.

Step 2: A cohomological functor H : T°? — modk is representable if and only if it is
finitely presented.

Let pU» ! \A 0 H 0 be a presentation of H. We form a triangle
U——=V—W—=SU.
We get an exact sequence
Un s yn s s 25 (ST
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Since the composition of ¢ with u”" is zero and H is cohomological, the morphism ¢
factors through v". But H is the cokernel of u”, so v factors through ¢. We obtain a
commutative diagram:

u/\

U VA= SU.
¢l//
H v

The equality ¢’ oio ¢ = ¢’ ov” = ¢ implies that ¢’ o is the identity of H because ¢ is an
epimorphism. We deduce that H is a direct factor of W”. The composition 70 ¢’ = e” is
an idempotent. Then e € End(W) splits and we get H = W' for a direct factor W' of
Ww.

O

2.1.2 Auslander-Reiten triangles

w

Definition 2.2. [Hap87] A triangle X —=Y —— 7 SX of T iscalled an Auslander-
Reiten triangle or AR-triangle if the following conditions are satisfied:
(AR1) X and Z are indecomposable objects;
(AR2) w # 0;
(AR3) if f : W — Z is not a retraction, there exists f' : W — Y such that v f' = f;
(AR3) if g : X — V is not a section, there exists ¢’ : Y — V such that ¢'u = g.

Let us recall that, if (AR1) and (AR2) hold, the conditions (AR3) and (AR3’) are

equivalent. We say that a triangulated category 7 has Auslander-Reiten triangles if, for
any indecomposable object Z of 7, there exists an AR-triangle ending at Z:

XY =7 —"SX.

In this case, the AR-triangle is unique up to triangle isomorphism inducing the identity
of Z.
The following proposition is proved in [RVdB02, Proposition 1.2.3]

Proposition 2.1.1. Let 7 be a Krull-Remak-Schmidt, locally finite triangulated category.
Then the category T has Auslander-Reiten triangles.

The composition 7 = S~ is called the Auslander-Reiten translation. An AR-triangle
of 7 ending at Z has the form:

u w

TZ Y A vZ.
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2.2 Valued translation quivers and automorphism groups

2.2.1 Translation quivers

In this section, we recall some definitions and notations concerning quivers [Die87]. A
quiver @ = (Qo, @1, s, 1) is given by the set Qo of its vertices, the set (), of its arrows, a
source map s and a tail map t. If x € Qg is a vertex, we denote by z* the set of direct
successors of x, and by ™ the set of its direct predecessors. We say that @) is locally finite
if for each vertex z € o, there are finitely many arrows ending at x and starting at = (in
this case, ™ and 2~ are finite sets). The quiver @ is said to be without double arrows, if
two different arrows cannot have the same tail and source.

Definition 2.3. A stable translation quiver (Q, T) is a locally finite quiver without double
arrows with a bijection 7 : Qo — Qo such that (7)™ = x~ for each vertex z. For each
arrow « : r — ¥, let oo be the unique arrow 7y — .

Note that a stable translation quiver can have loops.

Definition 2.4. A wvalued translation quiver (Q,T,a) is a stable translation quiver (@, 7)
with a map a : 1 — N such that a(a) = a(o«) for each arrow «. If o is an arrow from
x to y, we write a, instead of a(a).

Definition 2.5. Let A be an oriented tree. The repetition of A is the quiver ZA defined
as follows:

° (ZA)O =7 X AO

o (ZA); = Z x Ay Uo(Z x Ay) with arrows (n,«) : (n,z) — (n,y) and o(n,a) :
(n—1,y) — (n,x) for each arrow o : x — y of A.

The quiver ZA with the translation 7(n,z) = (n — 1, z) is clearly a stable translation
quiver which does not depend (up to isomorphism) on the orientation of A (see [Rie80a]).

2.2.2 Groups of weakly admissible automorphisms

Definition 2.6. An automorphism group G of a quiver is said to be admissible [Rie80a]
if no orbit of G intersects a set of the form {x} Uz™ or {z} Uz~ in more than one point.
It said to be weakly admissible [Die87] if, for each g € G — {1} and for each x € Q, we
have 2 N (gz)* = 0.

Note that an admissible automorphism group is a weakly admissible automorphism
group. Let us fix a numbering and an orientation of the simply-laced Dynkin trees.

A, 1 2 n—1—sn



2.2. Valued translation quivers and automorphism groups 51

D, l—2...——=n—-2
\n
4
E,: 1 2 3 5 n

Let A be a Dynkin tree. We define an automorphism S of ZA as follows:
e if A =D, with n even, then S = 77",

o if A =D, with n odd, then S = 77""1¢ where ¢ is the automorphism of ID,, which
exchanges n and n — 1;

o if A = Eg4, then S = ¢77¢ where ¢ is the automorphism of Eg which exchanges 2
and 5, and 1 and 6;

e if A =F;, then S =777
e and if A = Eg, then S = 7715,

In [Rie80a, Anhang 2|, Riedtmann describes all admissible automorphism groups of
Dynkin diagrams. Here is a more precise result in which we describe all weakly admissible
automorphism groups of Dynkin diagrams:

Theorem 2.7. Let A be a Dynkin tree and G a non trivial group of weakly admissible
automorphisms of ZA. Then G is isomorphic to 7Z, and here is a list of its possible
generators:

o if A = A, with n odd, possible generators are 7" and ¢7" with v > 1, where ¢ =
n+1
5 S is an automorphism of ZA of order 2;

o if A = A, with n even, then possible generators are p", where r > 1 and where

p=128. (Since p* =771, 7" is a possible generator.)

o if A =D, with n > 5, then possible generators are " and "¢, where r > 1 and
where ¢ = (n — 1,n) is the automorphism of D,, exchanging n and n — 1.

o if A =1y, then possible generators are ¢7", where r > 1 and where ¢ belongs to Sz
the permutation group on 3 elements seen as subgroup of automorphisms of Dy.
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o if A =g, then possible generators are " and ¢1", where r > 1 and where ¢ is the
automorphism of Eg exchanging 2 and 5, and 1 and 6.

o if A=1EE, withn =717,8, possible generators are 7", where r > 1.

The unique weakly admissible automorphism group which is not admissible exists for A,
n even, and is generated by p.

2.3 Property of the Auslander-Reiten translation

We define the Auslander-Reiten quiver 'z of the category 7 as a valued quiver (I, a).
The vertices are the isoclasses of indecomposable objects. Given two indecomposable
objects X and Y of 7, we draw one arrow from = = [X] to y = [Y] if the vector space
R(X,Y)/R*(X,Y) is not zero, where R(?,7) is the radical of the bifunctor Homz(?,7).
A morphism of R(X,Y’) which does not vanish in the quotient R(X,Y)/R?*(X,Y) will
be called wrreducible. Then we put

azy = dimy R(X,Y)/R*(X,Y).

Remark that the fact that 7 is locally finite implies that its AR-quiver is locally finite.
The aim of this section is to show that '+ with the translation 7 defined in the first part
is a valued translation quiver. In other words, we want to show the proposition:

Proposition 2.3.1. If X and Y are indecomposable objects of T, we have the equality
dim, R(X,Y)/R*(X,Y) = dim; R(7Y, X)/R*(7Y, X).
Let us recall some definitions [Hap88|.

Definition 2.8. A morphism g : Y — Z is called sink morphism if the following hold
(1) g is not a retraction;
(2) if h: M — Z is not a retraction, then h factors through g;
(3) if u is an endomorphism of Y which satisfies gu = ¢, then u is an automorphism.
Dually, a morphism f : X — Y is called source morphism if the following hold:
(1) f is not a section;
(2) if h: X — M is not a section, then h factors through f;
(3) if u is an endomorphism of Y which satisfies uf = f, then u is an automorphism.

These conditions imply that X and Z are indecomposable. Obviously, if
X =Y —=7Z—"~SX is an AR-triangle, then u is a source morphism and v is a
sink morphism. Conversely, if v € Hom7(Y, Z) is a sink morphism (or if u € Hom7(X,Y)

Y —= 7 —>SX (see

u

is a source morphism), then there exists an AR-triangle X
[Hap88, I 4.5]).
The following lemma (and the dual statement) is proved in [Rin84, 2.2.5].
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Lemma 2.3.1. Let g be a morphism from'Y to Z, where Z is indecomposable and Y =
@D,_, V" is the decomposition of Y into indecomposables. Then the morphism g is a sink
morphism if and only if the following hold:

(1) For eachi=1,...,r andj = 1,...,n;, the restriction g; j of g to the j"™ component
of the 1™ isotopic part of Y belongs to the radical R(Y;, 7).

(3) If h € Hom7(Y', Z) is irreducible and Y' indecomposable, then h factors through
g and Y is isomorphic to Y; for some 1.

Using this lemma, it is easy to see that proposition 2.3.1 holds. Thus, the Auslander-
Reiten quiver I'r = (I", 7, a) of the category 7 is a valued translation quiver.

2.4 Structure of the Auslander-Reiten quiver

This section is dedicated to another proof of a theorem due to J. Xiao and B. Zhu ([XZ05]):

Theorem 2.9. [XZ05] Let T be a Krull-Remak-Schmidt, locally finite triangulated cate-
gory. Let T be a connected component of the AR-quiver of 7. Then there exists a Dynkin
tree A of type A, D or E, a weakly admissible automorphism group G of ZA and an
1somorphism of valued translation quivers

0:T—~7ZA/G.

The underlying graph of the tree A is unique up to isomorphism (it is called the type of
['), and the group G is unique up to conjugacy in Aut(ZA).

In particular, if T has an infinite number of isoclasses of indecomposable objects, then
G is trivial, and I is the repetition quiver ZA.

2.4.1 Auslander-Reiten quivers with a loop

In this section, we suppose that the Auslander-Reiten quiver of 7 contains a loop, i.e.
there exists an arrow with same tail and source. Thus, we suppose that there exists an
indecomposable X of 7 such that

dim, R(X, X)/R*(X, X) > 1.

Proposition 2.4.1. Let X be an indecomposable object of T. Suppose that we have
dimy, R(X, X)/R*(X,X) > 1. Then 7X is isomorphic to X.
To prove this, we need a lemma.

f1 fo_ fn

Lemma 2.4.1. Let X, X5 Xni1 be a sequence of irreducible mor-
phisms between indecomposable objects with n > 2. If the composition f, o f,_1--- f1 is
zero, then there exists an i such that 771X, is isomorphic to X .
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Proof. The proof proceeds by induction on n. Let us show the assertion for n = 2.

Suppose X L X5 LN X3 is a sequence such that foo fi = 0. We can then construct
an AR-triangle:

T
X, (fhf))(2 @X(gl,fh)

’.7'71X1 — SXl
oo

.
X3
The composition fyo f7 is zero, thus the morphism f, factors through ¢g;. As the morphisms
g1 and f, are irreducible, we conclude that 3 is a retraction, and X3 a direct summand
of 771X,. But X, is indecomposable, so 3 is an isomorphism between X5 and 771X].
Now suppose that the property holds for an integer n—1 and that we have f, f,_1--- f1 =
0. If the composition f,_1--- f1 is zero, the proposition holds by induction. So we can
suppose that for i < n —2, the objects 771 X; and X, are not isomorphic. We show now
by induction on 7 that for each ¢ < n — 1, there exists a map 3; : 7' X; — X,41 such
that f,, - fis1 = Big; where g; : X;41 — 71X, is an irreducible morphism. For i = 1, we
construct an AR-triangle:

N\NT /
X, L%, @ X2y L g,
(fn---fz,O)l A---""'"ﬂ';
Xn-i—l

As the composition f, --- fi is zero, we have the factorization f,--- fo = £191.

Now for 4, as 771X,_; is not isomorphic to X;,;, there exists an AR-triangle of the
form:

11

(gi—1,f0, /DT (97 ,94,9%)

Xi———=m'X, 10 X1 & X
(_ﬁi—l,fn"'fi-ﬁ-l,o)l
Xn-i—l

T_IXZ' SXZ

By induction, —f3;_1g;—1 + fn - fix1[i is zero, thus f, .- fiy1 factors through g;. This
property is true for i = n — 1, so we have a map 3,_; : 7 'X,_1 — X,4; such that
Bpn-19n-1 = fn. As g,_1 and f,, are irreducible, we conclude that (3,_; is an isomorphism
between X, and 771 X,,_;. O

Now we are able to prove proposition 2.4.1. There exists an irreducible map f: X —
X. Suppose that X and 7X are not isomorphic. Then from the previous lemma, the
endomorphism f" is non zero for each n. But since 7 is a Krull-Remak-Schmidt, locally
finite category, a power of the radical R(X, X) vanishes. This is a contradiction.
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2.4.2 Proof of theorem 2.9

Let T = (f‘ 0. T 1, a) be the valued quiver obtained from I' by removing the loops, i.e. we
have I'y = T'g, I'1 = {a € 'y such that s(a) # t(a)}, and a = aj;. -

Lemma 2.4.2. The quiver I’ = (fo,fl,&) with the translation T is a valued translation
quiver without loop.

Proof. We have to check that the map o is well-defined. But from proposition 2.4.1, if «
is a loop on a vertex z, o(«) is the unique arrow from 7 = x to z, i.e. o(a) = o. Thus T
is obtained from I' by removing some o-orbits and it keeps the structure of stable valued
translation quiver. O

Now, we can apply Riedtmann’s Struktursatz [Rie80a] and the result of Happel-
Preiser-Ringel [HPR80b|. There exist a tree A and an admissible automorphism group G
(which may be trivial) of ZA such that I is isomorphic to ZA/G as a valued translation
quiver. The underlying graph of the tree A is then unique up to isomorphism and the
group G is unique up to conjugacy in Aut (ZA). Let x be a vertex of A. We write T for
the image of = by the map:

A—ZA—"=7ZA/G ~ T —T.
Let C': Ag x Ag — Z be the matrix defined as follows:

o C(z,y) = —azy (resp. —agz) if there exists an arrow from z to y (resp. from y to
x) in A,

o C(x,z) =2 — azz,
e C(z,y) = 0 otherwise.

The matrix C' is symmetric; it is a ‘generalized Cartan matrix’ in the sense of [HPR80a].
If we remove the loops from the ‘underlying graph of C” (in the sense of [HPR80a]), we
get the underlying graph of A.

In order to apply the result of Happel-Preiser-Ringel [HPR80a, section 2], we have to
show:

Lemma 2.4.3. The set Ag of vertices of A is finite.

Proof. Riedtmann’s construction of A is the following. We fix a vertex xg in [. Then
the vertices of A are the paths of I' beginning on z and which do not contain subpaths
of the form ac(a), where a is in T';. Now suppose that Ag is an infinite set. Then for
each n, there exists a sequence:

o o Qn—1 (0%
L) —>T) —2> - Xy sy,
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such that 7x;,9 # z;. Then there exist some indecomposables Xy, ..., X, such that the
vector space R(X;_ 1, X;)/R*(X;_1,X;) is not zero. Thus from the lemma 2.4.1, there
exists irreducible morphisms f; : X;_; — X, such that the composition f,f,_1---f1
does not vanish. But the functor Homz(Xy,?) has finite support. Thus there is an
indecomposable Y which appears an infinite number of times in the sequence (X;);. But
since RV(Y,Y') vanishes for an N, we have a contradiction. O

Let S a system of representatives of isoclasses of indecomposables of 7. For an inde-
composable Y of 7, we put

=Y dim; Hom7(M,Y).
MeS

This sum is finite since 7 is locally finite.

Lemma 2.4.4. For x in Ay, we write d, = [(T). Then for each v € Ay, we have:

> d,Chy=2.

y€Ao

Proof. Let X and U be indecomposables of 7. Let

u v w

X

Y A SX

be an AR-triangle. We write (U, ?) for the cohomological functor Hom#(U, 7). Thus, we
have a long exact sequence:

(U, 5712) (U, X)-“=(U, V) -2=(U, 2)—2=(U, 5X).
Let Sz(U) be the image of the map w,. We have the exact sequence:
0—Sg-14(U) — (U, X) == (U,Y) == (U, Z) —=> Sz(U) — 0.
Thus we have the following equality:
dimy, Sz(U) + dimy, Sg-12(U) 4+ dimg (U, Y) = dimg (U, X) + dimg (U, Z).

If U is not isomorphic to Z, each map from U to Z is radical, thus Sz(U) is zero. If
U is isomorphic to Z, the map w, factors through the radical of End(Z), so Sz(Z) is
isomorphic to k. Then summing the previous equality when U runs over S, we get:

(X)) +1(Z) = U(Y) +2

Clearly [ is 7-invariant, thus I(Z) equals [(X). If the decomposition of Y is of the form
D,_, Y, we get:

=D (V)= Y axl(YD) + axxl(X).

i,X—Y;el
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We deduce the formula:

2=(2-axx)l(X)— Y axyl(¥s).

i,X—Y;el'

Let x be a vertex of the tree A and T its image in I'. Then an arrow T — Y in [ comes
from an arrow (z,0) — (y,0) in ZA or from an arrow (x,0) — (y, —1) in ZA, i.e. from
an arrow (y,0) — (z,0). Indeed the projection ZA — ZA/G is a covering. From this we
deduce the following equality:

2= (2= aza)ds — > aagdy— Y agzdy= Y dyChy.

y,x—yEA y,y—T€EA y€A

O

Now we can prove theorem 2.9. The matrix C' is a ‘generalized Cartan matrix’. The
previous lemma gives us a subadditive function which is not additive. Thus by [HPR80a],
the underlying graph of C' is of ‘generalized Dynkin type’. As C'is symmetric, the graph
is necessarily of type A, D, E, or L. But this graph is the graph A with the valuation a.
We are done in the cases A, D, or E.

The case LL,, occurs when the AR-quiver contains at least one loop. We can see IL,, as A,,
with valuations on the vertices with a loop. Then, it is obvious that the automorphism
groups of ZIL, are generated by 7" for an » > 1. But proposition 2.4.1 tell us that a
vertex x with a loop satisfies 7x = x. Thus G is generated by 7 and the AR-quiver has

the following form:

1 27~ 3w CHQ

This quiver is isomorphic to the quiver ZA,, /G where G is the group generated by the
automorphism 75 = p.

The suspension functor S sends the indecomposables on indecomposables, thus it can
be seen as an automorphism of the AR-quiver. It is exactly the automorphism S defined
in section 2.2.2.

As shown in [XZ05], it follows from the results of [Kel05] that for each Dynkin tree A
and for each weakly admissible group of automorphisms G of ZA, there exists a locally
finite triangulated category 7 such that I'r ~ ZA/G. This category is of the form
T = D’(modkA)/p where ¢ is an auto-equivalence of D’(mod kA).

2.5 Construction of a covering functor
From now, we suppose that the AR-quiver I' of 7 is connected. We know its structure. It

is natural to ask: Is the category 7 standard, i.e. equivalent as a k-linear category to the
mesh category k(I')? First, in this part we construct a covering functor F': k(ZA) — 7T.
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2.5.1 Construction

We write m : ZA — T for the canonical projection. As G is a weakly admissible group,
this projection verifies the following property: if x is a vertex of ZA, the number of arrows
of ZA with source z is equal to the number of arrows of ZA /G with source mz. Let S be
a system of representatives of the isoclasses of indecomposables of 7. We write ind7 for
the full subcategory of 7 whose set of objects is S. For a tree A, we write k(ZA) for the
mesh category (see [Rie80a]). Using the same proof as Riedtmann [Rie80a], one shows
the following theorem:

Theorem 2.10. There exists a k-linear functor F : k(ZA) — indT which is surjective
and induces bijections:

@ Homyza)(x, 2) — Homy (Fx, Fy),

Fz=Fy

for all vertices x and y of ZA.

2.5.2 Infinite case

If the category 7 is locally finite not finite i.e. if there is infinitely many indecomposables,
the constructed functor F' is immediately fully faithful. Thus we get the corollary.

Corollary 2.11. Ifind7 s not finite, then we have a k-linear equivalence between T and
the mesh category k(ZA).

2.5.3 Uniqueness criterion

The covering functor F' can be see as a k-linear functor from the derived category
D’(modkA) to the category 7. By construction, it satisfies the following property called
the AR-property:

For each AR-triangle X ! y Lz 9x of Db(mod kA), there exists a tri-

Ff Fg €
angle of 7 of the form FX FY FZ SFX .
In fact, thanks to this property, F' is determined by its restriction to the subcategory

proj kA = k(A), i.e. we have the following lemma:

Lemma 2.5.1. Let F and G be k-linear functors from D*(modkA) to T. Suppose that F
and G satisfy the AR-property and that the restrictions Fl ) and G, are isomorphic.
Then the functors F and G are isomorphic as k-linear functors.

Proof. Tt is easy to construct this isomorphism by induction using the (TR3) axiom of
the triangulated categories (see [Nee01]). O
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2.6 Particular cases of k-linear equivalence

From now we suppose that the category 7 is finite, i.e. 7 has finitely many isoclasses of
indecomposable objects.

2.6.1 Equivalence criterion

Let T' be the AR-quiver of 7 and suppose that it is isomorphic to ZA/G. Let ¢ be a
generator of G. It induces an automorphism in the mesh category k(ZA) that we still
denote by . Then we have the following equivalence criterion:

Proposition 2.6.1. The categories k(I') and ind7T are equivalent as k-categories if and

only if there exists a covering functor F : k(ZA) — ind7T and an isomorphism of functors
®:Fop— F.

The proof consists in constructing a k-linear equivalence between ind7 and the orbit
category k(ZA)/¢? using the universal property of the orbit category (see [Kel05]), and
then constructing an equivalence between k(ZA)/o” and k().

2.6.2 Cylindric case for A,

Theorem 2.12. If A = A, and ¢ = 7" for some r > 1, then there exists a functor
isomorphism ® : Fop — F, i.e. for each object x of k(ZA) there exists an automorphism
&, of Fx such that for each arrow o : x — y of ZA, the following diagram commutes:

Fr—2s Fp

Fal chpa
[

Fy—2= Fy.
To prove this, we need the following lemma:

Lemma 2.6.1. Let o : © — y be an arrow of ZA,, and let ¢ be a path from x to 7"y,
r € Z, which is not zero in the mesh category k(ZA,). Then c can be written ¢'a where
d is a path from y to ™"y (up to sign).

Proof. There is a path from x to 7"y, thus, we have Homyza) (2, 7"y) ~ k, and 2 and 77y
are opposite vertices of a ‘rectangle’ in ZA,,. This implies that there exists a path from z
to 7"y beginning by «. O

Proof. (of theorem 2.12) Combining proposition 2.6.1 and lemma 2.5.1, we have just to
construct an isomorphism between the restriction of F' and F o ¢ to a subquiver A,,.
Let us fix a full subquiver of ZA,, of the following form:

aq a9 Qn—1
'Tl .TQ “ .. xn
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such that z; ..., z, are representatives of the 7-orbits in ZA,,. We define the (®,,);=1._, by

induction. We fix ®,, = Idp,,. Now suppose we have constructed some automorphisms
®,.,...,P,, such that for each j < i the following diagram is commutative:

<I>,;j71
F[Ej_l e F[Ej_l

Fajll/ chpajl
[ 7

Fux, -

J
J—>F1Ej.

The composition (Feq;) o @, is in the morphism space Homz(Fz;, Fx;yq), which is
isomorphic, by theorem 2.10, to the space

@ Homk(ZA)([BZ’, Z)

Fz=Fx;41

Thus we can write

(Fea;)®, = AFa;+ > FB.

2FTit1

where 3, belongs to Homyza) (x;,2) and Fz = Fx;11. But Fz is equal to Fx;y, if and
only if z is of the form 7'z, for an [ in Z. By the lemma, we can write 3, = 3.«;. Thus
we have the equality:

(F@ai)q)xi = F()‘[dxiﬂ + Zﬁ;)F&Z

The scalar A is not zero. Indeed, ®,, is an automorphism, thus the image of (Fypa;)®,,
is not zero in the quotient

R(F[EZ, FI‘Z‘+1)/R2(FI‘Z‘, in—l—l)-

Thus ®,, , = F(Ad,, , + >, /.) is an automorphism of Fa;,; which verifies the
commutation relation

(Fpa;)o®, =, o Fa.

Ti+1

2.6.3 Other standard cases

In the mesh category k(ZA), where A is a Dynkin tree, the length of the non zero paths
is bounded. Thus there exist automorphisms ¢ such that, for an arrow « : x — y of A,
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the paths from x to ¢"y vanish in the mesh category for all » # 0. In other words, for
each arrow « : x — y of ZA, we have:

HOI’T1]€ (ZA) ) ZL’ y @ Homk ZA ) = Homk(ZA)(x,y) ~ k),
reZ

where k(ZA)/o” is the orbit category (see section 2.6.1).

Lemma 2.6.2. Let 7 be a finite triangulated category with AR-quiver ' = ZA/G. Let ¢
be a generator of G and suppose that ¢ verifies for each arrow x — y of ZA

@ Homyza) (2, ¢"y) = Homyza)(z,y) ~ k.

reZ

Let F : k(ZA) — T and G : k(ZA) — T be covering functors satisfying the AR-property.
Suppose that F' and G agree up to isomorphism on the objects of k(ZA). Then F and G
are isomorphic as k-linear functors.

Proof. Using lemma 2.5.1, we have just to construct an isomorphism between the functors
restricted to A. Let a : x — y be an arrow of A. Using theorem 2.10 and the hypothesis,
we have the following isomorphisms:

Homs(Fx, Fy) ~ @ Homyza)(z, 2) @ Hompza (@, ¢"y) ~ k

Fz=Fy rez

and then
Homz(Gz, Gy) ~ Homy(Fx, Fy) ~ k.

Thus there exists a scalar A such that Ga = AF«. This scalar does not vanish since F'
and G are covering functors. As A is a tree, we can find some A, for x € A by induction
such that

Ga = /\33)\; lPa.

Now it is easy to check that ®, = A\, Idp, is the functor isomorphism. O

This lemma gives us an isomorphism between the functors F' and F' o ¢, Moreover,
using the same argument, one can show that the covering functor F'is an S-functor and
a T-functor.

For each Dynkin tree A we can determine the automorphisms ¢ which satisfy this
combinatorial property. Using the preceding lemma and the equivalence criterion we
deduce the following theorem:

Theorem 2.13. Let T be a finite triangulated category with AR-quiver I' = ZA/G. Let
@ be a generator of G. If one of these cases holds,
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e A = A, with n odd and G is generated by ™ or ¢ = "¢ with r > ”T_l and
¢=T15;

o A=A, withn even and G is generated by p" withr >n —1 and p=T72S;

A =D, with n > 5 and G is generated by 7" or "¢ with r > n — 2 and ¢ as in
theorem 2.7;

e A =0D, and G is generated by ¢7", where r > 2 and ¢ runs over oz;

A =Eg and G is generated by ™" or 7" ¢ where r > 5 and ¢ is as in theorem 2.7;
o A =E; and G is generated by 7", r > §;
o A =FEg and G is generated by 7", r > 14.

then T is standard, i.e. the categories T and k(T') are equivalent as k-linear categories.

Corollary 2.14. A finite maximal d-Calabi- Yau (see [Kel05, 8]) triangulated category T,
with d > 2, is standard, i.e. there exists a k-linear equivalence between T and the orbit
category D*(mod kA) /771891 where A is Dynkin of type A, D or E

2.7 Algebraic case

For some automorphism groups G, we know the k-linear structure of 7. But what about
the triangulated structure? We can only give an answer adding hypothesis on the trian-
gulated structure. In this section, we distinguish two cases:

If T is locally finite, not finite, we have the following theorem which is proved in
section 2.7.2:

Theorem 2.15. Let T be a connected locally finite triangulated category with infinitely
many indecomposables. If T is the base of a tower of triangulated categories [Kel91], then
T is triangle equivalent to D°(modkA) for some Dynkin diagram A.

Now if 7 is a finite standard category which is algebraic, i.e. 7 is triangle equivalent
to € for some k-linear Frobenius category £ ([Kel06, 3.6]), then we have the following
result which is proved in section 2.7.3:

Theorem 2.16. Let T be a finite triangulated category, which is connected, algebraic
and standard. Then, there exists a Dynkin diagram A of type A, D or E and an auto-
equivalence ® of D°(modkA) such that T is triangle equivalent to the orbit category
D*(mod kA) /.

This theorem combined with corollary 2.14 yields the following result (compare to
[Kel05, Cor 8.4]):
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Corollary 2.17. If T is a finite algebraic maximal d-Calabi-Yau category with d > 2,
then T s triangle equivalent to the orbit category D°(modkA)/S =1 for some Dynkin
diagram A.

2.7.1 O-functor
We recall the following definition from [Kel91] and [Ver77].

Definition 2.18. Let H be an exact category and 7 a triangulated category. A 9-functor
(I1,0): H — T is given by:

e an additive k-linear functor I : H — 7

e for each conflation ¢: XYV —2> 7 of ‘H, a morphism Oe : [Z — SIX func-

torial in € such that 17X L 1Y v 17 9

SIX is a triangle of 7.

For each exact category H, the inclusion I : H — D°(H) can be completed to a
O-functor (I,0) in a unique way. Let 7 and 7' be triangulated categories. If (F,¢p) :
7 — T’ is an S-functor and (1,0) : H — 7 is a O-functor, we say that F' respects O if
(Fol,p(F0)):H — T'is a 0-functor. Obviously each triangle functor respects 0.

Proposition 2.7.1. Let H be a k-linear hereditary abelian category and let (I,0) : H —
T be a O-functor. Then there exists a unique (up to isomorphism) k-linear S-functor

F :D*(H) — T which respects O.

Proof. On H (which can be seen as a full subcategory of D°(H)), the functor F is uniquely
determined. We want F' to be an S-functor, so F' is uniquely determined on S™H for
n € Z too. Since H is hereditary, each object of D’(H) is isomorphic to a direct sum
of stalk complexes, i.e. complexes concentrated in a single degree. Thus, the functor F'
is uniquely determined on the objects. Now, let X and Y be stalk complexes of D°(H)
and f : X — Y a non-zero morphism. We can suppose that X is in ‘H and Y is in
S"H. It n # 0,1, f is necessarily zero. If n = 0, then f is a morphism in H and F'f is
uniquely determined. If n = 1, f is an element of Ext;,(X, S™'Y), so gives us a conflation

€ 5*1Y>i—> E -2+ X in ‘H. The functor F respects 0, thus F'f has to be equal to
po0e where ¢ is the natural isomorphism between SFS~™'Y and F'Y. Since 9 is functorial,
F' is a functor. The result follows. OJ

A priori this functor is not a triangle functor. We recall a theorem proved by B. Keller
[Kel91, cor 2.7].

Theorem 2.19. Let 'H be a k-linear exact category, and T be the base of a tower of
triangulated categories [Kel91]. Let (1,0) : H — T be a O-functor such that for each
n < 0, and all objects X andY of H, the space Hom(IX, S™IY") vanishes. Then there



64 Chapter 2. On the structure of triangulated categories with finitely many indecomposables

exists a triangle functor F : D°(H) — T such that the following diagram commutes up to
1somorphism of O-functors:
H—D'(H

\/

From theorem 2.19, and the proposition above we deduce the following corollary:

Corollary 2.20. (compare to [Rin06]) Let T, H and (I,0) : H — T be as in theorem
2.19. If H is hereditary, then the unique functor F : D°(H) — T which respects 0 is a
triangle functor.

2.7.2 Proof of theorem 2.15

Let F' be the k-linear equivalence constructed in theorem 2.10 between an algebraic tri-
angulated category 7 and D°(H) where H = modkA and A is a simply-laced Dynkin
graph. As we saw in section 2.6, the covering functor is an S-functor.

The category ‘H is the heart of the standard t-structure on D’(H). The image of
this ¢-structure through F' is a ¢-structure on 7. Indeed, F is an S-equivalence, so the
conditions (7) and (i7) from [BBD82, Def 1.3.1] hold obviously. And since H is hereditary,
for an object X of D°(H), the morphism 759X — ST<oX of the triangle

T<oX X To0X St<0 X

vanishes. Thus the image of this triangle through F'is a triangle of 7" and condition (4i7)
of [BBD82, Def 1.3.1] holds. Then we get a t-structure on 7 whose heart is H.

It results from [BBD82, Prop 1.2.4] that the inclusion of the heart of a t-structure can
be uniquely completed to a d-functor. Thus we obtain a d-functor (Fy,d) : H — 7 with
Fo=F,,.

The functor F'is an S-equivalence. Thus for each n < 0, and all objects X and Y of
H, the space Hom7(F X, S"FY) vanishes. Now we can apply theorem 2.19 and we get
the following commutative diagram:

H ———=D'(H

IO\ /

where F' is the S-equivalence and G is a triangle functor. Note that a priori F' is an .S-
functor which does not respect d. The functors Fj,, and G|,, are isomorphic. The functor
F'is an S-functor thus we have an isomorphism Fj,,, =~ G|, for each n € Z. Thus the
functor GG is essentially surjective. Since H is the category mod kA, to show that G is
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fully faithful, we have just to show that for each p € Z, there is an isomorphism induced
by G
Home(H) (A, SPA) —— HomT(GA, SPGA)

where A is the free module kA. For p = 0, this is clear because A is in ‘H. And for p # 0
both sides vanish.
Thus G is a triangle equivalence between D°(H) and 7.

2.7.3 Finite algebraic standard case

For a small dg category A, we denote by CA the category of dg A-modules, by DA the
derived category of A and by per A the perfect derived category of A, i.e. the smallest tri-
angulated subcategory of DA which is stable under passage to direct factors and contains
the free A-modules A(?, A), where A runs through the objects of A. Recall that a small
triangulated category is algebraic if it is triangle equivalent to per A for a dg category A.
For two small dg categories A and B, a triangle functor per A — per B is algebraic if it is
isomorphic to the functor

L
Fx =?®AX

associated with a dg bimodule X, i.e. an object of the derived category D(A” ® B).

Let ® be an algebraic autoequivalence of D’(modkA) such that the orbit category
D(modkA)/® is triangulated. Let Y be a dg kA-kA-bimodule such that ® = Fy. In
section 9.3 of [Kel05], it was shown that there is a canonical triangle equivalence between
this orbit category and the perfect derived category of a certain small dg category. Thus,
the orbit category is algebraic, and endowed with a canonical triangle equivalence to the
perfect derived category of a small dg category. Moreover, by the construction in [loc.
cit.], the projection functor

7 : D’(modkA) — D’ (mod kA)/®

is algebraic.
The proof of theorem 7.0.5 is based on the following universal property of the trian-
gulated orbit category D(mod kA)/®. For the proof, we refer to section 9.3 of [Kel05].

Proposition 2.7.2. Let B be a small dg category and

L
Fyx =?®@pa X : D’(modkA) — per B
an algebraic triangle functor given by a dg kA-A-bimodule X. Suppose that there is an

L
isomorphism between Y @pa X and X in the derived bimodule category D(kA*®B). Then
the functor Fx factors, up to isomorphism of triangle functors, through the projection

7 : D’(modkA) — D’(modkA)/®.

Moreover, the induced triangle functor is algebraic.
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Let us recall a lemma of Van den Bergh [KRO06]:

Lemma 2.7.1. Let Q be a quiver without oriented cycles and A be a dg category. We
denote by k(Q) the category of paths of Q and by Can : CA — DA the canonical functor.
Then we have the following properties:

a) Each functor F : k(Q) — DA lifts, up to isomorphism, to a functor F: kE(Q) —
CA which verifies the following property: For each vertex j of Q, the induced morphism

P ri— Fj,

where i runs through the immediate predecessors of j, is a monomorphism which splits as
a morphism of graded A-modules.

b) Let F' and G be functors from k(Q) to CA, and suppose that F satisfies the
property of a). Then any morphism of functors ¢ : Can o F — Can o G lifts to a
morphism ¢ : F — G.

Proof. a) For each vertex i of @, the object Fi is isomorphic in DA to its cofibrant
resolution X;. Thus for each arrow « : # — j, F' induces a morphism f, : X; — X; which
can be lifted to CA since the X; are cofibrant. Since () has no oriented cycle, it is easy to
choose the f, such that the property is satisfied.

b) For each vertex i of (), we may assume that F'i is cofibrant. Then we can lift
p; : Cano Fi — Can o Gi to ¢; : Fi — Gi. For each arrow « of ), the square

o,

Gi—=Gj
is commutative in D.A. Thus the square

P, Fi 22 Fj

\L(U)z‘) lﬂ’j

P, Gi Lo~ Gj

is commutative up to nullhomotopic morphism h : @, Fi — Gj. Since the morphism
[+ @, Fi — Fj is split mono in the category of graded .A-modules, h extends along f
and we can modify ¥; so that the square becomes commutative in CA. The quiver @)
does not have oriented cycles, so we can construct ¢ by induction. O

Proof. (of theorem 2.16) The category 7 is small and algebraic, thus we may assume
that 7 = per A for some small dg category A. Let F': D’(modkA) — T be the covering
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functor of theorem 2.10. Let ® be an auto-equivalence of D?(mod kA) such that the AR-
quiver of the orbit category D°(modkA)/® is isomorphic (as translation quiver) to the

L

AR-quiver of 7. We may assume that & = — ®;a Y for an object Y of D(EA”? @ kA).

The orbit category D’(modkA)/® is algebraic, thus it is per B for some dg category B.
The functor F, ,, lifts by lemma 2.7.1 to a functor F' from k(A) to CA. This means

that the object X = F(kA) has a structure of dg kA ® A-module. We denote by X the
image of this object in D(EA”? @ A).

L
The functors F' and — ®xa X become isomorphic when restricted to k(A). Moreover

L
— ®@ra X satisfies the AR-property since it is a triangulated functor. Thus by lemma
2.5.1, they are isomorphic as k-linear functors. So we have the following diagram:

L
—®QraX

Db(modkA) perA=T

)

L
—®raAY

The category 7 is standard, thus there exists an isomorphism of k-linear functors:
L L L
c:— Qpa X — QA Y ®pa X.

L
The functor —®a X restricted to the category k(A) satisfies the property of a) of lemma

2.7.1. Thus we can apply b) and lift ¢ w(a) L0 an isomorphism ¢ between X and Y ém X
as dg-kA? ® A-modules.

By the universal property of the orbit category, the bimodule X endowed with the
isomorphism ¢ yields a triangle functor from D’(modkA)/® to 7 which comes from a
bimodule Z in D(B” @ A).

*ékAY
Y Loy
DP(mod kA) = perA=1T
ﬂl - L/ -
—QraZ

D*(mod kA)/® :/perB

L
The functor — ®ga Z is essentially surjective. Let us show that it is fully faithful. For M
and N objects of D’(modkA) we have the following commutative diagram:

P,,c, Homp(M, " N)

L

L
Homyp o (7 M, TN) —ShaZ Homy(FM, FN),
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where D means D’(modkA). The two diagonal morphisms are isomorphisms, thus so is

L
the horizontal morphism. This proves that — ®xa Z is a triangle equivalence between the
orbit category D’(modkA)/® and 7. O

2.8 Triangulated structure on the category of projec-
tives

Let k& be an algebraically closed field and P a k-linear category with split idempotents.
The category modP of contravariant finitely presented functors from P to mod#k is exact.
As the idempotents split, the projectives of mod P coincide with the representables. Thus
the Yoneda functor gives a natural equivalence between P and projP. Assume besides that
mod P has a structure of Frobenius category. The stable category mod P is a triangulated
category, we write X for the suspension functor.

Let S be an auto-equivalence of P. It can be extended to an exact functor from
mod P to modP and thus to a triangle functor of mod”P. The aim of this part is to find
a necessary condition on the functor S such that the category (P, S) has a triangulated
structure. Heller already showed [Hel68, thm 16.4] that if there exists an isomorphism of
triangle functors between S and X3, then P has a pretriangulated structure. But he did
not succeed in proving the octahedral axiom. We are going to impose a stronger condition
on the functor S and prove the following theorem:

Theorem 2.21. Assume there exists an exact sequence of exact functors from modP to

modP:

0 1d X° Xt X2 S 0,
where the X*, i = 0,1,2, take values in projP. Then the cateqory P has a structure of
triangulated category with suspension functor S.

For an M in mod P, denote T, : XM — X1/ X2M SXON a standard

triangle. A triangle of P will be a sequence X : P +—=Q —=R SP which is
isomorphic to a standard triangle T, for an M in modP.

w

2.8.1 S-complexes, P-S-complexes and standard triangles

Let Acp(modP) be the category of acyclic complexes with projective components. It is
a Frobenius category whose projective-injectives are the contractible complexes, i.e. the
complexes homotopic to zero. The functor Z° : Acp(modP) — modP which sends a

complex
1 0 1

NN o - 1 DL v R
to the kernel of 2° is an exact functor. It sends the projective-injectives to projective-
injectives and induces a triangle equivalence between Acp(modP) and mod P.
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Definition 2.22. An object of Acp(modP) is called an S-complex if it is S-periodic, i.e.
if it has the following form:

p u Q v R w gp Su SQ

The category S-comp of S-complexes with S-periodic morphisms is a non full sub-
category of Acp(modP). It is a Frobenius category. The projective-injectives are the
S-contractibles, i.e. the complexes homotopic to zero with an S-periodic homotopy. Us-
ing the functor Z°, we get an exact functor from S-comp to mod P which induces a triangle
functor:

Z°: S-comp — modP.

Fix a sequence as in theorem 2.21. Clearly, it induces for each object M of modP, a
functorial isomorphism in modP, &, : ¥3M —— SM .
Let Y be an S-complex,

Yo P—sQ s R4 gp- 50

Let M be the kernel of u. Then Y induces an isomorphism 6 (in modP) between 3M
and SM. If 0 is equal to ®,;, we will say that X is a &-S-complez.
Let M be an object of modP. The standard triangle T}, can be seen as a $-S-complex:

XOM X'M— X*M — SX°M —= SX'M — -~

The functor 7" which sends an object M of modP to the S-complex T}, is exact since
the X° are exact. It satisfies the relation Z° o T' ~ Idnoqp. Moreover, as it preserves the
projective-injectives, it induces a triangle functor:

T :modP — S-comp .

2.8.2 Properties of the functors Z° and T

Lemma 2.8.1. An S-complex which is homotopy-equivalent to a ®-S-complex is a ®-S-
comple.

Proof. Let X : P—"+~Q—"+>R—">SP be an S-complex homotopy-equivalent to the ®-

S-complex X’ : P~ ~Q/—Y~ R~ SP" TLet M be the kernel of u and M’ the kernel
of . By assumption, there exists a S-periodic homotopy equivalence f from X to X',
which induces a morphism g = Z°f : M — M’. Thus, we get the following commutative
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diagram:
P Q R \ SP
M / £ £ £ s8N —2> SM/ 10
23g Sg
9 P’ Q' R ‘ SP.
M / DM SM//
M/

The morphism ¢ is an isomorphism of modP since f is an isomorphism of S-comp . Thus
the morphisms X3¢ and Sg are isomorphisms of modP. The following equality in mod P

0= (Sg) 'Oy XPg =Py
shows that the complex X is a ®-S-complex. O

Lemma 2.8.2. Let

/ ’

X:PYsQ-—-R—"-5P and X' : P L >Q Y-~ gp

be two ®-S-complexes. Suppose that we have a commutative square:

P—=Q

|

P/L>Ql‘

Then, there exists a morphism f? : R — R’ such that (f°, f', %) extends to an S-periodic
morphism from X to X'.

Proof. Let M be the kernel of u, M’ be the kernel of v’ and f : M — M’ be the morphism
induced by the commutative square. As R and R’ are projective-injective objects, we can
find a morphism ¢ : R — R’ such that the following square commutes:

Q——R

1

QLR
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The morphism ¢? induces a morphism g : SM — SM’ such that the following square is
commutative in mod P:

@
MM —> SM
ESfl lg
D
Y3M' —= SM'.
Thus the morphisms S f and g are equal in modP, i.e. there exists a projective-injective

I of modP and morphisms «: SM — I and 3 : I — SM’ such that ¢ — Sf = Sa. Let p
(resp. p') be the epimorphism from R onto SM (resp. from R’ onto SM’). Then, as I is

projective, [ factors through p'.
= S
x /
SM

Q——R

P

f! S0

SM’

We put f2 = ¢?> — yap. Then obviously, we have the equalities f2v = v/f! and
w'f? = S f%. Thus the morphism (f° f1, f?) extends to a morphism of S-comp. O

Proposition 2.8.1. The functor Z° : ®-S-comp — modP is full and essentially sur-
jective. Its kernel is an ideal whose square vanishes.

Proof. The functor Z° is essentially surjective since we have the relation Z°0T = Idmodp-
Let us show that Z° is full. Let

/ /

R —

v

SP'

X:PA-Q—-R—2-9p and X': P L~

be two ®-S-complexes. Let M (resp. M’) be the kernel of u (resp. u’). As P, @, P' and
Q' are projective-injective, there exist morphisms f°: P — P’ and f!: Q — Q' such that
the following diagram commutes:

M P—=Q

L

M’>—>P,L>Ql-
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Now the result follows from lemma 2.8.2.
Now let f : X — X' be a morphism in the kernel of Z%. Up to homotopy, we can
suppose that f has the following form:

P—-Q—"-R—=38P

P ——=Q —=R —=SP.

As the composition w’ f? vanishes and as @)’ is projective-injective, f? factors through
v’. For the same argument, f? factors through w. If f and f" are composable morphisms
of the kernel of Z°, we get the following diagram:

P——=Q—=R—=SP

| b

Pr——=Q ——R —— 5P

13
Ol Ol fﬂl h lo
4 " A 7

)2 u Q// v R w” sp".

The composition f’f vanishes obviously.
O

Corollary 2.23. A ®-S-complex morphism f which induces an isomorphism Z°(f) in
mod P is an homotopy-equivalence.

This corollary comes from the previous theorem and from the following lemma.

Lemma 2.8.3. Let F': C — C' be a full functor between two additive categories. If the
kernel of F' is an ideal whose square vanishes, then F' detects isomorphisms.

Proof. Let u € Hom¢(A, B) be a morphism in C such that Fu is an isomorphism. Since
the functor F is full, there exists v in Hom¢(B, A) such that Fv = (Fu)™'. The morphism
w = uv — Idp is in the kernel of F, thus w? vanishes. Then the morphism v(Idg — w)
is a right inverse of u. In the same way we show that u has a left inverse, so u is an
isomorphism. O

Proposition 2.8.2. The category of ®-S-complexes is equivalent to the category of S-
complexes which are homotopy-equivalent to standard triangles.

Proof. Since standard triangles are ¢-S-complexes, each S-complex that is homotopy
equivalent to a standard triangle is a ®-S-complex (lemma 2.8.1).
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Let X:P——=Q—=R—>SP be a ®-S-complex. Let M be the kernel of u.
Then there exist morphisms f!: P — X°M and f!: @Q — X'M such that the following
diagram is commutative:

M P——Q
|
M XM X'M.

We can complete (lemma 2.8.2) f into an S-periodic morphism from X in Tj;. The
morphism f satisfies Z°f = Idy;, so Z°(Ty) and Z°(X) are equal in modP. By the
corollary, T, and X are homotopy-equivalent. Thus the inclusion functor 7" is essentially
surjective.

]

These two diagrams summarize the results of this section:

$-S-comp . S-comp Acp(mod P)
(Frobenius) (Frobenius)
T z0
(exact) (exact)
T Z0
(exact)
mod P
(Frobenius)
®-S-comp ¢ S-comp Acp(mod P)
_— (triang.) 70 (triang.)
(exa?full7
ess. surj.,
pr.2.8.1)

T (tri:ng.)

(ess;urj7
pr. 2.8.2)

ZO
(triangle
equivalence)

mod P

(triang.)

2.8.3 Proof of theorem 2.21

We are going to show that the ®-S-complexes form a system of triangles of the category
P. We use triangle axioms as in [Nee01].

TRO: For each object M of P, the S-complex M —— M —— 0 —— SM is homotopy-
equivalent to the zero complex, so is a ®-S-complex.
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TR1: Let u : P — @ be a morphism of P, and let M be its kernel. We can find
morphisms f° and f! so as to obtain a commutative square:

XM —> XM b X2M
M/ ro fi Cokera
/ Cokeru.

We form the following push-out:

0 — Cokera —= X2M SM 0

Pl

0 —— Cokeru R SM 0.

It induces a triangle morphism of the triangulated category modP:

Coker a XM SM Y Coker a
L . B
Coker u R SM Y.Coker u.

The morphism ~ is an isomorphism in modP since Coker a and Coker u are canonically
isomorphic to ¥2M in modP. By the five lemma, X?M — R is an isomorphism in mod P.
Since X2M is projective-injective, so is R. Thus the complex P —= Q R SP
is an S-complex. Then we have to see that it is a -S-complex. Let 6 be the isomorphism
between SM and ¥:*M induced by this complex. We write « (resp. (3) for the canonical
isomorphism in mod P between %> M and Coker a (resp. Coker u). From the commutative
diagram:

/(;oker a X2M \ /Coker a
S2M gl
X
Coker u R Y.Coker u

\/
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we deduce the equality 0 = (33) " !SvyXa®,; = @, in modP. The constructed S-complex
is a ®-S-complex.

TR2: Let X : P~ Q —— R—"> SP be a ®-S-complex. It is homotopy-equivalent
to a standard triangle 7),. Thus the S-complex

X' Qe p——%gp 5% 50

is homotopy-equivalent to Ti[1]. Since T is a triangle functor, the objects Txy and Ty[1]
are isomorphic in the stable category S-comp , i.e. they are homotopy-equivalent. Thus,
by lemma 2.8.1, T)/[1] is a ®-S-complex and then so is X'

TR3: This axiom is a direct consequence of lemma 2.8.2.

TR4: Let X and X’ be two ®-S-complexes and suppose we have a commutative
diagram:

X P-4 eQ—2>R—2-8P

Pl

X' PRSP

Let M (resp. M’) be the kernel of u (resp. u’), and g : M — M’ the induced morphism.
The morphism Tg : Tyy — Ty induces a S-complex morphism § = (¢°, g', g*) between
X and X'.

We are going to show that we can find a morphism f?: R — R’ such that (f°, f!, f?)
can be extended in an S-complex morphism that is homotopic to g. As (¢°, ¢*) and (f°, f1)
induce the same morphism ¢ in the kernels, we have some morphisms A' : Q — P’ and
h?: R — @' such that f®— ¢° = hlu and f' — g' = «'h! + h?v. We put f? = ¢® + v'h%
We have the following equalities:

v = g*v+v'h% and W' f? = wg?

= v'(¢' +h*) = (5¢°)w
= V(f' —u/ht) = (Sf°— ShtSu)w
= U/fl = (Sfo)w

Thus (f°, 1, f2) can be extended to an S-periodic morphism f which is S-homotopic to
g. Their respective cones C( f) and C(§) are isomorphic as S-complexes. Moreover, since
g is a composition of T'g : Ty; — Ty with homotopy-equivalences, the cones C'(g) and
C(Tg) are homotopy-equivalent.

In modP, we have a triangle

M M’ C(g) SM.
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Since T is a triangle functor, the sequence

Ty

T T Te) Tsm
is a triangle in S-comp . But we know that

Tg

T T C(Tg) — Tm(1]

is a triangle in S-comp . Thus the objects C(Tg) and T¢(4) are isomorphic in S-comp ,
i.e. homotopy-equivalent. Thus, the cone C(f) of f is a ®-S-complex by lemma 2.8.1.

2.9 Application to the deformed preprojective alge-
bras

In this section, we apply the theorem 2.21 to show that the category of finite dimensional
projective modules over a deformed preprojective algebra of generalized Dynkin type (see
[BESO7]) is triangulated. This will give us some examples of non standard triangulated
categories with finitely many indecomposables.

2.9.1 Preprojective algebra of generalized Dynkin type

Recall the notations of [BES07]. Let A be a generalized Dynkin graph of type A,, D,
(n>4),E, (n=6,7,8), or L,. Let Qa be the following associated quiver:

A:An(n>]—) 0&1—> .............. n_2f—_>n_1
ao al G2
A =D, (n>4) 0
ao
a a2 Ay —
2?3 .............. n_2?n_1
ai a2 an—2
ap
1
A=E, (n=6,7,8) 0
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a a an—2
A=L, (n>1): e:z(:o—%—% -------------- n—2—n-1.

The preprojective algebra P(A) associated to the graph A is the quotient of the path
algebra kQ)a by the relations:

Z aa, for each vertex 7 of Qa.

The following proposition is classical [BES07, prop 2.1].

Proposition 2.9.1. The preprojective algebra P(A) is finite dimensional and selfinjective.
Its Nakayama permutation v is the identity for A = Ay, Do,, E;, Eg and 1L,,, and is of
order 2 in all other cases.

2.9.2 Deformed preprojective algebras of generalized Dynkin
type

Let us recall the definition of deformed preprojective algebra introduced by [BES07]. Let
A be a graph of generalized Dynkin type. We define an associated algebra R(A) as
follows:

R(Ay) k
(Dn) = k
R(E,) = k
R(L,) = k

R(L,

Further, we fix an exceptional vertex in each graph as follows (with the notations of the
previous section):

0 for A=A, orlL,,

2 for A=D,,

3 for A=E,.
Let f be an element of the square rad?R(A) of the radical of R(A). The deformed
preprojective algebra PY(A) is the quotient of the path algebra kQa by the relations:

E aa, for each non exceptional vertex i of @),

sa=1

and
ao@o for A =A,;
ano +aia; + agas + f(aoao, Elal), and (ano + Elal)”” for A= ]D)n;
QpGo + agao + asas + f(aoao, Egag), and (ano + 52a2>n73 for A= En;
€2 + agap + €f(€), and " for A=1L,.

Note that if f is zero, we get the preprojective algebra P(A).
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2.9.3 Corollaries of [BES07]

The following proposition [BES07, prop 3.4] shows that the category proj P/(A) of finite-
dimensional projective modules over a deformed preprojective algebra satisfies the hy-
pothesis of theorem 2.21.

Proposition 2.9.2. Let A = P/(A) be a deformed preprojective algebra. Then there
exists an exact sequence of A-A-bimodules

O—>1Aq>—1 PQ Pl P(] A O,

where ® is an automorphism of A and where the P;’s are projective as bimodules. More-
over, for each idempotent e; of A, we have ®(e;) = ey).

So we can easily deduce the corollary:

Corollary 2.24. Let P/(A) be a deformed preprojective algebra of generalized Dynkin
type. Then the category proj P/(A) of finite dimensional projective modules is triangulated.
The suspension is the Nakayama functor.

Indeed, if P, = e; A is a projective indecomposable, then P;® 4 Ag is equal to ®(e;) A =
ey A thus to v(F;).

Now we are able to answer to the question of the previous part and find a triangulated
category with finitely many indecomposables which is not standard. The proof of the
following theorem comes essentially from the theorem [BES07, thm 1.3].

Theorem 2.25. Let k be an algebraically closed field of characteristic 2. Then there
exist k-linear triangulated categories with finitely many indecomposables which are not
standard.

Proof. By theorem [BES07, thm 1.3], we know that there exist basic deformed preprojec-
tive algebras of generalized Dynkin type P/(A) which are not isomorphic to P(A). Thus
the categories proj P/(A) and proj P(A) can not be equivalent. But both are triangulated
by corollary 2.24 and have the same AR-quiver ZA /T = Q. O

Conversely, we have the following theorem:

Theorem 2.26. Let T be a finite 1-Calabi- Yau triangulated category. Then T is equiv-
alent to projA as k-category, where A is a deformed preprojective algebra of generalized
Dynkin type.

Proof. Let My,..., M, be representatives of the isoclasses of indecomposable objects of
7. The k-algebra A = End(€D;_, M;) is basic, finite-dimensional and selfinjective since 7°
has a Serre duality. It is easy to see that 7 and proj A are equivalent as k-categories.

Let mod A be the category of finitely presented A-modules. It is a Frobenius category.
Denote by 3 the suspension functor of the triangulated category mod A. The category 7
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is 1-Calabi-Yau, that is to say that the suspension functor S of the triangulated category
7 and the Serre functor v are isomorphic. But in modA, the functors S and X3 are
isomorphic. Thus, for each non projective simple A-module M we have an isomorphism
¥3M ~vM. By [BESO7, thm 1.2], we get immediately the result. 0O
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Chapitre 3

Appendice

Exemple des complexes parfaits

Les hypotheses du théoreme 2.21 peuvent paraitre tres fortes. Dans cette partie nous
allons voir I'exemple d'une catégorie triangulée dont la structure provient d’une suite
exacte de foncteurs.

Généralités sur les catégories de modules

Soient C et D deux catégories additives dans lesquelles les idempotents se scindent.
Soit ¢ : C — D un foncteur pleinement fidele. Le foncteur de Yoneda

Yon:C — modC
C — Home(7,C)

est un foncteur pleinement fidele de la catégorie C dans la catégorie modC. La catégorie
C peut étre vue comme la sous-catégorie pleine des projectifs de modC.
Le foncteur ¢ induit immédiatement un foncteur restriction :

R:modD — modC
F — Foi.

Remarquons que si D est un objet de D vue comme sous-catégorie de modD alors RD =
Homp(i?, D) n’est pas forcément un foncteur représentable, donc pas forcément un objet
de C.

Un objet F' de modC est un foncteur de présentation projective finie, donc on peut
écrire une suite exacte :

Hom¢ (7, Cy) —— Home (7, Cy) — F — 0.
Notons LF' le conoyau du morphisme de foncteur :

Homp(?,iC}) — Homp(7,iCy).

81
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Ceci nous donne un foncteur L : modC — modD tel que Li¢ = i. Ceci se résume en un
diagramme :

Y
C“—>modC
i Ll |r

DY . odD.

Lemme 3.0.1. Les propriétés suivantes sont vérifiées :

Le foncteur L est pleinement fidele.

Le foncteur R est exact.

Le foncteur L est adjoint a gauche de R.
RolL ~ ]dmodC

Démonstration.

Soient F' et G deux objets de modC. Notons C et Cy (resp. C] et C%) des objets de
C tels que F' (resp. G) soit le conoyau d'un morphisme C; — Cy (resp. C — CY).
Alors se donner un morphisme de F’ dans G revient exactement a se donner un carré
commutatif :

01—>02

]

C| ——=Cl.

Mais le foncteur i est pleinement fidele donc tout revient a se donner un carré
commutatif :
1C] ——1C)

L

iC] ——1iCY,
ce qui est encore équivalent a se donner un morphisme de LF' dans LG.
La seconde propriété est évidente.
Soit F' un objet de modC et GG un objet de modD. On veut montrer I'isomorphisme
suivant :

HommodD(LF, G) ~ Hommodc(F, RG)

Soient C; — Cy — F — 0 et Dy — Dy — G — 0 des présentations projectives.
Elles induisent les suites exactes iC, — iCy — LF — 0 et RD; — RDy — RG — 0
car R est exact. Il suffit donc de prouver que pour tout objet C' de C et pour tout
objet D de D, on a un isomorphisme :

Homod p(iC, D) ~ Hompegc(C, RD).
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La catégorie D est une sous-catégorie pleine de modD donc le terme de gauche
est égal a Homp(iC, D). Par définition RD est égal a Homp(i7, D). Se donner un
morphisme de modC de C' dans RD, c’est se donner un morphisme de Hom¢(?7, C')
dans Homp(i?7, D). Mais comme i est pleinement fideéle, on a un isomorphisme entre
Home(7,C') et Homp(i?,:C). En utilisant maintenant le fait que le foncteur Yon est
pleinement fidele, tout ceci revient a se donner un morphisme entre iC' et D dans
D, ce qu’on voulait.
— La derniere propriété est une conséquence directe des autres.
O

Lemme 3.0.2. Soit F' un objet de modC tel que LF soit dans D. Alors F' est un objet
de C.

Démonstration. Soit Cy — Cy — F — 0 une présentation projective de F. On a alors le
suite exacte iC'y — iCy — LF — 0. Par hypothese, 'objet LF' est projectif, donc il existe
une section de LF' dans iC5. En appliquant R on trouve une section de F' dans C5. Le
foncteur F' est alors un facteur direct d'un projectif Cy car les idempotents se scindent,
donc F' est projectif. O

Complexes parfaits

Soit A une k-algebre différentielle graduée. Dans toute la suite, sauf mention du
contraire, les produits tensoriels seront sur k. La catégorie des complexes parfaits per A
est la sous-catégorie triangulée de la catégorie dérivée DA stable par passage aux fac-
teurs directs et engendrée par le module libre 4A. Nous supposerons que per A admet une
dualité de Serre et nous noterons ¥ le foncteur suspension de la catégorie per A qui n’est
autre que le foncteur décalage.

L’objet de ce paragraphe est de démontrer le théoreme suivant :

Théoréeme 3.1. [l existe une suite exacte de foncteurs de mod (per A) dans mod (per A) :

0 — I dmod (per A) X0 X! X? ) 0,

ot les X' sont des foncteurs exacts a valeurs dans les projectifs.
La structure de catégorie triangulée qui en découle est la structure naturelle de per A.

Lemme 3.0.3. Le foncteur suivant

(perA)? @ perA — per(A? ® A)
(P,Q) — P ®Q,

ot P" = RHom (P, A), est pleinement fideéle.
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Démonstration. Soient P, P’ ,Q ,(Q’ des objets de per A. Le foncteur suivant est une
équivalence de catégorie :
(perA)® —  per(A%)
P — P

De la, on déduit donc les isomorphismes suivants :

Hom(perA)0P®perA((P> Q)a (P/> Q,)) Hom(perA)"P (P, P/) ® HomperA(Qa Ql)

Homper (Aop)(Pv7 Plv) X Hompe,A(Q, Ql)

~
~

Notons F' (resp. G) le multifoncteur Homper 4(7,7) ® Homper a(7,7) (resp.

Homper (aorpa)(7®7,7®7)) de per (A%) x per A x per(A%) x per A dans Dk. Les multi-
foncteurs F' et G sont multitriangulés et additifs. De plus on a un isomorphisme entre
F(A%P A AP A) et G(AP, A, A?, A). La fin de la preuve découle directement du lemme
suivant. O

Lemme 3.0.4. Soient F et G deux foncteurs additifs et triangulés de per A dans Dk.
Supposons qu’on ait un morphisme de de foncteur ® : F — G tel que ®, : FA — GA est
un 1somorphisme, alors ® est un isomorphisme de foncteurs.

Démonstration. Les foncteurs F' et G sont triangulés, donc ® est un isomorphisme pour
tous les décalés de A.

Supposons que pour des objets X et Y de per A, le morphisme ® x4y soit un isomor-
phisme. Alors, comme F' et GG sont additifs, on a le carré commutatif

Pxay

F(Xa®Y) G(XaY)

| |

FX®FY - GX @ GY,
a
-]

ou toutes les fleches sont des isomorphismes. Les carrés suivants sont commutatifs :

o) ol

FX FX & FY Fy
P a b (0]
GX GX & GY GY.
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ox 0

<o . a b , . .
De la, il vient que la matrice { e d } est égale a la matrice { 0 @y

} . Comme c’est

un isomorphisme, ®x et ®y sont des isomorphismes.

Enfin, si X Y A Y X est un triangle de per A et que ®x et &, sont
des isomorphismes, le lemme des cinq nous dit que ®y est aussi un isomorphisme. Comme
la catégorie per A est la sous-catégorie triangulée de DA engendrée par A et stable par
passage aux facteurs directs, ® est bien un isomorphisme de foncteurs.

O

Les résultats du paragraphe précédent nous donnent I'existence des foncteurs L et R
adjoints. La catégorie mod (per (A?®A)) est de Frobenius comme catégorie de modules sur
une petite catégorie triangulée. La catégorie mod ((per A)°P @ per A) est aussi de Frobenius
car nous avons supposé que per A admettait un foncteur de Serre. On a donc le diagramme

suivant :
(per A) ® per A—Y" - mod ((per A)? @ per A)

(Frobenius)

L
(plein. fid.) (exact, (adj.)

plein. fid.) (exact)

per (A @ A)—Yer _ mod (per (A% ® A)),

(Frobenius)

Lemme 3.0.5. La catégorie des foncteurs exacts a droite de mod (per A) dans mod (per A)
est équivalente a la catégorie mod ((per A)°P & per A).

Démonstration. Soit F' un objet de mod ((per A)”” @ per A), alors F' est un foncteur :

F:(perA)® @ perA — modk
(P,Q) — F(PQ)"

Regardons le foncteur suivant :

F:perA — mod(perA)
P = (@~ F(PQ))

Ce foncteur se prolonge sur mod (per A) en un foncteur exact a droite de maniére unique.

Réciproquement, si G est un foncteur exact a droite de mod (per A) dans lui méme,
alors le foncteur G : (P,Q) — Gp(Q) est un élément de mod ((per A)®? @ per A). On a
donc une équivalence de catégorie. O

Montrons maintenant le théoréeme 3.1.
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Démonstration. Le foncteur I'dmed (per 4) correspond au bifoncteur Homp,, (7, —) par I’équivalence
du lemme précédent. Prenons une coprésentation injective de ce foncteur dans mod ((per A)P®
per A). On a alors une suite exacte de la forme :

0 — Idmod (per 4) —> B, (Pi, Qi) — D; (P}, Q)
Les objets D, (1, Qi) et (P}, Q;) peuvent étre vus comme des objets de (per A)®@per A

puisque ce sont des projectifs-injectifs de mod ((per A)? @ per A). Si on applique le foncteur
exact L a cette suite exacte, on obtient :

0—— lemod (per A) — @z(‘sz ® Qz) - @j(Pjv ® Q]) .

Les objets @,(F;” ® Qi) et @;(F;” ® @) sont dans per(A? ® A) qui est triangulée.
Formons donc un triangle dans per (A% ® A) en utilisant ’axiome TRI1 :

D, (P ® Q) —>@j(Pjv ®Qj) —= X —=XP,(P Q).

L’objet X est un objet de per (A% ® A). Appliquons le foncteur exact R a ce triangle, on
obtient :

PB.(P, Q) — D;(F;,Qy) RX 2D, (P, Q).

On obtient de cette maniére une suite exacte :

0 —> Idmod (per 1) — P, (P;, Q:) — D, (P}, Q) RX 5 0.

L’objet RX est dans mod ((per A)?®per A). On voudrait montrer qu’il est dans (per A)?®
per A, c’est a dire projectif en tant que bimodule. Ré-appliquons le foncteur L a la suite
précédente :

B,(P®Q;) —B;(P ®Q;) LRX YD, (P Q)

AP 9Q) D, (P 2Q) X — BP9 Q).

Le morphisme LRX — X est le morphisme d’adjonction. C’est un isomorphisme par
le lemme des cing. On peut alors utiliser le lemme 3.0.2 pour conclure que RX est un
objet de (per A)°? ® per A donc projectif en tant que bimodule. Vu comme un foncteur de
mod (per A) dans mod (per A), il envoie tout module dans les projectifs-injectifs.

Le théoreme 2.21 nous donne une structure de catégorie triangulée sur per A. Vérifions
que cette structure correspond a la structure classique. Commencons par énoncer un
résultat immédiat :
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Lemme 3.0.6. Si P Q R Y P est un triangle de per (A’ ® A) alors pour
tout objet M de per A, la suite

MuUP—M)Q— MR u R—X(M ®4 P)

est un triangle de per A.

La suite exacte d’objets de mod ((per A)? @ per A) que 'on vient de construire

0 Id X0 X! X2 2 0

est telle que

LXx° LX! LX*? YLXY

est un triangle de per (A°? ® A). Donc d’apres le lemme ci-dessus,
My LX — M@y LX' — M ®,4 LX? —X(M ®4 LX")

est un triangle de per A. Les ”triangles standards” du théoreme 2.21 sont les Y-complexes
de la forme

XM — XM — XM —= XXM .

11 suffit donc de vérifier qu’on a un isomorphisme :
XM ~M®, LX°

L’objet X© est un élément de (per A)°P @ per A, supposons qu’il soit de la forme (P, Q)
avec P et ) dans per A. Alors vu comme un foncteur de (per A)? @ per A dans modk le
foncteur X s’écrit Hom per ayoreper a(7, (P, @)). On en tire les égalités suivantes :

XOM = Hom(per ayorgper (M, 7), (P, Q))
= HomperA(P M)@HomperA(? Q)

De l'autre coté on a les égalités :

M@ALXO = HomperA(7 M@A (PV(X)Q))

HomperA(7, (M ®A HomperA( ,A
= Homper a(?, Hompe a(P, M) ® Q)
= HomperA(P M) ® Hompe, 4(7, Q)

Neq)

De la, on déduit le théoreme 3.1.
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Chapter 4

Construction of a Serre functor in a
quotient category

4.1 Bilinear form in a quotient category

Let %k be a field. Let 7 be a k-linear triangulated category and A a thick subcategory of
7 (i.e. a triangulated subcategory stable under taking direct summands). We denote by
[1] the suspension functor of 7. We assume that there is an auto-equivalence v in 7 such
that v(N) C N. Moreover we assume that for each N in /' and each X in 7 there is a
bifunctorial non degenerate bilinear form:

Byx:T(N,X)xT(X,uN) — k.

4.1.1 The quotient category 7 /N
The objects of the category 7 /N are the objects of the category 7. Given two objects

X and Y in 7, the morphisms from X to Y in 7 /N are given by equivalence classes of
diagrams:

s7lof:

X Y
Y/

where f and s are morphisms in 7 and where the cone of s is in N.

89
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Two diagrams s' o f and s'~! o f’ are equivalent if there exists a diagram

Y//

X

Y/

where all ‘triangles’ commute and where the cone of ¢ is in V.

Ifstof:X —Yands tog:Y — Z are morphisms in 7 /N, then the composition
(s tog)o (st o f) is defined as follows:

Denote by M the cone of s, and let Z” be the object in 7 such that there is a triangle
morphisms

S

Y Y’ M Y[1]

CH VR I

A s A M Z/[l]‘

It yields the following diagram:

X Y Z .
\ / X /
Y’ 7' S
X /
Z// ’

Then the composition (s og)o (s7' o f) is defined by (s”s') o f'f. Note that the
cones of s’ and s are in NV, so by the octahedral axiom, the cone of the composition s”s’
is also in V.

It is now classical to check that this composition is well-defined on the equivalence
classes of diagrams and that it is associative. Thus 7 /N is a k-category.

Moreover, the category 7 /N is naturally triangulated and there is an exact sequence
of triangulated categories

0— N7 —LT/N—0
where [ and P are triangle functors.

Lemma 4.1.1. A morphism f : X — Y is in the kernel of P if and only if it factorizes
through an object of N.
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Proof. Let f : X — Y be a morphism in 7 which factorizes through an object N in N.
Then we have the following commutative diagram:

Y
e

(\

X%Y@NTY

N> /
Y

where f = hog is the factorization of f through N. Thus the image of f in 7 /A vanishes.
Conversely, let f: X — Y be a morphism in 7 such that its image in 7 /N vanishes.
It means that there exists a commutative diagram:

Y

2N

Xt-z7~——vV

~l/

Y

The composition ¢ o s is the identity of Y, so Z decomposes in Y @& Cone(s). But by
definition, the cone of s is in N. Finally, the previous diagram can be written:

Y
(52)

X——=YON==—""Y

(53)
AN /
Y

Thus f is the composition h o g, and since N = Cone(s) is in N, the morphism f
factorizes through an object of N O

4.1.2 Construction of a bilinear form in 7 /N

Let X and Y be objects in 7. The aim of this section is to construct a bifunctorial
bilinear form:

By : TIN(X,)Y) x T/N(Y,vX[-1]) — k.
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Let s'of: X ->Yand t7'og:Y — vX[—1] be two morphisms in 7/N. As we saw
previously, we can construct a diagram

Denote by N[1] the cone of u. It is in N since N is v-stable. Thus we get a diagram of

the form:

N )
LN

vX|[—1] ——vX"[-1] vN vX,

vu[—1]

X N[l]

where the two horizontal rows are triangles of 7. Then we define Y y as follows:
ﬂ;(,Y(Sil © fa til © g) = ﬁN,Y/(’U> w)
Lemma 4.1.2. The form (' is well-defined.

Proof. Let X and Y two objects of 7. We have to show that if two fractions s;' o f; and
sy o fo are equal, then we have

ﬂk,y(sfl ofi,t loyg) = B}QY(s;l o fy,t 1 og).
We can assume that there exists such a commutative diagram:

Y,

RN

For + = 1,2 let M; be the cone of f; : X — Y,;. Then ¢ induces immediately a morphism
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m : My — M. Then we get the following commutative diagram:

M, - Cone(s,) v XY[—1]
m X /sa | \ Y /
M, = Cone(sy) v X/ [—1]

But M; is also the cone of s : vX'[—1] — v X/[—1], so m induces a morphism
v vX{[-1] — v Xy [-1].

Now, if we denote by N;[1] the cone of w; : X — X/, the morphism ¢ induces a
morphism n : Ny — Ny such that the following diagram commutes:

vl w1
Ni—Y, —vN; .

) w2
Ny ——=Y, —=VvN,

Since the form ( is bifunctorial, we have immediately the equality O, .y, (vi,w1) =

BNay, (v2,w2). By definition By (s; ' o fi,t7! o g) is equal to O,y (vi,w;). Thus we

get the equality:
ﬂky(sl—l o fi,t og)= 63(,1/(52_1 o fo,t 1 oyg).
We can show similary that 3 is well-defined on the second factor. O
Lemma 4.1.3. The form (3’ is bilinear and bifunctorial.
Proof. These two properties come directly by the construction of 5" and by the bilinearity
and bifunctoriality of (. O

4.1.3 Cluster category of an hereditary algebra

Let A be a finite dimensional hereditary k-algebra. Denote by B the dg-algebra A @&
DA[-3]. The cluster category Ca is the orbit category D’(mod A)/v[—2] where v =
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L
? ®4 DA is the Serre functor of D?(mod A). By [Kel05], it is triangle equivalent to the
quotient category D°(B)/per B. The category per B is 3-Calabi-Yau, and there is even
such a duality: for X in D°(B) and N in per B, there is an isomorphism (see chapter 1)

HompB(N, X) — DHomDB(X, N[g])
Thus, by the last section, it is possible to construct a bifunctorial bilinear form
By : Ca(X,Y) x Ca(Y, X[2]) — k

on the cluster category C4. But in the other hand, the cluster category is 2-Calabi-Yau.
Thus there is a bifunctorial duality

Nxy : Ca(X,Y) x Ca(Y, X[2]) — k

We show in this section that the bilinear form 3’ constructed on the quotient D°(B)/per B
coincide with 7.

Recall by chapter 1, that the morphisms A —'> B—2+ A induce the following ad-
joint functors:

DB and DA
L . L
[
DPA D'B.
Let X and Y be two A-modules. The exact sequence of A-B-bimodules

p

0——= DA[-3]—B A 0

induces a canonical triangle in DB

pe(wX[-3]) = i* X ——=p. X —=p.(vX[-2])

Let f: X — Y and g: Y — vX be morphisms in D*A. We have the following diagram

L v w L
X ®4 B pX p«(vX[=2]) — x @, B[]
pxf
pY

pxg

P X[ —p.X) == x &, pgj——=p-(X[3))
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Since i*X = X é)A B is an object of per B, by definition of ', we have f'(p.f, p.g) =
B(p«f o, u[3] op*g).

The morphism v is induced by the morphism p : B — A of A-B-bimodules. The
morphism w[3] is induced by ¢[3] : DA — BI[3] which is also equal to the composition
Dp: DA — DB ~ BJ[3]. Then the equality S(p.f op, Dpop.g) = n(f,g) comes directly
by the following lemma.

Lemma 4.1.4. Let A and B be k-algebras, and p : B — A a morphism of B-module,
then the following diagram commutes:

Homg(A, DA) —— k

e

Homp(B, DB)

where the application 7 is given by w(f) = Dpo fop and where the other two arrows are
standard duality.

4.2 Non-degeneracy

In this section, we find conditions on X and Y such that the bilinear form (%, is non-
degenerate.

Definition 4.1. Let X and Y be objects in 7. A morphism p: N — X is called a local
N -cover of X relative to Y if N is in N and if it induces an exact sequence:

0——=T(X,Y)2~T(N,Y).

Let Y and Z be objects in 7. A morphism 7 : Z — N’ is called a local N -envelope of
Z relative to Y if N’ is in M and if it induces an exact sequence:

0—=T(Y,Z) —==T(Y,N").

Theorem 4.2. Let X and Y be objects of T. If there exists a local N -cover of X relative
toY and a local N'-envelope of vX relative to Y, then the bilienar form [y constructed
i the previous section is non-degenerate.

Proof. Let f: X — Y be a morphism in 7 whose image in 7 /N is in the kernel of 3.
We have to show that it factorizes through an object of .

Let p: N — X be a local N-cover of X relative to Y, and let X’ be the cone of p. The
morphism f is in the kernel of 3’. Thus for each morphism ¢ : Y — vN which factorizes
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through v X'[—1], B(fp, g) vanishes.

p

N X X' N[1]
lf
Y
|
| g
\
I/X[—l]—>l/X/[—1] vIN v X

This means that the linear form [(fp,?) vanishes on the image of the morphism
T(Y,vX'[-1]) — T(Y,vN).
This image is canonically isomorphic to the kernel of the morphism
T(Y,vN) — T(Y,vX).
Let vi: vX — vN’ be a local N-envelope of vX relative to Y. Then the sequence
0—T7 Y, vX)—=T(Y,vN')

is exact. Therefore, the form G(fp,?) vanishes on Ker(7 (Y,vN) — T (Y,vN')).

N—"—X X' N[1]
f N
}/
Y
g
vX'[—1] vN vX vX'

Now, (3 is non-degenerate on
Coker(T(N"Y) — T(N,Y)) x Ker(T(Y,vN) — T (Y,vN")).
Thus the morphism fp lies on
Coker(T (N, Y) — T(N,Y)),

that is to say that fp factorizes through ip. Since p: N — X is a local N-cover of X, f
factorizes through N’. O
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Proposition 4.2.1. Let X and Y be objects in T. If for each N in N the vector spaces
T(N,X) and T(Y,N) are finite-dimensional, then the existence of a local N -cover of X
relative to Y is equivalent to the existence of a local N -envelope of Y relative to X .

Proof. Let g : N — X be a local N-cover of X relative to Y. It induces an injection
0—=T(X,Y)—2~T(N,Y).

The space 7 (N,Y) is finite dimensional by hypothesis. Fix a basis (f1, fo, ..., f;) of this
space. This space is in duality with the space 7 (Y,vN). Let (f{, f5,. .., f/) the dual basis
of the basis (f1, f2, ..., fr). We show that the morphism

(f1517)

T(X,Y) P 7T(X,vN)
T ’ (fienfi)w lg*
(N,Y) @ 7T(N,vN).

If f is in the kernel of (f],..., f!)., then for all i = 1,... 7, the morphism f/o fog is
zero. Thus fog is orthogonal on the vectors of the basis fi, ..., f/ and therefore vanishes.
But since g is a local N-cover of X relative to Y, f is zero, and the morphism

(fl """ fr)* @,]V(‘)(v7 ]/N)

is a local M-envelope of Y relative to X. The proof of the converse is dual. O

4.3 Examples

This section is dedicated to examples where the hypothesis of theorem 4.2 are satisfied.

4.3.1 Stable category

Let A be a finite dimensional self-injective k-algebra. Denote by 7 the derived category
D’(mod A) and by N the triangulated category per A. Since A is finite dimensional,
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there is an inclusion N’ C 7. Moreover A is self-injective so of infinite global dimension.
Therefore the inclusion is strict. From [KV87], there is an exact sequence of triangulated
categories:

0 ——> perA—— D’(mod A) — mod A —— (.

The derived category D?(mod A) admits a Serre functor v =? é 4 DA which stabilizes
per A. Thus there is an induced functor in the quotient mod A that we will also denote
by v. Let ¥ be the suspension of the category mod A which comes directly from the
suspension [1] of D?(mod A). Then we have the following proposition:

Proposition 4.3.1. The functor X1 ov is a Serre functor for the stable category mod A.

Proof. We have to check that mod A satisfies the hypothesis of theorem 4.2. Since
DP(mod A) is Hom-finite, by proposition 4.2.1, it is sufficient to show the existence of
local N-covers. Let X and Y be in D’(mod A). We can assume that X cofibrant, i.e.

X:..—=PFP, P_ Py Py P, 0

where the P, are projective. We can also assume that Y is of the form:

00— Yy Y} — Yy Y =0

Now let N be the stupid truncation of X in degrees > 0.

N - 0 Py Py P, Pog—>---
X P P Py P, Py ——---
Yoo 0 Yo Y Y, 0

It is then obvious that there is an exact sequence
0—T7(X,Y)—=T(N,Y).

Since N is left bounded with projective components, N is perfect, and there exist local
N-covers.
Thus by theorem 4.2, the stable category mod A = D’(mod A)/per A admits a Serre
functor induced by the functor v o [—1] of the derived category D’(mod A).
[
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Note that we could see directly, given M and N in mod A, that there is a duality
between Hom , (M, N) and Hom 4(N, X7 'vM). Let

P,Q P,1 PO (resp. Il IQ [3 )

be a projective (resp. injective) resolution of M. Since A is self-injective, there is an
acyclic complex with projective components

P_2 P_1 P() Il IQ ]3
M/

If we apply the functor Hom4(—, V), we get the complex

-+<——Homy(P_1,N) <— Hom4(Py, N) <— Homy (1, N) <— - - -

By definition, the space Hom 4 (M, N) is exactly the zeroth cohomology of this complex.
More precisely, it is the space of morphisms Py — N whose composition with P_; — F is
zero, modulo the morphisms which factorize through ;. By definition of v, this complex
is in duality with the complex:

-+ —=Homy (N, vP_1) —=Hom4(N,vFPy) —= Homa(N,vl;) —---

Therefore Hom 4(M, N) is in duality with the zeroth homology of this complex. More
precisely, Hom 4(M, N) is in duality with the space of morphisms N — v P, whose com-
position with vFy — I; vanishes modulo the morphims which factorize through vP;. We
have the following diagram:

"—>P_2 P_1 P ]2 ]3

N
0 /
\

=N<

——=vP_ 2—>1/P1 v, viz

eSS

Thus Hom 4, (M, N) is isomorphic to the dual of the space Hom ,(N, XvM).
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4.3.2 Cluster category: general case

Let A be a finite dimensional k-algebra with finite global dimension. Let B be the dg
algebra A ® DA[—3]. The projection p : B — A yields a restriction functor p, : D’A —
D’B. We denote by (A)p the thick subcategory of DB containing the image of DA.
(This is not equal to DB in general.) We define the cluster category C4 as the quotient
category (A)p/per B. This is the triangulated hull of the orbit category D’(mod A) /v4[—2]

L
(cf [Kel05]) where v4 is the auto-equivalence ? ®4 DA of D’(mod A).
The categories 7 = (A)p and N = per B satisfy the hypothesis of the chapter: for

L
all N in per B and all X in DB, the spaces Homp (N, X) and Homp(X, N @ DB) are

L
finite dimensional. Now by corollary 1.12, the functor vp = ®pDB is isomorphic to [3]
and therefore it stabilizes per B. So we can construct a bifunctorial bilinear form:

By : Home, (X,Y) x Home, (Y, X[2]) — k.

Theorem 4.3. Let X andY be objects in D*B. If the spaces Homp(X,Y) and Homp (Y, vpX) =
Homp (Y, X[3]) are finite dimensional, then the bilinear form

By : Home, (X,Y) x Home, (Y, X[2]) — k
18 non-degenerate.

Before proving this theorem, we recall some results about inverse limits of sequence of
o]

vector spaces that we will use in the proof. Let --- V,—=V, LG i Vo
be an inverse system of vector spaces (or vector space complexes). We then have the fol-
lowing exact sequence
where @ is defined by ®(v,) = v, — ¢(v,) € V,, & V,_1 where v, is in V.

Recall two classical lemmas due to Mittag-Leffler:
Lemma 4.3.1. If for all p, the sequence of vector spaces W; = Im(V,1; — V,) is station-
ary, then lim1V;, vanishes.

This happens in particular when all vector spaces V,, are finite dimensional.
Lemma 4.3.2. Let - —=V,—>V, | “~... Vi ——=V, be an inverse system

of finite dimensional vector spaces such that Vo, = limV, is also finite dimensional. Let V)

be the image of Vi in V,. Then the sequence V, is stationary and we have V3, = limV,] =
V.



4.3. Examples 101

Proof. (of theorem 4.3) Let X and Y be objects of D’B such that Hompz(X,Y) is
finite-dimensional. We will prove that there exists a local per B-cover of X relative to Y.

Let P, :... P,y P, P, P, be a projective resolution
of X. The complex P, has components in per B, and its homology vanishes in all degrees
except in degree zero, where it is X. Let P, and P., be the natural truncations, and
denote by Tot(P) the total complex associated to P,. Then for all n € N, there is an
exact sequence of dg B-modules:

0 —— Tot(P<,) — Tot(P) — Tot(Ps,) — 0

The complex Tot(P) is quasi-isomorphic to X, and the complex Tot(P<,) is in per B.
Moreover, T'ot(P) is the colimit of T'ot(P<,). Thus by definition, we have the following
equalities

Hom%(Tot(P),Y) = Homg(coEmTot(Pgn),Y)

= limHom%y(Tot(P<,),Y).

Denote by V,, the complex Hom%(Tot(P<,),Y). In the inverse system

--—>Vp—¢>Vp_1 LAV Vi ¥ Ve,
all the maps are surjective. Thus by lemma 4.3.1, there is a short exact sequence
0—> Vo —1IL, Vs —2>T1,Va —0

which induces a long exact sequence in cohomology

ILHY, (V) Il

lim H-1V;, limHOV,,

HOV, —THV; .

We have the equalities

H°(Vy) = H°(Hom$%(Tot(P),Y))
= Homy/(Tot(P),Y)
— Homp(X,Y).

Denote by W, the complex Homp(T0t(P<,),Y) and by U, the complex H'(V}) =
Homp(T'ot(P<,), Y[—1]). The vector spaces U, are finite dimensional. Thus by lemma
4.3.1, limlUp vanishes and we have an isomorphism

H°(limV},) = H°(V,,) =~ limH°(V,,).
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The system (W,), satisfies the hypothesis of lemma 4.3.2. In fact, for each integer p, the
space Homp(T0t(P<,),Y) is finite dimensional because T'ot(P<,) is in per B. Moreover,
by the last two equalities W, = limW,, is isomorphic to Homp(X,Y) which is finite

dimensional by hypothesis. By lemma 4.3.2, the system (W), formed by the image of
We in W), is stationary. More precisely, there exists an integer n such that W, = limWI;.

But W/ is a subspace of W,, = Homp(T'0t(P<,),Y’) and there is an injection
Homp(X,Y )~ Homp(Tot(P<,),Y) .

This yields a local per B-cover of X relative to Y.
The spaces Homp(N, X)) and Homp(X, N) are finite dimensional for NV in per B and
X in D’B. Thus by proposition 4.2.1, there exists local per B envelopes. Thus theorem
4.2 applies and [’ is non-degenerate.
O

By theorem 4.3, we can deduce the corollary:

Corollary 4.4. Let A be a finite dimensional k-algebra with finite global dimension. If
the cluster category Ca is Hom-finite, then it is 2-Calabi- Yau as a triangulated category.

Proof. Denote by p, : D’A — DB the restriction of the projection p : B — A. Let X
and Y be in D°(A). Then by hypothesis, the vector spaces

@ Hompe 4 (X, 4Y[—2p]) and @ Hompo 4 (Y, V4 X [—2p + 3])

PEZL PEZL

are finite dimensional. But by [Kel05], the space Hompsg(p. X, p.Y") is isomorphic to

@ Homps 4 (X, VY [—2p]),

p=>0

so is finite dimensional. For the same reasons, the space Hompsg(Y, X[3]) is also finite
dimensional. Applying theorem 4.3, we get a non-degenerate bilinear form 3, v, y. The
non-degeneracy property is extension closed, so for each M and N in (A) g, the form (3},

is non-degenerate.
O

4.3.3 Relation with Tabuada’s article

An article of G. Tabuada [Tab07] gives another example of such categories. Let D be
an algebraic 2-Calabi-Yau category endowed with a cluster-tilting object. The author
constructs a triangulated category 7 and a triangulated 3-Calabi-Yau subcategory N
such that the quotient category 7 /N is triangle equivalent to D.
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More precisely, let C be a cluster-tilting object of D. The category D is algebraic,
therefore it is the stable category £ of a certain Frobenius category £. Denote by M the
preimage of C under the projection £ — £. The category M contains the subcategory P
of projective-injectives. We have the following commutative diagram

M——¢&

L

C——=<E=D.

Denote by HE the homotopic category of £, and let 7 = H?:;j be the full subcategory
of HE of £-acyclic complexes of the form

P —— P —— M, — M; M, 0 0

where the P; are in P and where the M; are in M. Denote by N' = H%_ . the subcategory
of HE of the £-acyclic complexes which are bounded and which have components in M.
Then G. Tabuada shows the following result:

Theorem 4.5. [Tab07] The category HE_,. is 3-Calabi-Yau and there exists a triangle

equivalence between D and the quotient He D /HE ...

The categories T = HE > and N' = H%_,_ satisfy the hypothesis of theorem 4.2.

E—ac

Indeed, let X and Y be objects in HE—2. We can assume that for n > 1 the X,, are

E—ac*
projective-injective, and that for n < 0, the Y,, are projective-injective.

Y= Q-2 Q-1

QO\K/Nl Ny

Denote by K the kernel of the morphism N; — N,. Since M is a cluster-tilting
subcategory of £ there exists an admissible short exact sequence:

0 N_y No K 0

with Ny and N_; in M.
Let N be the following complex:

N=.- 0 N_, Ny N, Ny

This complex N is acyclic and bounded, so it belongs to N’ = H%_,_. Moreover since
Qo and ()_; are projective, there exists a morphism of complexes:
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Q-2 Q-1 Qo Ny Ny
o
0 N_4 No Ny Ny

Let us show that this morphism Y — N is a local N-envelope of Y relative to X.
Let f: X — Y be a morphism of complexes such that the composition X — Y — N is
homotopic to zero.

T_2 T_1 o

P_2 P_l PO Pl M2

S P P v v
REAAN

0 N_ Ny

Since P, is projective, it is possible to find a morphism h; : P, — )y such that
fi = yoh1 + hoxy. Then since all P; and @); are projective for ¢ < 0, it is classical to
construct an homotopy (see also [PalOS}). Thus there exist local A-envelopes in 7.

Since the category 7 = Hg a2 1s Hom-finite, by proposition 4.2.1 there exist local
N-covers.



Chapter 5

Cluster category of an algebra of
global dimension 2

Let A be a finite dimensional k-algebra with global dimension < 2. Since A is of finite

global dimension, the triangulated category D?(mod A) admits a Serre functor v :?é{) aDA
(cf. chapter 1). In this chapter, we want to study the cluster category C4 associated to
this algebra, namely the triangulated hull of the orbit category D°(mod A)/v[—2]. We
will still denote by A the image of A under the functor

Db(mod A) — Db(mod A) /v[—2]—C4

5.1 Reminder on t-structures

The derived category D’(mod A) = D’ A admits a t-structure. For each n € Z, let D, be
the full subcategory of D’ A consisting of complexes whose cohomology vanishes in degrees
> n, and D, the full subcategory of D°A consisting of complexes whose cohomology
vanishes in degrees < n. The categories D<,, and D>, satisty the following properties:

Dgo[n] = Dg_n and DZO [TL] = DZ_n;

D<o C D<1, D>1 C Dxy;

HomD(Dgo, Dzl) = 0,

for each object Y in DA, there exists a unique (up to unique triangle isomorphism)
triangle

TS()Y —_— Y —>7'21Y e (TSOY)U]

such that TS()Y S DSO and 7'21Y S Dzl'

105
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Lemma 5.1.1. Let A be a finite dimensional k-algebra with global dimension < 2. Denote

L
by v =? ®4 DA the Serre functor of the derived category D*A. Then we have the follow-
ing inclusions v(D>g) C Ds_o and v~ (D<y) C D<y. Moreover, the space Homp(U, V)
vanishes for all U in Dx¢ and all V' in D<_3.

5.2 Endomorphism algebra of the object A

5.2.1 Endomorphism algebra

In this section, we study the endomorphism algebra of the object A in the cluster category
Ca.

Proposition 5.2.1. Let A be a finite dimensional k-algebra with global dimension < 2.
Let X be the A-A-bimodule Ext’ (DA, A). Then there is an isomorphism

A=Endc,(A) ~TyX
where Ty X s the tensor algebra of X over A.

Proof. By definition, we know that Endc, (A) = €@,c; Homp (A, P A[-2p]). For p > 1,
the object v? A[—2p] is in Dxs, so since A is in D<y, the space Homp (A, v? A[—2p]) vanishes.
Therefore, we can write Endc, (A) = @, ., Homp (A, v P A[2p]).

p=>0

L
The functor v =7 ® 4 DA admits an inverse

L
vl =—®,4 RHoma(DA,A).

Since the global dimension of A is < 2, the homology of the complex RHom (DA, A) is
concentrated in degrees 0, 1 and 2 :

H°(RHoma(DA, A)) = Homp(DA, A)
H'(RHoma(DA, A)) = Exty(DA,A)
H*(RHoma(DA, A)) = Ext}(DA,A)

Let us denote by Y the complex RHom (DA, A)[2]. Then we have
L L L
I/pr[Qp] = A ®4 (Y®Ap) — Y®ap
Therefore we get the following equalities
L
Hompa(A, v PA[-2p]) = Hompa(A,Y®4P)
= HO(YQ%AP).

Since H°(Y) = X, we conclude using the following lemma. O
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Lemma 5.2.1. Let M and N two complezes of A-modules whose homology is concentrated
i negative degrees. Then there is an isomorphism

HO(M &4 N) =~ H(M) @4 H(N).

Proof. Without loss of generality, we can assume that M and N are cofibrant. Then, we

L
have M @4 N = M ®4 N and so we have

H'M®4 N) = Coker(M '@, N @M @, N' — M"®,4 N°)
(Cokerdyr) ®4 (Cokerdy)
~ H°(M)®4 H°(N).

12

5.2.2 Quiver of the endomorphism algebra

Let A = kQ/I be a finite dimensional k-algebra of global dimension < 2. Suppose that
I'is an admissible ideal generated by a finite set of minimal relations 7;, i € J where for
each i € J, the relation r; starts at the vertex s(r;) and ends at the vertex ¢(r;). Let @
the following quiver:

e the set of the vertices of @ equals that of );

e the set of arrows of @ is obtained from that of () by adding a new arrow p; with
source t(r;) and target s(r;) for each i in J.

Then we have the following proposition, which has essentially been proved by I. Assem,
T. Briistle and R. Schiffler [ABS06] (thm 2.6). The proposition is also proved in [Kel08b].

Proposition 5.2.2. If the algebra Endc, (A) = A is finite-dimensional, then its quiver is
Q.

Proof. Let B be a finite dimensional algebra. The vertices of its quiver are determined
by the quotient B/rad(B) and the arrows are determined by rad(B)/rad?(B). Denote by
X the A-A-bimodule Ext} (DA, A). Since X ®4 X is in rad®(B), the quiver of A = Ty X
is the same as the quiver of the algebra A x X. Then the proof is exactly the same as in
[ABS06] (thm 2.6).

O
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5.3 Condition of Hom-finiteness

5.3.1 Criterion

Theorem 5.1. Let A be a finite-dimensional k-algebra of global dimension < 2. Then
the cluster category C, is Hom-finite if and only if the functor Tor’(?, DA) is nilpotent.

Lemma 5.3.1. The functor Tor’(?, DA) is nilpotent if and only if the functor ? @4
Ext’ (DA, A) is nilpotent. This is equivalent to the existence of an integer N such that
PN (Dsy) is included in D>, where ® is the functor v[—2] of D°(A).

L
Proof. The functor ® is the following endofunctor v(?)[—2] =?® 4 DA[—2] of D°(A). Thus
it is obvious that Tor%(?, DA) is the functor H°(®(?)). Since A is of global dimension

L
< 2,if M is an A-module, the object M ®4 DA[—2] lies in D<j. Thus H*(®H°®(M)) =
H°®*(M) and we get for all n > 0

Tor%(?, DAY (M) ~ H°(®"M).

L
Using the formula v™! = — ®4 RHoma(DA, A), one can easily check that the functor

L
?®4 Exty (DA, A) is isomorphic to the functor H°(®~*(?)). By lemma 5.2.1, we have for
alln >0,

L L
M ®4 Ext} (DA, A)®4" ~ HY (& "M).
O

Proof. (of theorem 5.1) By proposition 5.2.1, the algebra A= Endc, (A) is finite-dimensional
if and only if the functor ? ®4 Ext’ (DA, A) is nilpotent.

Now suppose that there exists some N > 0 such that ®"(Ds) is included in D;.
For each object X in Cg4, the class of the objects Y such that the space Home, (X,Y)
(resp. Home, (Y, X)) is finite dimensional, is extension closed. Therefore, it is sufficient
to show that for all simples S, S, and each integer n, the space Home, (S, S’[n]) is finite
dimensional.

There exists an integer py such that for all p > py ®P(S’) is in Ds,41. Therefore,
because of the defining properties of the t-structure, the space P, Homp(S, ®7(5")[n])
vanishes. Similary, there exists an integer ¢y such that for all ¢ > ¢, we have ®4(S) €
D> _ 3. Since the algebra A is of global dimension < 2, the space @, Homp(P?(.S), S'[n])
vanishes. Thus the space

4>4q0

&5 Homp (S, 27(5")[n]) = €D Homp (S, 27(S")[n])

PEZL pP=—qo0

is finite dimensional. O
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5.3.2 Examples

1. Let @ be a Dynkin quiver. Let A be its Auslander algebra. The algebra A is of global
dimension < 2. The category mod A is equivalent to the category mod(modkQ) of
finitely presented functors (mod kQ)°? — modk. The projective indecomposables of
mod A are the representable functors U” = Homyq(?, U) where U is an indecompos-
able k@Q-module. Let S be a simple A-module. Since A is finite dimensional, this
simple is associated to an indecomposable U of modkQ). If U is not projective, then
it is easy to check that in D°(A) the simple Sy is isomorphic to the complex:

=0 —=(7U)" ElA un (1)

where () TU E U 0 is the Auslander-Reiten sequence associ-
ated to U. Thus ®(Sy) = vSy[—2] is the complex:

—= 0 —=(rU) EY uv 0
-1 0 1 2 3

where U" is the injective A-module DHomq (U, ?). It follows from the Auslander-
Reiten formula that this complex is quasi-isomorphic to the simple S,y .

If U is projective, then Sy is isomorphic in D?(A) to

. —— 0 — (radU)" UN
-2 -1 O

—O

and then ®(Sy) is in Ds;. Since for each indecomposable U there is some N such
that 7VU is projective, there is some M such that ®" (D) is included in Ds;. By
theorem 6.1, the cluster category C4 is Hom-finite, and 2-Calabi-Yau by corollary
4.4.

The quiver of A is the Auslander-Reiten quiver of mod Q). The minimal relations of
the algebra A are given by the mesh relations. Thus the quiver of A is the same as
that of A in which arrows 7 — x are added for each non projective indecomposable

x.
For instance, if () is A4 with the orientation 1 2 3 4 , then the quiver
of the algebra A is
[ ]
7N
o<—0
N N

O<— 0 <— 0

N N N
[ ] [ ] [ ] [ ]
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2. Let A be the Auslander algebra of the algebra of dual numbers k[X]/X?. This
algebra is defined by the quiver

a

P__=S : with the relations ab= 0.
b

This a finite dimensional algebra of global dimension 2 since it is an Auslander
algebra. The vertex P corresponds to the unique projective-injective k[X]/X?-
module, and S corresponds to the simple. Moreover we have 7S = S, so 7 is of
infinite order. In the derived category D’(mod A), we have ®(Ss) = Sg. Therefore
the space of morphism in the cluster category Hom¢(Ss, Ss) is infinite dimensional.

3. Let A the following algebra:

2 . with the relations ab = 0.

This is clearly a finite dimensional algebra of global dimension 2. The projectives
and the injectives have the following composition series:

_ _ 2 — 3 — 2 3 —_ 3 —
P1_17P2_1ap3_1 2,[1— 1 ,IQ—Q,aHd[;g—?).

The A-module $ is quasi-isomorphic to the complex:

0 1 3 1y —=0—>"""
Thus the object ®($) is quasi-isomorphic to:

2 3 3
1 2 3 0

and so to 3. Therefore the space Home($, 3) is infinite-dimensional.

5.4 Cluster-tilting in the orbit category

5.4.1 Proof of the rigidity

Proposition 5.4.1. Let A be a finite dimensional k-algebra of global dimension < 2. Then
the object A is a rigid object in the category Ca, in the sense that the space ExtéA(A, A)
vanishes.

Proof. By definition, the space ExtéA (A, A) is isomorphic to ®p€Z Homp (A, v? A[—2p+1]).
We show that for all p in Z, the space Homp(A, v? A[—2p + 1]) vanishes.
For p = 0, the space Homp(A, v? A[—2p + 1]) = Homp (A, A[1]) obviously vanishes.
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Let p be > 1. Then, since vA = DA is in mod A, vA is in D>(. Thus by lemma 5.1.1,
the object P A lies in D> _y(,—1). Finally, the object v? A[—2p + 1] is in D>;. But, since A
is in Dy, the space Homp(A, v? A[—2p + 1]) vanishes.

Now, let p = —¢ be < —1. Then we have Homp(A, v? A[—2p+1]) = Homp(v?A, A[2q+
1]). The object v9A is in D>_9,19 and the object A[2q + 1] is in Dsg,41. Since the space
Homp (D>, D<_3) is zero, the space Homp (A, v? A[—2p + 1]) vanishes. O

5.4.2 Orbit-cluster-tilting

Definition 5.2. Let A be a finite dimensional k-algebra of global dimension < 2. A rigid
object T of the orbit category will be called orbit-cluster-tilting if for all X in the orbit
category DYA/®, the space Exty, (T, X) vanishes if and only if X is in add(T).

Proposition 5.4.2. Let A be a finite dimensional k-algebra with global dimension < 2.
If the functor Torf(?, DA) is nilpotent, then the object A is orbit-cluster-tilting.

Remark. We will show in chapter 7, that under the hypotheses of the proposition, the
object A is in fact cluster-tilting in the triangulated hull of the orbit category.

Proof. Denote by ® the auto-equivalence v[—2] of D = D’(mod A). Let X be an object
in D*(mod A) such that Extg, (A, X) vanishes. We have to show that X lies in add(A),
i.e. that X is a direct sum of objects of the form ®"(P), where n is an integer and P is
a projective module.

The space Ext;, (A, X) vanishes, so for each integer n in Z, the space Homp (A, "(X)[1])
vanishes. In other words, for each n we have H*(®"(X)) = 0. By hypothesis, there exists
an integer N such that ®" (D) C Ds; for the t-structure of D’(mod A). Therefore we
can assume that X lies in Ds(. Look at the canonical triangle:

TSQX—>X—>7'21X—w>TS0X[1] .

Since H'(X) is zero, the complex 7>1X lies in Dsy. The global dimension of A is < 2
and so 7<oX[1] lies in D<_; Thus by lemma 5.1.1, the morphism w is zero. Therefore we
can write X = 7<0 X @ 751 X.

Since X is in Dxg, 750X is the module H°(X). The space Extg, (4, H(X)) is a direct

summand of Ext, (A, X), so it vanishes. Therefore we have
Homp (A, ®(H®(X))[1]) = 0.

But this space is Homp (A, vH(X)[—1]) = Homp(A, TH?(X)). Thus H°(X) is a projective
module, which may be zero.

Let Y be the complex ® (751X ). The complex 75, X lies in Dsy, and so is v 1 X.
Therefore Y = v~'751 X[2] lies in Dsg. On the other hand, since 751 X is a direct summand
of X, for each integer n, the space Homp(A, ®"(751X)[1]) vanishes. Thus for each n,
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Homp(A, ®*(Y)[1]) is zero. The complex Y satisfies the same hypothesis as X and we
have the decomposition Y = H(Y)®7>,Y where H°(Y) is a projective module (possibly
7€ero).

Finally, we have

TZIX = CI)(HOCID_I(Tle)) D @TZl(I)_lTZlX.

We can continue and apply this process to @759 ' 7>, X, and finally we get, by an obvious
induction, the decomposition:

X=HX)®®(H'D (15:X)) @ O*(H' (® '@ ' X))@ -+ - .
The decomposition ends since X is the sum of finitely many indecomposables. O

Proposition 5.4.3. Let T' be an orbit-cluster-tilting object of the cluster category Cy.
Then for each X in the orbit category D°(A)/®, there exists a triangle in Cy

T T, X T[]

with Ty and Ty in add(T).

Proof. Let X be an object in D?A. Let ¢ be the full subcategory of DA generated by the
®PT where p is in Z. The object T is orbit-cluster-tilting, so the subcategory add(t) of
DP(A) is a 2-cluster-tilting subcategory of D?(A) in the sens of Iyama and Yoshino (see
[IY06]). Let Ty — X be a right add(t)-approximation in D’A. Denote by Tj[1] the cone
of this morphism. For p in Z, let f : ®"T — Ti[1] be a morphism in D*A. We have the
following diagram in DA

Ty —= X —=T[1] —=Ty[1].

T

The composition w o f vanishes, because T is a rigid object in C4. Thus f factorizes
through v. But since u is an add(t)-approximation, this factorization factorizes through
w. Thus f is zero and T7 is in add(t). The image of this triangle through the triangle
functor

DY(A) — D*(A)/® — Ca

gives the result. O

Lemma 5.4.1. Let C be a 2-Calabi- Yau category endowed with a cluster-tilting object R.
Let A be a finite dimensional k-algebra of global dimension < 2 with an orbit-cluster-
tilting object T'. Assume that F : C4 — C is an algebraic triangle functor which induces
an equivalence between add(T') and add(R). Then F' is triangle equivalence.
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Proof. Look at the following diagram:

DYA/D Frer C
S~
Ca
add(T) ~ add(R)

First we show that the functor F' is essentially surjective. In fact, let X be in C, there
exists a triangle in C

Rl - RO X Rl[l] .

Since F' induces an equivalence between add(T') and add(R), the cone of F~'r yields an
object which is sent on X.
Now let X and Y be objects in the orbit category D*A/®. There exist triangles in C4

T1 ¢ T(] X Tl[l] and Sl 2 S(] Y Sl[l]

where S; and T; are in add(T'). These triangles are just images through of the previous
triangles in D°A. The space of morphisms Home, (X,Y) is then isomorphic to the space
of commutative squares

=T

e

S1——= Sy

Thus it is isomorphic to the space of commutative squares of the form:

FT, -t~ FTy

L,

FSHAFSO

which is clearly isomorphic to the space of morphisms Home(F X, FY') in C. This proves
that the functor F' o is fully faithful. The functor F' is the ‘triangulated hull’ of the
functor F o. It stays fully faithful. Thus F' is an triangulated equivalence. O
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Chapter 6

Particular case coming from
preprojective algebras

6.1 Definition and first properties

Let @ be a finite quiver without oriented cycles with set of vertices {1,--- ,n}. Let T be
a preinjective tilting kQ-module. We denote by B the endomorphism algebra Endyq(T).
The algebra B is a concealed algebra in the sense of Ringel [Rin84]. By Happel [Hap87],
there is a triangle equivalence:

RHOka(T,7)
D’ (mod kQ) D*(mod B).

L
2&pT

We denote by H the image of the injective module DkQ under the functor RHomyq (7, 7).
The B-module H is a ‘slice’ in the postprojective component of mod B. Define M’ and
M as the following subcategories:

M ={Y € modkQ | Ext;,(T,Y) =0} = {Y € modkQ | Y is generated by Tyo}
and

M={X €¢modB | Extz(X,H) =0} = {X € mod B | X is cogenerated by Hp}

115
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D (kQ)

‘?
?éBT RHOka(T, )

D(B) M H

Let 75 be the Auslander-Reiten translation of mod B, and 7p the Auslander-Reiten
translation of D’(mod kQ) ~ D’(mod B). Note that 7o and 7p become isomorphic when
we restrict them to the full subcategory of kQ-modules without non zero projective direct
factors. But in general, 75 and 7p are not isomorphic when restricted to the full subcat-
egory of B-modules without non zero projective direct factors. If X is an object of M,
then X has projective dimension 1, so X is isomorphic in D°(mod B) to a complex of the
form:

0 0 P F 0

Thus 7 X is isomorphic to

0 0 0 I/BP1 I/BP() 0

where vp is the Serre functor of the category mod B. By definition, 75X is the kernel of
vpP, — vpPy, so it is isomorphic in D’(mod B) to H°(7pX). Therefore there is a non
trivial morphism 73X — 7 X.

The following proposition is a classical result in tilting theory (see for example [Rin84]).

Proposition 6.1.1. 1. For each X in M there exists a triangle

X —— Hy—— H, —— X[1]
in D’(mod B) functorial in X with Hy and Hy in add(H);

2. the functor Homyq(T, ?) induces an equivalence between the exact categories M’ and

M;

3. M seen as a subcategory of mod B, is closed under kernels so in particular, M is
closed under Tg;
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4. for each indecomposable X in M there exists a unique g > 0 such that 75X is in
add(H);

5. the category M has finitely many indecomposables.

Proof. 1. Since M is the subcategory of B-modules cogenerated by H, we have just to
see that the triangle X Hy Hy X[1] is functorial in X. This comes
from the fact that k@Q-modules admit functorial injective resolutions.

2. this is classical [Rin84]|[Theorem of Brenner-Butler, p. 170];

3. see [Rin&4][(1), p. 179];

4. The indecomposable direct factors of H form a slice in the postprojective component
of the Auslander-Reiten quiver of B. Therefore, they contain a unique vertex of each
7'51—0rbit of this component;

5. this is obvious since H is a post-projective slice of mod B.

6.1.1 Hom-finiteness

Let M be the quotient M /add(H). Denote by p : M — M the canonical projection.
Since H is a slice, we have the following properties.

Proposition 6.1.2. 1. The category M is equivalent to the full subcategory of M
whose objects do not have non zero direct factors in add(H). We denote by i :
M — M the associated inclusion.

2. The category M C mod B is closed under kernels, and hence under 5.

3. The right exact functor i : mod M — mod M induced by i : M — M is isomorphic
to the restriction along p.

Proposition 6.1.3. Let A be the endomorphism algebra Endg(D,,cina vt M) Then the
global dimension of A is at most 2.

Proof. Let F be the following functor

mod (M) — modA
F — F( M),
Meind M
It is right exact and induces an equivalence between the projectives. In fact, the inde-

composable projectives of mod M are the representable functors M = Homp(?, M)‘H,
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where M is an indecomposable of M. But their image through F is exactly the direct
summand of A seen as right A-module. Thus F'is an equivalence of category.
Now let F' be in mod M, it is of finite type. Thus there is an exact sequence:

©

ur 1748 F 0,

where U and V are in M. By Yoneda’s lemma, the morphism ¢ comes from a morphism
f:U—V in M. The category M is stable under kernels, so the following sequence

0— (Kerf)) —= A Lo yr——F—

is exact and gives a projective resolution of length 2 of the module F'. O

Theorem 6.1. The cluster category C4 is a Hom-finite, 2-Calabi- Yau category, and the
object A is an orbit-cluster-tilting object in C4.

Remark. We will show in chapter 7 that the image of A in C4 is in fact a cluster-tilting
object.

Proof. Using corollary 4.4, theorem 5.1 and proposition 5.4.2, we have just to check that
the functor Tor’(?, DA) is nilpotent.
Denote by D the derived category D’(mod A) and @ the endofunctor v o [—2]. We
have to show the existence of a positive integer N such that ®V (D) is included in Ds;.
Let U be an indecomposable of M. Denote by Sy the simple A-module associated to
U. If U is not projective, then look at the Auslander-Reiten sequence associated to U:

0 TBU E U 0.

Then the simple Sy is isomorphic in D to the complex

.—= 0 —(tgU)" BN Uun
-3 _92 -1 0

)

By proposition 6.1.2, E and 75U are also in M. Thus this complex has projective com-
ponents. Therefore the object vSy is isomorphic in D to the complex:

—=0 —(m8U)" EY uv 0
_9 -1 0 1

where U" is the injective A-module DHompg(U, =g Since 0 —— 71U E U

is an Auslander-Reiten sequence, this complex is exact except in degree —2 where its ho-

mology is S,,u. Therefore we get an isomorphism between vSy[—2] = ®(Sy) and S;,u.
If U is projective, then Sy is isomorphic in D to the complex
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.—= 0 — (radU)" U 0
-2 -1 0 1

Thus the object vSy[—2] is quasi-isomorphic to

.——=0——(radU)" Uv
0 1 2

wo

which lies in Ds;.

For each indecomposable U in M, there exists an integer Ny > 0 such that Tg YU is a
projective of mod B. The category M has only finitely many indecomposables, so for N
the maximum of the Ny, we get the inclusion ®V(Sy) € Ds.

The algebra A is finite dimensional, so all simples of mod A are of the form Si;. More-
over, each object X of Ds is an iterated extension of shifts Sy;[—i|, i > 0, of simples Sy,
where U is indecomposable in M. Thus, for each object X of Dsg, the object ®V(X)

belongs to D>;.
O

6.1.2 Construction of the functor F' : mod M — f.I.A
Denote by Z(kQ) the subcategory of the preinjective modules of mod k(Q).

Proposition 6.1.4. There exists a k-linear functor P : T(kQ) — M unique up to iso-
morphism such that

e P restricted to subcategory of the injective kQ-modules is isomorphic to the restric-
tion functor Homgg(T,7);

o for each indecomposable X in Z(kQ) such that P(X) is not projective, the image
0—> P(rpX) Lis P(B) 22~ P(X) —>0
of an Auslander-Reiten sequence in mod k(@) ending at X

1 p

E X 0

O e TDX
is an Auslander-Reiten sequence in mod B ending at P(X).
Moreover, this functor P is full, essentially surjective, and satisfies P o mp >~ g 0 P.

Proof. The Auslander-Reiten quivers I'z of Z(kQ) and I' s of M are connected translation
quivers. Each vertex of I'z is of the form 752 with ¢ > 0 and x indecomposable injective.
Each vertex of I'ys is of the form 7z where z is in add(H) (cf. (4) of prop 6.1.1).
Moreover, there is a canonical isomorphism of quivers P : T pkQ — Lada(m). Thus we can

construct inductively a morphism of quivers (that we will still denote by P) P : 't — 'y
extending P such that:
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o P(rpx) = 73P(x) for each vertex x of I'z ;

e P(opa) = ogP(a) for each arrow o : © — y of I'z, where opa (resp. op/3) denotes
the arrow 7py — x (resp. 7y — x) such that the mesh relations in I'z (resp. in

I'pq) are of the form >, op(a)a (resp. 32,5, 05(3)5).

Clearly, this morphism of translation quivers induces surjections in the sets of vertices
and the sets of arrows.

The categories Z(kQ@) and M are standard, i.e. k-linearly equivalent to the mesh
categories of their Auslander-Reiten quivers. Up to isomorphism, an equivalence k(I'z) —
Z(kQ) is uniquely determined by its restriction to a slice. Thus there exists a k-linear
functor P : Z(kQ) — M up to isomorphism which is equal to Homyg (T, ?) on the slice of
the injectives and such that the square

k(lz) —=Z(kQ)
|7 lp
kT m) —— M
is commutative. This functor P sends Auslander-Reiten sequences

p

0 X ~——>F X 0

to Auslander-Reiten sequences

0—— 13 P(X) Zs P(E) 2 P(X) —=0

if P(X) is not projective. Since P is surjective, P is full and essentially surjective. O]

Lemma 6.1.1. Let X andY be indecomposables in I(kQ)). The kernel of Homyo(X,Y) —
Homp(PX, PY) is generated by compositions of the form X —= 7 ——=Y where Z is
indecomposable and P(Z) is zero.

Proof. If P(X) or P(Y) is zero this is obviously true. Suppose they are not. The mesh
relations are minimal relations of the k-linear category M and P is full. Thus the kernel
of the functor P is the ideal generated by the morphisms of the form

Uty —Lsw

where
Pg

0—= P(U)—2%P(V) L P(W) —=0

is an Auslander-Reiten sequence in M. Since P(U) is isomorphic to 75 P(W), the inde-
composable U is isomorphic to 7p(W). By the construction of P, V' is a direct factor of
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the middle term of the Auslander-Reiten sequence ending at W, and we can ‘complete’

the composition W v —"o W in an Auslander-Reiten sequence

g
0—>TDW—><9>V@V’ Mr) L —

with P(V') = 0 and P(¢') = P(h') = 0. Thus, the morpism hg = —h’g’ does indeed
factor through an object in the kernel of P. O

Now let A be the preprojective algebra associated to (). We denote by e; the idempo-
tents of A associated with the vertex 7. Then we have a natural functor

projA  — I"(kQ)
Aei = Lol

where Z(kQ) is the closure of Z(kQ) under countable products. Composing this functor
with the natural extension of P to Z"(kQ), we get a functor:

projA — M
e\ — @szTgHi.

Therefore the restriction along this functor yields a functor F' : mod M — modA.
Moreover, since M has finitely many indecomposables, the functor F' takes its values in
the full subcategory f.1.A formed by the A-modules of finite length.

This is an exact functor since it is a restriction functor. If M is a M-module, that is to
say a finitely presented functor M — modk, then the vector space F'(M)e; is isomorphic
to @pzo M (thH;). For X in M, there exists i € Qg and ¢ > 0 such that 79H; = X. Tt
is then easy to check that the image F'(Sx) of the simple associated to X is the simple
A-module S;.

6.1.3 Fundamental propositions

Proposition 6.1.5. For each X in M, there exists a functorial sequence in mod A of the
form
0 F 0 i,(X") — P(H}) — F(H{) —= Foi,(X") —0

where i, : mod M — mod M is the right exact functor induced by i : M — M, and where
Hy and Hy are in add(H).

Proof. Let X be in M, and iX its image in M. By property 1 of proposition 6.1.1, there
exists a triangle, functorial in X:

iX Hy H, (1X)[1]
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with Hy and H; in add(H). It yields a long exact sequence in mod M:

0— (iX)" —— Hg —= H{' —=Extp(?,iX)|,, — Extp(?, Hy)j,, — -

By definition, the functor Exty(?, Hy),
an isomorphism

w 1s zero. The Auslander-Reiten formula gives us

Exty(?,iX)|,, ~ DHomp(r5'iX,?),,,/proj B.

Since F'is an exact functor, we get the following exact sequence in f.[.A:
0—= F((iX)") —= F(H}) — F(H{) — F((r5"iX)" /proj B) —=0

By definition, we have F((iX)") ~ (F oi,)(X"). For j = 1,--- ,n, we have an isomor-
phism:
F((r5'iX)" /proj B)e; ~ @DHOI’T]B(TB iX, 1 H;)/proj B.

p>0

For p > 0, we have 75(H;) = 75" (75" H;) if and only if 75 H, is not projective. Thus we
have a vector space isomorphism

F((r5iX)Y /proj B)e; ~ @DHomB(TB iX, 15 5 H;)/proj B.

p>0

A morphism f : 77X — 7Y factorizes through a projective object if and only if
7(f) : X — Y is not zero. Thus we have:

F((r5"iX)" /projB)e; ~ @D DHomp(iX,75H;)

p=>1

B DHom (X, 75 H;)/ [add(H))
p=>0

~ (Fop*)(Xv)ej ~ (Foi*)(Xv)ej

12

Therefore we get this exact sequence in f.[.A, functorial in X:

00— (Foi)(X") —F(Hg) — F(H) — (F o i.)(X") —=0

Proposition 6.1.6. Let U and V be indecomposables in M. Then we have

Home, (U", V") ~ @5 M(75U, V) /[add 5 H]

p>0
where M(T5U, V') /laddTh H] is the cokernel of the composition map
M(TRU, TR H) @ M(THH, V) — M(T5U, V).
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We first show the following lemma:

Lemma 6.1.2. Let ey and ey be the idempotents of A associated to the indecomposables
U and V. Then we have an isomorphism

evExt’ (DA, A)ey ~ M(1U,V)/[addTsH]
where M(71pU, V') /laddTgH] is the coker of the composition map
M(mgU, 75 H) @ M(15H,V) — M(15U, V).
Proof. We have the following isomorphisms:

evExty (DA, AJey = Exty(D(egA), Aey)
~ Homp 3z (DM(U 2), M(?,V)[2]).

Denote by M the category M /proj B. Then 75 induces an equivalence of k-linear cate-
gories 75 : M — M. Thus we get the following isomorphisms

Homp (DM(U ), M, V)[2]) ~ HomD(ﬂ)(DM(TglU, 51, M(m5' 7, 75'V)[2])
~ Hompu)(DM(15'U,?), M(?, 75"V [2]))
~ Homp(uy(DM(15'U, ?)/proj B, M(?, 75"V /proj B[2])

But by the previous lemma, we know a projective resolution in mod M of the module
DM(15'U,?)/proj B. Namely, there exists an exact sequence in mod M of the form:

0—= M(?,U) —= M(?, Hy) —= M(?, H) —= DM(75'U,?) /proj B—=0
where Hy and H; are in add(H). Thus we get (using Yoneda’s lemma)

Homp e (DM, ), M(2, V)[2)) = Hompua(M(?, U), M(?, 75'V) /proj B) /laddM(?, H)]
~ MU, 75'V) laddH]
~ M(mgU,V)/|addrpH].

Since V is in M, a non-zero morphism of M(75U, V) cannot factorize through add(H).

Thus we get M(75U,V)/[addrsH] ~ M (15U, V) /[addTs H].
U

Proof. (of proposition 6.1.6) In this proof, for simplicity we denote 75 by 7. Let A be the
algebra Endc, (A). By proposition 5.2.1, we have a vector space isomorphism

e Aey ~ ey Aey @ ey Ext’ (DA, A)ey @ eyExty (DA, A)®4%e, @ . ..
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We prove by induction that
evExty (DA, A)®4Pey, ~ M(7PU, V) /[addr? H].

For p = 0, ey Aey is isomorphic to M (U, V) by Yoneda’s lemma, and so to M (U, V) /[add( H)].
Suppose the proposition holds for an integer p — 1 > 0. Then we have

e Exty (DA, A)®Pey ~ >~ e Ext] (DA, A)®7 ey @ ey Ext}y (DA, A)ey.

W eind (M)

The sum means here the direct sum modulo the mesh relations of the category M. Thus
this vector space is the sum over the indecomposables W of M of

MU, W)/ [add(7P~ H)Y] @ MW, V) /[add(r H)]

modulo the mesh relations of M. This is isomorphic to the cokernel of the map ©P ;}1UW®
17'W,V + 17—p71U7W X (,071_W7V where

Pyt MX,7H) @ M(T7H,Y) — M(X,Y)
is the composition map and where
1X,Y : M(X, Y) I M(X, Y)

is the identity. The cokernel of this map is isomorphic to the cokernel of the map cpI;pU’TW@)
Lwyv +1luw ® golwy. But we have an isomorphism

> MU TW) @ M(TW, V) ~ M(7PU, V).
Weind M

Finally we get

Coker | > oy ® Liwv + Lusw ® @hyy | = Coker(¢hapyy + @hoy)-
Weind M

Furthermore, a morphism in M(77U, V') which factorizes through 7H factorizes through
7PH since H is a slice and U is in M. Thus this cokernel is in fact isomorphic to the
cokernel of gopr,V that is to say to the space

M(TPU, V) /addT? H].
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6.2 Case where B = End;(T) is hereditary

6.2.1 Results of Geiss, Leclerc and Schroer

Let us first recall some definitions and results of Geiss, Leclerc and Schréer [GLS07b].

Let @ be a finite connected quiver without oriented cycles with n vertices. Denote
by P the postprojective component of the Auslander-Reiten quiver of mod £(), and by
Py, ..., P, the indecomposable projectives.

Definition 6.2 (Geiss-Leclerc-Schréer, [GLS07b]). A kQ-module M = M, @ --- & M,
with M; indecomposables and pairwise non isomorphic, is called initial if the following
conditions hold:

e foralli=1,...,r, M; is postprojective;
e if X is an indecomposable kQ)-module with Homyq (X, M) # 0, then X is in add(M);
e and P; € add(M) for each indecomposable projective k@Q-module P;.

We define the integers t; as
t; = max{j > 0|77/(P,) € add(M) — {0}}.

Denote by A the preprojective algebra associated to (). There is a canonical algebras
embedding kQ“— A . Denote by mg : mod A — mod k(@) the corresponding restriction
functor.

Geiss, Leclerc and Schroer showed the following theorem:

Theorem 6.3 (Geiss-Leclerc-Schréer, [GLS07b]). Let M be an initial kQ-module, and let
Cy = 7' (add(M)) be the subcategory of all A-modules X with wo(X) € add(M). Then
the following holds:

(i) the category Cpy is a Frobenius category with n projective-injectives;

(ii) the stable category C,, is a 2-Calabi- Yau triangulated category.

Recall from Ringel [Rin98| that the category mod A can be seen as mod kQ(7 !, 1).
The objects are pairs (X, f) where X is in modkQ and f : 77'X — X is a morphism in
mod £(Q).The morphisms ¢ between (X, f) and (Y, g) are commutative squares:

TX g, X

S

Y =Y

The image of an object (X, f) under 7o : mod A — mod k(@ is then the module X.
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Let X = 77'P, be an indecomposable summand of an initial module M. Then let
Rx = (Y, f) be the following object in mod kQ(7!,1) ~ mod A:

1+1 1

l
Y = @T‘JPZ» and f: @T_jPi — @T‘jPi
j=0 j=1 j=0

is given by the matrix
0

=t
T 1o
Geiss, Leclerc and Schroer proved the following:

Proposition 6.2.1 (Geiss-Leclerc-Schroer,|GLS07b]). The category Cp has a canoni-
cal mazximal rigid object R = @Xeindadd(M) Rx. The projective-injectives of Cpr are the
R.—p,i=1,...,n. Therefore, R is a cluster-tilting object in C,;.

6.2.2 Endomorphism algebra of the cluster-tilting object

Let @ be a connected quiver without oriented cycles and denote by B the path algebra
kQ. Let M be an initial B-module. Let H be the following B-module H = @, 77" F,.
Thus Endg(H) is an hereditary algebra isomorphic to k@’ where @' is a quiver with the
same underlying graph as (). We have the following triangle equivalence:

7@% -1
{ kQ’V

Db(mod kQ') D¥(mod kQ')

DRHOka (7,H)

which sends H on DkQ’ € modk(Q’. Let T be the image in D’(mod kQ’) of kQ under this
equivalence. Thus T is a tilting object in the preinjective component of D’(mod kQ’), and
B = Endig/(T') ~ kQ. The previous equivalence can be also written

RHom,, o/ (T.?)
Db (mod kQ') Db (mod kQ).

L
?®kQT

Let us define, as in the previous section, the subcategory M of D’(modkQ) as
M ={X € modkQ /Extp(X, H) = 0}.

Then it is obvious that M = add(M). As previously, we put A = Ag = Ag because
@ and Q" have the same underlying graph. Recall that we have M = M/add(H ), and

that A = Endg(M) is an algebra of global dimension 2. Note that in this case 75 and 7p
coincide on mod B since B is hereditary.
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Lemma 6.2.1. Let U and V be indecomposables in M. Then we have

Hom, (Ry, Ry) ~ @ M(7'U, V).

J=0

Proof. Let P and () be projective indecomposables such that U = 779¢Q) and V = 77PP.
Then the morphisms bewteen Ry and Ry are given by commutative diagrams

0

1.

q+1 —1 1 0 q —q
@i:l T'Q 0T 'Q
0
T . f
1 .
p+1 __—j ’ 1. 0 p —j
@j:1 TP im0 T P

Case 1: p<gq
An easy computation gives the following equalities

Homy(Ry, Ry) =~ @ M(Q, 777 P)

=0

p
@ M(r7PHQ 77PP)
=0

12

12

P
@ M(77PFH+(779Q) 777 P)
j=0

12

é M(TU, V)

Jj=q-p

Since M(7*U, V') vanishes for k < ¢ —p+ 1 and since 7*U vanishes for k > ¢+ 1, we get
an isomorphism
Hom, (Ry, Ry) ~ @ MU, V).

J=0

Case 2: p > q
In this case, a morphism from Ry to Ry is given by morphisms a; € M(Q, 77 P), with
j =0,...,psuch that 779"a; =0 for j = 0,...,p — ¢ — 1. But since 779" P is not
zero for j =0,...,p— ¢ — 1, the morphism 7~ %"qa; : 779"1Q — 7797177 P vanishes if and
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only if a; vanishes. Thus we get

p
Homy(Ry, Ry) =~ @M(Q,T‘JP)

Jj=p—q

@ M(r7PHQ, 77PP)

Jj=p—q

@ M (Tfp+j+q(quQ)’ 7 PP)

Jj=p—q

éM(TjU, V)

J=0

12

12

12

Since 77U vanishes for j > q + 1 we get

Hom, (Ry, Ry) ~ @ MU, V).

Jj=0
O
Corollary 6.4. Let U and V be indecomposable objects in M. Then we have
Home, (Ry, Ry) ~ ey Aey
and therefore the algebras A and Endc,, (R) are isomorphic.
Proof. The projective-injectives in the category Cy, are the Ry, with ¢ =1,...,n. Denote

by Ry the sum @, Ry,. Then Home, (Ry, Ry) is the cokernel of the composition map
HomcM (RU, RH) X HomcM(RH, Rv) — HomcM (RU, Rv)

By the previous lemma this map is isomorphic to the following

GBZEJZO M(TiU’ H) ® M (TjH7 V) 2 Gapzo M (TpUa V)

Given two morphisms f € M(7'U, H) and M(77H,V), ®(f ® g) is the composition
i foge M(r"HU, V). Thus the cokernel of this map is the cokernel of the map

@pzo @f:o M(rPU, 7' H) @ M(T"H, V) 2 @pzo M(TPU, V) .

Since H is a slice and since U is in M, a morphism in M(7PU, V') which factorizes through
7'H with i < p factorizes through 77 H. Finally we get

Home, (Ry, Ry) ~ @) M(r*U, V) /[addr" H],

p=>0

and we conclude using proposition 6.1.6. O
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6.2.3 Triangle equivalence
The aim of this section is to prove the following theorem:

Theorem 6.5. The functor F oi, : mod M — f.I.A yields a triangle equivalence between
Cxr and Cy,;.

Proof. Let X = 75'P; be an indecomposable of M. The M-module X" = Homp(?, X) |
is projective. The underlying vector space of F(X") is

F(X") ~ @PHoms(rhH, 75'P)

q>0
~ @HomB(quB,TglPi)
q>0
l
~ @ HomB(B,TgflPi) ~ @qupi
q>0 q=0

The action on the arrows is obviously given by the morphism

I+1 l

I @T*jpi — @T*jpi
j=1 J=0

with
0

1o
Thus each projective X” is sent on an object of Cp;. Moreover, H is equal to @, 7" P,
so F(H") is equal to @], R, p, the sum of all the projective-injectives of Cy;. Therefore
F induces a functor F': D*(mod M) — D®(Cyr). We have the following composition:

D¥(mod M) ~ Db(mod A) —— D*(mod M) £— Db(Cys) —== D¥(Cys) /perCar ~ Cyy
)

L
2@ DA[—2]

The functor /' o, is clearly isomorphic to the left derived tensor product with the A-A-
bimodule R = F oi,(A). By proposition 6.1.5, for X in M, we have the following exact
sequence, functorial in X:

0—— F o iu(X") —= F(H}) —= F(H{) —= F 0 i,(XY) —0
with Hy and H; in add(H). It yields a morphism

Foi,(DA)— Foi,A)[2]
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in the derived category of A-A-bimodules. Since the objects F'(H(') and F(H{") vanish in
the stable category C,,, the image

Foi,(DA)— Foi,A)[2]

of this morphism in the category of A-B-bimodules is invertible, where B is a dg category
whose perfect derived category is algebraically equivalent to the stable category C,,. In
other words, in the derived category D(A% ® B), we have an isomorphism

L
DA®a7mFi(A) ~nFi.(A)]-2].
By the universal property of the orbit category, we have the factorization

L
T®AR

Db(mod M) — Cs-

\\\\ ,ﬁg

Cor

This factorization is an algebraic functor between 2-Calabi-Yau categories which sends
the orbit-cluster-tilting object A on the cluster-tilting object R. Moreover by corollary
6.4, it yields an equivalanece between the categories add(A) and add(R). Thus using the
lemma 5.4.1, it is an algebraic triangle equivalence.

O

Note that if M is the initial module kQ @ 77'kQ, Geiss, Leclerc and Schroer proved,
using a result of Keller and Reiten [KR06], that the 2-Calabi-Yau category C,, is triangle
equivalent to the cluster category Co. Here, H is 77'k(Q and then M is kQ, so we get
another proof of this fact.

6.2.4 Example: Dynkin case

Let @ be A, with the following orientation:

1 2 3 4.
Let M be the following initial module:
M=:00loijo, 01 3" dso104
Thus we have

H:1234@3@1@§ and Mz2@%@§@§@123.
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1
2 2
1

: 1
[2]—2"3

2

3
4
3

3/%

N
e
N

Figure 6.2: Auslander-Reiten quiver of the category Cy,

In figure 6.1 we can see the Auslander-Reiten quiver of the category mod kQ). The in-
decomposables of add(M) are framed and the indecomposables of add(H) are marked in
red.

The category Cy; is then a subcategory of mod A(Ay). Figure 6.2 shows its Auslander-
Reiten quiver. The corresponding stable category is triangle equivalent to Cp,. The direct
summands of the canonical maximal rigid object are marked in red. Let mg : modA —
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2
mod k() be the canonical projection. The A-module !, 3, is a projective-injective of Cy,

3
and its image under g is 2 @ 1,3 @ § which is the direct sum of a 7-orbit in add(M).
The quiver of the category M = add(M) is the following:

4 8
NS
3 7
7N N
2 6 9
NSNS
1 5

The endomorphism algebra A = Endyq(M) is defined by the following quiver with the
mesh relations.

4
3 1 8
/2\ 4/ \ N S
; 1,3 103
SN A TN N
123>123>1 3 3—>§—>1634_>_>E|
N e
\'/ 7 -
3 1.3

Figure 6.3: Auslander-Reiten quiver of the category mod A

Figure 6.2.4 shows the Auslander-Reiten of mod A. The indecomposable projectives
are marked in red and the indecomposable injectives are marked in blue.

The algebra A can be seen as the endomorphism algebra of a tilting module in mod kD5,
so the derived category D°(mod A) is equivalent to the category D°(modkDs). Figure 6.4
shows its Auslander-Reiten quiver. The object X is the following complex:

6

whose homology is non zero in degree —1 and 0.
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A1)

/\/\ /\ /\/\
\/\/1\ /\/\/

-—>X[ 6[—1] > > ()3 >16343—>§—> 6 4—>6—>X>1[1]-~-

- \ SN N
-1 \ / 1234 \2[1}/ \\6

Figure 6.4: Auslander-Reiten quiver of the derived category D’(mod A)

Now let X = 2 be an indecomposable of M = add(M). Then 7' X is 1,3 € M. The
triangle X H, H, X|[1] of property 1 of proposition 6.1.1 is the following:

2—>1 3 —= 1@ 3 —2[1].

The exact sequence

0 X"/\M Hé\‘M H{\‘M (T‘lX)|VM/projB—>()
of mod M is then
0 2/ 7 s @ 9N ——=6"/projB——=0
that is to say the sequence
7 9 8
0 9 1634 . 5674@(7;—)5278—)0'
1

Note that in this case, since B = Endyq(T) is hereditary, (77! X))/ /proj B is isomorphic
o (r71X),- Its image under I in mod A is

24 123 3 2.4 4
0—=2—> 3t ——= 1,3, @05 —=1.3 =F(1_3 )—=0
2 3 1 2
Thus we get an isomorphism in C,, between 2[2] = F(2")[2] and 1234 :F(1234):

Now let X be the indecomposable object 3 of M. Then 771X is 1 , 3 " which is in
M. The triangle X Hy H, X[1] in D°(modkQ) is the following:

§—>1234@3—>1@§—>3[1].
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H/\

A A
, 1m

|m 0 m

(771X)Y — =0 of mod M

The exact sequence () ——= X, | m

is then
0—=3"—7"Pp 5N —=8"P 9N —= 7V —=

that is to say the sequence

Thus there is an isomorphism in C,, between 3[2] = F(3|/\ﬂ) [2] and 2,4 = F(23%) =

6.2.5 Example: Non-Dynkin case

Now take Q = Ay = 1=—=2. Thus the postprojective component of the Auslander-
Reiten quiver of mod k@ is

Py Py s Py 3

aY aws

Py Py P

WherePLl: 1,P2,1: 121,P172: 12121,P272: 1212121,6t0.
Put M =P ® Py ® P1o® Py @ P 3, then M is the direct sum Pii® Py ©Pra
and H is Pso @ P; 3. Thus the algebra Endyg(M) is defined by the following quiver with

NN,

The indecomposable projectives of the algebra Endyg(M) are given by

3 4
_ — 2 — — 3.3 _
P=1, Pb=,%,, P3s= 2 2 P= ,°,°, and P;= ,3,3,8
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The projective-injectives of the category Cys are the modules F'(Py) = ,',1, and

2
1
2
1 1

1
F(Ps)= 1 z 1

1 —_
1 be an object in M. Then we have the short exact sequence:

2
171
Let X =

0 1 P§2 P}, 0

But we have X\ = X/ =1, (7'X)/,

] M = M
following sequence is exact in mod M

5 5 3 3
4,4 and X |V_ =2 2. Therefore the
M

Those exact sequences in Cyy give isomorphisms in C,, between F'(X "\ﬂ )[2] and F(X ‘Vﬂ ).

6.3 Relation with categories SubA/Z,

6.3.1 Results of Buan, Iyama, Reiten and Scott

Let us recall some results of Buan, Iyama, Reiten and Scott in [BIRS07]. Let @ be a finite
connected quiver without oriented cycles and A the associated preprojective algebra. We
denote by {1,...,n} the set of vertices of ). For a vertex i of (), we denote by Z; the
ideal A(1 — e;)A of A. We denote by W the Cozeter group associated to the quiver Q.
The group W is defined by the generators 1,...,n and the relations:

e >=1foralliin {1,...,n};
e 5 = ji if there are no arrows between the vertices ¢ and j;
e 171 = jij if there is exactly one arrow between ¢ and j.

Let w = 1125...4, be a W-reduced word. For m < r, let Z,, be the the following
ideal:
Tw,, =2, ... Li,T;,.

For simplicity we will denote Z,, by Z,. The category SubA/Z, is the subcategory of
f.1.A generated by the sub-A-modules of A/Z,. Buan, Iyama, Reiten and Scott proved
the following;:
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Theorem 6.6 (Buan-Iyama-Reiten-Scott [BIRS07]). The category SubA/Z,, is a Frobe-
nius category and its stable category Sub A /T, is 2-Calabi- Yau. The object @) _, ;. AT,
18 a cluster-tilting object.

m

Note that this theorem is written only for non Dynkin quiver in [BIRS07], but the
Dynkin case is an easy consequence of theorem I1.2.8 and corollary I1.3.5 of [BIRS07].

6.3.2 Construction of a reduced word

Let @ be a finite connected quiver without oriented cycles, and A the associated prepro-
jective algebra. Let T be a preinjective tilting kQ-module, and B = Endyq(T) its endo-
morphism algebra. As previously, we define the B-modules H; = Homyq(T', I;) where the
I; are the indecomposable injectives of mod kQ, and M = {X € mod B /Exts(X, H) = 0}
where H = P, H,.

Let us order the indecomposables X, ..., Xy of M in such a way: if the morphism
space Homp(X;, X;) does not vanish, ¢ is smaller than j. It is possible since @) has no
oriented cycles.

By proposition 6.1.1, for X; € M there exists a unique ¢ > 0 such that 759X; ~ H
for a certain integer (). So we get a function ¢ : {1,..., N} — {1,...,n}. Let w be
the word ¢(1)¢(2)...p(N).

Proposition 6.3.1. The word w is W -reduced.

Proof. The proof is in several steps:

Step 1: For two integers i < j in {1,..., N}, we have o(i) = p(j) if and only if there
exists a positive integer p such that X; = 75 X;.

Step 2: The element w of the Coxeter group does not depend on the order on the
indecomposables of M.
Let ¢ be in {1,..., N — 1}. Assume there is an arrow ¢(i) — ¢(i + 1) in . We show
that there is an arrow X; — X;,; in the Auslander-Reiten quiver of M. By proposition
6.1.1, there exist positive integers p and ¢ such that X; = 73 Hy;) and X1 = 75 Ho(i41)-
By hypothesis, there is an arrow between H,; and H,(41). Thus we want to show that
p is equal to q.

Suppose that p > ¢ + 1, then since M is closed under 75, the objects 74 H ;1) and
78" H i1y are non zero and are in M. Let [ be the integer in {1,..., N} such that
X, = T%HHWH). We have an arrow

Xi=1iHyw = 1) = 75" X0
Thus, by the property of the AR-translation, there is an arrow

Xl — XZ
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Thus ¢ should be strictly greater than [. But by step 1, and the hypothesis p > ¢+ 1, we
have 7 +1 < [. This a contradiction.

The cases ¢ > p+ 1, and ¢(i + 1) — (i) in @ can be solved in the same way.

Step 3: It is not possible to have ¢(i) = ¢(i + 1).

Suppose we have (i) = (i + 1). By step 1 there exists a positive integer p such that
X; = 75 X;11. Suppose that p is > 2, then 75X, = TEP-HXi is in M, it is isomorphic
to an X}, for an integer k with ¢(k) = ¢(i). But k£ must be strictly greater than ¢ and
strictly smaller than ¢ + 1 which is clearly impossible. Thus p is equal to 1. There should
exist an X; in M such that Hom(X;, X;) # 0 and Hom(X}, X;11) # 0. Thus [ must be
strictly between ¢ and 7 + 1 which is impossible.

Step 4: It is not possible to have p(i) = ¢(i + 2) and p(i + 1) = p(i + 3) with ezactly
one arrow in Q between (i) and p(i + 1).
In this case we have, by step 1, X; = 75X;42 and X;;1 = 72 X;43. By the same argument

as in step 3, p and ¢ have to be equal to 1. Thus the AR quiver of M has locally the
following form:

~ 7
A s
S S —— Xiys—
< 7 N\ A \\
o X Xiyo——>
7 ~_
7/ EN

There is only one arrow with tail X;,5. Indeed, suppose there is an X} with an arrow
Xy — Xii2. Thus there is an arrow 75X;,2 = X; — X} and k£ must be strictly between i
and 7 + 2. By the same argument, there is only one arrow with tail X3, one arrow with
source X; and one arrow with source X;,;. Thus we have the following AR sequences in
mod B:

0=X;, = Xij1 = Xip2—=0 and 00— Xip1 = Xijo—=Xi43—=0

which is clearly impossible.

Step 5: There is no subsequence of type jkjlkl in w with an arrow between j and k and
an arrow between k and |

Suppose we have p(i) = p(i+2) =j, p(i+1) = p(i+4) =k and p(i+3) = p(i+5) = 1.
As previously, we have X; = 78 X;19, X;411 = 78X;14 and X;,3 = 78X;,5. There is an
arrow X;11 — Xjio so there is an arrow X, 5 — X;.4. There is an arrow X;; 35 — X;.4.
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Thus there is an arrow X;.; — X;,3. Finally, the AR quiver of M locally looks like:

~ 7
EN s
} e Xy Xis >
AN e N e AN
X; B
S T pem—— Fpp—
A . P S
= X Xjpo——> A
7 ~_
4 N

As in step 4, it is easy to check that there are only two arrows with tail X;,,, one arrow
with tail X, 5 and X; 5, one arrow with source X;,3 and X; and two arrows with source
Xit1. Thus we have the 3 following AR sequences in mod B:

00— X, —=X; Xito 0 O Xiys— Xiyg Xits 0

and 0 Xin Xits @ Xito Xita 0
Therefore we get the following equalities:
dlmk Xz'-{—l = dlmk Xz + dlIIl]€ XZ‘_|_2

dimy, X4 = dimy, X1 3 + dimy, X5
dimy, X3 + dimy, X0 = dimy Xip 1 + dimy X4

which imply that X; and X;,5 are zero.

By the second step, we know that using the relation of commutativity is the same as
changing the order on the indecomposables of M. Moreover we just saw that locally we
can not reduce the word w. Thus it is reduced.

O

6.3.3 Image of the orbit-cluster-tilting object

Let F': mod M — f.1.A be the functor constructed in section 6.1.2.
Proposition 6.3.2. Fori=1,...,N, we have an isomorphism in f.l.A:
F(X7) = epm N/ L,
where w; is the word (1) -+ - @(i).
Proof. The functor F is right exact and sends the simple functor S, onto the simple S, ;).

Since F'(X') surjects onto F'(Sx,), there is a morphism e ;A — F(X}"). Explicitly, we
will take the morphism given in this way:
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The object X; is of the form 7} Hy) for a ¢ > 0. If j is in {1,...,n}, the vector
space e,()Ae; is isomorphic to [] ., Homrq(m51;, Iy)) where I; is the injective inde-
composable module of modk() corresponding to the vertex j. Let f be a morphism
in Homyq(7h1;, I,@), then 74(f) is a morphism in Homyq(7h ™I, 7)), and then

P(rhf) = 74 P(f) is a morphism in M from 757 H; to 74 H,) = X;, so is in F(X]")e;.

Step 1: The morphism e iyA — F(X]') vanishes on the ideal Z,,.

A word j1js - - - j, will be called a subword of w; if there exist integers 1 < [} < [y <
- <, < isuch that jijo---jr = @(l1)p(la) - - - ©(l,). Then it is easy to check that the
vector space e, Lu,e; is generated by the paths from j to ¢(i) such that there exists a
factorization

J oo i e o o e i e (1)

with jj172 - - - jr(i) not a subword of w;.
Let f be a morphism 751; — I, in Z(kQ) given by such a path. Assume that the
image P(rhf) of f in F(X/") is non zero. Let

D fO 1 fl P2 f2 Dr fr .
Tpl; ~T7p 1y —— 1 Ij, —— - —— 1 [;, —— L)

be the factorization of f given by the above factorization of the path. Then P(75f) is
equal to the composition

p+q p1+q p2+q Pr+q q o )
T Hj =T Hj =T Hj, = =715 Hj, =TpHew) = Xi .

Since P(7f) is not zero, all morphisms P(75 f;) are not zero, and all objects Th " H;, are

non zero. Thus the objects 75 "7 Hj, are of the form X, with hg < hy < --+ < h, < i.
Furthermore, we have ¢(h;) = j;. Thus jji - jr@(i) = @(ho)p(h1) - - - p(h:)p(i) is a sub-
word of w;. This contradiction shows that the image of f in F(X/') must be zero.

Step 2: The morphism ey, A — F(X]) is surjective.

Let f be a morphism 75 7H; — 7hH,u; = X; in M. Hence 75f is a morphism
ThH; — Hy,u) in M. Since P is full (cf. proposition 6.1.4), there exists a morphism
g : hl; — I, such that P(g) = 757f. Thus we have P(rhg) = 74P (9) = f.

Step 3: The morphism eyiyN/ Ly, — F(X]') is injective.
Let f be a non zero morphism 7p1; — I, in Z(kQ) such that P(75f) is zero. By
lemma 6.1.1, we can assume that there exists a factorization of 7 f of the form

g+py _h 9 a7
T 1 =Y = Tp (i)
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with Y indecomposable and P(Y) = 0. The object Y is of the form 751, with h > ¢ and
we have 7h H; = 0.

The morphism g is a sum of compositions of irreducible morphisms between indecom-
posables. Let

Tgfl 90 Y, g1 Y, 92 Y, gs 7_1(1)]50(2')

be such a summand of g. The objects Y, 1 < k are indecomposable and so are
of the form 7;/;,, and the morphisms gz, 0 < k are irreducible. We will show
that the word ljijs...Js¢(7) is not a subword of w;. Without loss of generality, we
may assume that for 1 < k& < s, P(Y}) is not zero, so there exist integers [ such
that P(Yy) = X, . Since the morphisms g are irreducible, P(g;) does not vanish, and
we have 1 < I} < Iy < -+ < Iy < . The word jijs...Js¢p(i) is equal to the word

o(l)p(le) - p(ls)e(i), 80 j1Ja - - . js(i) is a subword of w;.

<s
<s

Substep 1: The sequence 1 <1y < ly < --- < ly <1 is the mazximal element of the set

(1<iy<ip <<y <igpn S | (i) = Jireees (i) = o plistr) = @(0)} for the
lexicographic order.
We prove by decreasing induction that [, is the maximal integer with [ < [ and
o(ly) = ji. For k = s+ 1 it is obvious. Now suppose there exists an integer ¢, such that
o(lx) = p(ix) = Jr and Iy < i < lp+1. Thus by step 1 of proposition 6.3.1, there exists an
integer » > 1 such that X;, = 75X, . The morphism P(g;) : X;, — X, ,, is irreducible,
so there exists a non zero irreducible morphism X — 75 1Xlk. The object 75 1Xlk is in
M since X, and 75"X; = X, are in M. It is of the form X;, and we have ;1 < t.
Since r is > 1, by step 1 of proposition 6.3.1, ¢ is < 4. This implies [x,1 < 7, which is a
contradiction.

Substep 2: 1 does not belong to the set {o(1),¢(2),..., (1 —1)}.

Suppose that there exists an integer 1 < k < N such that ¢(k) is equal to [. Thus there
exists an integer r > 0 such that X}, is equal to 75 H,. Since TR H; = P(Th1I}) is zero, r is
<h-1.

Since the morphism go : 7 [; — Y} is an irreducible morphism of Z(kQ), there exists an
irreducible morphism Y; — 77’;—111 in Z(kQ). Thus there exists an irreducible morphism
757" Y, — 751 in Z(kQ). The object P(thl) = 7hH; = X} is not zero and lies in M,
so the object P(75, "™Y}) = 75" X, is not zero and lies in M since M is stable by
kernel. Thus there is an irreducible morphism T]’;fh“Xll = X; — X in M. Therefore ¢
has to be < k. Moreover since r — h + 1 < 0, by step 1 of proposition 6.3.1, [; is < s.
Finally we get [; < k.

Then combining substep 1 and substep 2, we can prove that [jjs...jsp(7) can not
be a subword of w;. Indeed, assume lj1js ... jsp(7) is a subword of w;. Thus there exist
1 <<y < ... <1, < i5+1 < ¢ such that @(lo)(p(ll) .. .(p(i5+1) = l]ljg . jSQO(Z) In
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particular, the word jijs ... jsp(i) is a subword of w; and 1 < iy < ... < iz < igpq < i is
in the set of substep 1. Thus by substep 1, i; has to be < [;. By substep 2, iy can not
exist.

O

6.3.4 Endomorphism algebra of the cluster-tilting object

Lemma 6.3.1. Let X; and X; be indecomposables of M. Then we have an isomorphism
of vector space

Homa (€A L, 00N Zu) = D M(ThX;. X)),

p>0

Proof. Case 1: 7 >1
Then by [BIRS07] (lemma I1.1.14) we have an isomorphism

Homa (€,()A/Zw; s oy N/ Lu,) = epiy N/ Lupj)-

By proposition 6.3.2, this is isomorphic to the space

P M i), Xo).

p>0

By definition of the function ¢, there exists some ¢ > 1 such that X; = 7}, H,(;). Thus we
can write the sum

q
P M(rhH, ), Xi) = P M(m5"X;, Xo) & P M(T5X;, Xi)
p>0 p=1 >0

Since j > i, there is no morphism from 757X, to X; for p > 1, and the first summand is
zero. Therefore we get the result.

Case 2: j <1
Then by [BIRS07] (lemma I1.1.14) we have an isomorphism

Homy (ep() A/ L, o)A/ Luw,) ~ €y (LoG) - - - Lo(i+1)/Lw; )€ (h)-
By proposition 6.3.2, this space is a subspace of the space

P M H, ), Xi) =~ P M5 X5, Xi) & @ M(ThX;, Xo).

p>0 p>1 p=>0
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Step 1: If f is a non zero morphism in M(15"X;, X;) with p > 1 then f is not in the
space €y Lo(i) - - - Lo(j+1)Coli)-
Let X, be the indecomposable 75" X;. Since p > 1 then [y is < j + 1. The morphism is
a sum of composition of the form

Xlo Xl1 ce Xl

X;

T

with the X;, indecomposables. Since f is not zero, we have j +1 <[y <[} <... <l <.
Thus the word ¢(lp)p(ly) ... p(l.)e(i) is a subword of (5 4+ 1)¢(j + 2)...p(7). Since it
holds for each factorization of f, the morphism f is not in the space ey ;)Zy() - - - Zp(j+1)€40() -

Step 2: If f is a morphism in M(15X;,X;) with p > 0 then f is in the space
€o)Loti) - - - Lo(i+1)€0(j) -
Let X, be the indecomposable 75 X;. Since p is > 0, we have [y < j. Let us show that if
f is a composition of irreducible morphisms

X X

0 Xl Xlr+1 - XZ

1 T

then the word ¢(lo)p(l1) - - - w(l)p(i) is not a subword of (7 + 1)p(j +2) ... (7).

We have [y < [} < --- < [, < 1. Since [y is < 7+ 1, and 7 is < 7 + 1, there exists
1 <k <r+1such that [,y < j+1 <. Therefore ¢(l)...po(l;)p(i) is a subword of
e(j+1)p(j+2)...9(i), and the sequence I, < g1 < --- < [, <1 is the maximal element
of the set

{+1<ip<- <t <i | olin) =0k), -, o) = @), p(irs1) = (i) }

for the lexicographic order (exactly for the same reasons as in substep 1 of proposi-
tion 6.3.2). Now we can prove exactly as in substep 2 of proposition 6.3.2 that ¢(lx_1)
does not belong to the set {p(j +1),...,0(lx — 1)}. Thus o(lk—1)e(lk) ... ¢(l)p(i) can
not be a subword of p(j + 1)p(j +2)...¢(7).

Finally, let f = f; 4+ f> be a morphism in

P M(hH, ). Xi) ~ P M5 X;, Xi) & @ M(5X;, X)).
p=>0 p21 p>0
By step 2, fy is in the space e i) Zyg) - - - Lo(j+1)€0(j)- By step 1, the morphism f is in

o Ly(i) - - - Lo(j+1)€4p() if and only if f —1 is zero. Thus we get an isomorphism

HomA(e¢(j)A/ij, ego(i)A/Iwi) >~ @ M(TEX]', XZ)

p=>0

Corollary 6.7. If X; and X, are indecomposables of M, then we have
HommA/Lﬂ (690(]-)/\/1—103., 690(1')/\/1-%) ~ erfleXi.
Proof. The proof is exactly the same as the proof of corollary 6.4. O
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6.3.5 Construction of the triangle equivalence

Finally, we can formulate the following theorem:

Theorem 6.8. The functor F oi, : mod M — f.I.A induces an algebraic triangle equiv-
alence between Cx; and SubA/Z,,.

Proof. For an indecomposable X in M, we have seen that F(X") is in SubA/Z,. Thus
F induces a triangulated functor F' : D’(mod M) — D’(SubA/Z,). Thus we have the
following composition:

D¥(mod M) ~ D*(mod A) —~— D(mod M) —> D?(SubA/Z,,) — SubA /T,
)
26 4 DA[~2]
As previously, the functor F' o i, is triangulated algebraic. It is isomorphic to the

L
functor ? @4 R where R = F 0i.(A) is a cluster-tilting object of Sub,/Z,,. Let X be
an indecomposable of M. By proposition 6.1.5, we have the following exact sequence
functorial in X:

0—Foi(X") — F(Hy) —= F(H) — Foi.(XY) —=0

with Hy and H; in add(H).
By lemma 6.3.2, we know that

AT, ~ G?A/Iwei ~ G?F(X]Q,i) ~ Q? F(H")

Thus F(H{') and F(H{) are projective-injective in SubA/Z,. Now we conclude as in
the proof of theorem 6.5. We get a triangle algebraic functor F': C4 — SubA/Z,, which
sends the orbit-cluster-tilting object A onto the cluster-tilting object 1" = @f\; eo(i)yN/ Lo,
Moreover, by corollary 6.7 it induces an equivalence between the subcategories add(A)
and add(T'). Thus by lemma 5.4.1 this is an algebraic equivalence. O

6.3.6 Example: Dynkin case

Let @ be A5 with the following orientation:

Q:1 2 3 4 d s

and T the following tilting module:
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(]

7N
o .
/\/\
/\/\/\

/\/\/\/\

Then the algebra B = Endyo(7) is given by the quiver:

5)
4 3

/
2

v
1

with the relation given by the dotted line. On figure 6.5 we can see the Auslander-Reiten
quiver of the category mod B, the subcategory M is formed by the framed modules.

H
H
=W

N

\/2\

N/
o

Figure 6.5: Category M C mod B

3
2 5

Now put an order on the indecomposables of M, respecting the morphisms. For
example:

\]
Gl — O — D) — =
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The indecomposable projectives of mod M are the following:

7 8 8
2 3 5 6 7 3
1, 1> 2 47 4 59 2 6 6 2 7
1 5 5 6
5

no

S

—

uI’JT

no
=0 QO Ot

With the ordering we put on the quiver of M, we get the word w = 545212345 of the
Coxeter group of A;. Then it is easy to compute:

1 2 3 345 i
NZT,=3®2® 2712 @ ,3,°®3
1 5 1 %

5
R:5@3‘@3@2@3@%@12345@12345@§
1
One can see easily, that this is the image of the projectives of M through the morphism
F:mod M — f..A.

Then it is not difficult to compute the Auslander-Reiten quiver of SubA/Z,. It is
shown here in figure 6.3.6. The indecomposables of the cluster-tilting object are framed,
and the projective-injectives are framed in red. We can easily check that the stable
category SubA/Z, is equivalent to Ca4, X C4, and that the endomorphism algebra of the
tilting object has the form:

5
/TN

2

<—?\
3
2 4
1 5
/ ~
4

I\

Moreover, the category M has the following quiver:

=

N\

3
2 4

=N QO Ut
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\V]

N\

N\

345 345
/N )

3
2 4

4

-

A
N

/ \H /=
A\

e

2% 4
1

5
4

<

/
M
\

\/f\1

Figure 6.6: Auslander-Reiten quiver of the Frobenius category SubA/Z,

\

Thus M is equivalent to the direct sum of k with the endomorphism algebra of a tilting
module 7" of modkAs with the usual orientation. Thus the derived category of M is
equivalent to D’(modk) x D’(mod A3). Finally, the cluster category of M is equivalent
Ca, X Cy4,. This confirms theorem ?7.

6.3.7 Example: Non-Dynkin case

Let @ be the following quiver: 1 ——=2=—=23. The preinjective component of modk(Q)
looks as follows:

[263] [021]
SN

[142] [010]
et N

o |[384] [032] [110]

NN
% \[
N _

S
—
(o))
Ne]

7

Here we denote the kQ-modules by their dimension vector in order to lighten the writ-

ing. For example the module [1 4 2] has the following decomposition series: 2,22 ;2.

If we mutate the tilting object [263] @ [142] @ [110] in the direction [14 2], we stay



6.3. Relation with categories SubA/Z, 147

in the preinjective component. We get the tilting object:
T=[263]P®[384]P®[110].

The algebra B = Endyq(T") is given by the quiver:

1%2N3

The category M C mod B, has the following Auslander-Reiten quiver:

with the relation ba + b'a’ = 0.

2 5 3
7 /AN
1 3 6 2
NS
4 1
The projective indecomposables of mod M are the followings:

0 0 1 0 2 0 2 0 3 1 6 2
1 0 0, 2.0 0/, 371 0/, 371 0/, 4 2 0f, 8 4 1
0 0 0 1 0 1

The associated word is w = 232132. The projectives of the preprojective algebra associ-
ated to () have the following composition series:

I S

The maximal rigid object of the category SubA/Z,, associated to the writing of w =
232132 is

=N

N WNOW
N W

3
R=20,%,0 33 @® 3°; & 3°3%; O
27272 2727272 3

N wWwN
N WNW

3
22

The last three summands are the projective-injectives of the Frobenius category Sub A /Z,,.
If we write these modules with their dimension vectors we get:

i HEHRHEHRIH RN

and it is easy to check that this module corresponds to the projection of T'.
Now take the module X =1 in M. It corresponds to the module [3 8 4] in mod k().
We have the injective resolution in modkQ:

0—=[384]—=[o21]"@[110) —=[010)—0
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Thus the short exact sequence in M () X H, H, 0 is the following:

0—1—48¢5'—6>—0

Therefore, the sequence 0 XN H{ H{ (771X)Y/proj B——=0 in mod M
becomes:

0 0 2 o 13 3 1 14 6 2 13 0 2
0—>1000—>[310}@[4 200]—>[841}—>0103 —0

where [0 y z 3} is the quotient of (75'1)Y = 3" = [o 1 f 4} by the projectives. Applying
the projection functor we get the exact sequence in mod A:

0 2713 414 Rk 2
o—[}]—[i] e [§] —[3] —i] —0
The M-module 1Y_ is [123 } — %3%5%  We have Foi (1Y ) = [i] By the exact
™ 0 1 1% 0

sequence above, there is an isomorphism in Sub A /Z,, between Foi*(l’\ﬂ) and Foi*(l‘vﬂ) 2].



Chapter 7

Cluster-tilting object

Let k be a field and A a differential graded (=dg) k-algebra. We denote by A¢ the dg

algebra A? ® A. We denote by D = DA the derived category of dg A-modules and

by DYA its full subcategory formed by the dg A-modules whose homology is of finite

total dimension over k. We write per A for the category of perfect dg A-modules, i.e.

the smallest triangulated subcategory of DA containing A and stable under taking direct

summands. The suspension functors of all these categories will be denoted by [1].
Suppose that A has the following properties:

e A is homologically smooth (i.e. the object A, viewed as an A®-module, is perfect);

for each p > 0, the space HP A is zero;

the space H°A is finite dimensional;

A is bimodule 3-Calabi-Yau, i.e. there is an isomorphism in D(A¢)

RHom e (A, A°) ~ A[-3).

Since A is homologically smooth, the category DA is a subcategory of per A (see
[Kel08a|, lemma 4.1). We denote by 7 the canonical projection functor = : perA — C =
per A/D?A. Moreover, by the same lemma, there is a bifunctorial isomorphism

DHomyp (L, M) ~ Homp(M, L[3])

for all objects L in DA and all objects M in per A. We call this property the Calabi- Yau
property.
The aim of this chapter is to show the following result:

Theorem 7.1. Let A be a dg k-algebra with the above properties. Then the category
C = per A/D*A is Hom-finite and 2-Calabi-Yau. Moreover, the object w(A) is a cluster-
tilting object. Its endomorphism algebra is isomorphic to HA.

149
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7.1 t-structure on perA

The main tool of the proof of theorem 7.1 is the existence of a canonical t-structure in
per A.

7.1.1 Construction of a t-structure on DA

Let D« be the full subcategory of D whose objects are the dg modules X such that H?X
vanishes for all p > 0.

Lemma 7.1.1. The subcategory D<y is an aisle in the sense of Keller-Vossieck [KV88].

Proof. The canonical morphism 7<9A — A is a quasi-isomorphism of dg algebras. Thus
we can assume that AP is zero for all p > 0. The full subcategory D« is stable under
X + X]1] and under extensions. We claim that the inclusion D<o D has a right
adjoint. Indeed, for each dg A-module X, the dg A-module 7<(X is a dg submodule of X,
since A is concentrated in negative degrees. Thus 7« is a well-defined functor D — D«.
One can check easily that 7« is the right adjoint of the inclusion.

O

Proposition 7.1.1. Let ‘H be the heart of the t-structure, i.e. H 1is the intersection
D<o N D>y. We have the following properties:

(i) The functor H® induces an equivalence from H onto Mod H°A.

(ii) For all X andY inH, we have an isomorphism Extpo 4(X,Y) ~ Homp (X, Y[1]).

Note that it is not true for general i that Ext}, (X,Y) =~ Homp (X, Y]i]).

Proof. (i) We may assume that AP = 0 for all p > 0. Then we have a canonical morphism
A — HCPA. The restriction along this morphism yields a functor ® : Mod H°A — 'H such
that H° o ® is the identity of Mod HYA. Thus the functor H® : H — Mod H°A is full and
essentially surjective. Moreover, it is exact and an object N € H vanishes if and only
if H'N vanishes. Thus if f : L — M is a morphism of H such that H°(f) = 0, then
ImH(f) = 0 implies that H°(Imf) = 0 and Imf =0, so f = 0. Thus H° : H — Mod HA
is also faithful.

(ii) By section 3.1.7 of [BBD82| there exists a triangle functor D°(H) — D which
yields for X and Y are in ‘H and for n < 1 an isomorphism (remark (ii) section 3.1.17
p.85)

Hompy (X, Y [n]) >~ Homp (X, Yn|).

Applying this for n = 1 and using (i), we get the result.
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7.1.2 Hom-finiteness

Proposition 7.1.2. The category per A is Hom-finite.
Lemma 7.1.2. For each p, the space HP A is finite dimensional.

Proof. By hypothesis, HPA is zero for p > 0. We prove by induction on n the follow-
ing statement: The space H "A is finite dimensional, and for all p > n + 1 the space
Homp(7<_, A, M[p]) is finite dimensional for each M in mod HYA.

For n = 0, the space H°A is finite dimensional by hypothesis. Let M be in mod HYA.
Since T7<pA is ismorphic to A, Homp(7<gA, M[p]) is isomorphic H°(M|p]), and so is zero
for p > 1.

Suppose that the property holds for n. Form the triangle:

(H"A)n—1]—7<p1A—> 1<y A—— (H " A)[n]

Let p be an integer > n + 1. Applying the functor Homp(?, M[p]) we get the long exact
sequence:

-+ —=Homp(7<_, A, M[p]) = Homp(7<_,,_1 A, M[p]) = Homp((H"A)n — 1], M[p]) = - -

By induction the space Homp(7<_, A, M|p]) is finite dimensional.
Since M|[p] is in D’ A we can apply the Calabi-Yau property. If p is > n + 3, we have
isomorphisms:

Homp((H "A)[n — 1], M[p]) =~ Homp((H "A),M[p—n+1])
~ DHomp(M[p—n —2],H "A).

Since p —n — 2 is > 1, this space is zero.
If p=n+ 2, we have the following isomorphisms.

Homp((H "A)[n — 1], M[n+2]) ~ Homp((H "A), M[3])
~ DHomp(M,H ™A)
~  DHomyo(M, H"A).

The last isomorphism comes from lemma 7.1.1 (). By induction, the space H "A is
finite dimensional. Thus for p > n + 2, the space Homp((H "A)[n — 1], M[p]) is finite
dimensional.

If p=n+ 1 we have the following isomorphisms:

Homp((H "A)[n — 1], M[n+1]) ~ Homp((H "A), M[2])

~ DHomp(M, H "A[l])
~ DExtpo,(M,H "A)
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The last isomorphism comes from lemma 7.1.1 (i7). By induction, since H ™A is finite
dimensional, the space Homp((H"A)[n — 1], M[n + 1]) is finite dimensional and so is
Homp(7<_p—1A, M[n + 1]).

Now, look at the triangle

TS,H,QA — TgfnflA —_— (H_n_lA) [n + 1] — (Tg_n_gA)[l] .

The spaces Homp(7<_,—2A, M[n + 1]) and Homp((7<_,_2A4)[1], M[n + 1]) vanish since
Mn + 1] is in D>_,_1. Thus we have

Homp(7<_n 1An — 1], M[n +1]) =~ Homp((H " 'A)[n + 1], M[n + 1))
~ Homp(H " 'A, M)
~ Homgo(H " 1A, M).
This holds for all finite dimensional H°A-modules M. Thus it holds for the compact

cogenerator M = DH®A. The space Homyo (H " YA DH°A) ~ DH"'A is finite
dimensional, and therefore H~("*Y A is finite dimensional. O

Proof. (of proposition 7.1.2) For each integer p, the space Homp(A, A[p]) ~ HP(A) is
finite dimensional by lemma 7.1.2. The subcategory of (per A)° x per A whose objects are
the pairs (X,Y") such that Homp(X,Y') is finite dimensional is stable under extensions
and passage to direct factors. O

7.1.3 Restriction of the ¢-structure to per A

Lemma 7.1.3. For each X in per A, there exist integers N and M such that X belongs
to Den and *D<yy.

Proof. The object A belongs to D<g. Moreover, since for X in DA, the space Homp(A, X)
is isomorphic to H°X, the dg module A belongs to *D<_;. Thus the property is true
for A. For the same reasons, it is true for all shifts of A. Moreover, this property is
clearly stable under taking direct summands and extensions. Thus it holds for all objects

of per A. O
This lemma implies the following result:
Proposition 7.1.3. The t-structure on DA restricts to per A.

Proof. Let X be in per A, and look at the canonical triangle:

T<oX ——= X — 750X — (7<0X)[1].
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Since per A is Hom-finite, the space H?X ~ Homp(A, X[p]) is finite dimensional for all
p € Z and vanishes for all p > 0 by lemma 7.1.3. Thus the object 7-(,X is in D*A and
so in perA. Since per A is a triangulated subcategory, it follows that 7<(X also lies in
per A. O

Proposition 7.1.4. Let 7 be the projection 7 : per A — C. Then for X and Y in perA,
we have
Home (7 X, 7Y") = lim Homp (1<, X, 7<,,Y)

Proof. Let X and Y be in per A. An element of limHomp(7<, X, 7<,Y") is an equivalence

class of morphisms 7, X — 7<,Y. Two morphisms f : 7<, X — 7,,Y and g : 7<,, X —
T<mY with m > n are equivalent if there is a commutative square:

TSnX —f> TSHY

|

g9
TSmX —— Tng

where the vertical arrows are the canonical morphisms. If f is a morphism f : 7, X —
T<nY, we can form the following morphism from X to Y in C:

TenX T 1Y

SN

X Y,

where the morphisms 7<, X — X and 7<,Y — Y are the canonical morphisms. This is
a morphism from 7X to 7Y in C because the cone of the morphism 7<, X — X is in
DPA. Moreover, if f: 7, X — 7<,Y and g : 7«(y X — 7<,,Y are equivalent, there is an
equivalence of diagrams:

TSHX ...... f> TSTLY )

g
TemX ot 1Y

Thus we have a well-defined map from limHomp(7<, X, 7<,Y") to Hom¢ (7 X, 7Y") which is
injective.
Now let X’ beamorphism in Home(7X,7Y’). Let X" be the cone of s. It is
N
X Y
an object of DYA, and therefore lies in D-,, for some n < 0. Thus there are no morphisms
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from 7, X to X" and there is a factorization:

TSnX

X' ——=X X" X'[1]

We obtain an isomorphism of diagrams:

/[\

X Y
~ et
7—<an

The morphism f : 7<,X — Y induces a morphism f’: 7, X — 7<,Y which lifts the given
morphism. Thus the map from limHomp(7<, X, 7<,,Y") to Hom¢(m X, 7Y) is surjective. [

7.2 Fundamental domain
Let F be the following subcategory of per A:

F=DcN “Dec_yNperA.
The aim of this section is to show:

Proposition 7.2.1. The projection functor m : per A — C induces a k-linear equivalence
between F and C.

7.2.1 add(A)-approximation for objects of the fundamental do-
main

Lemma 7.2.1. For each object X of F, there exists a triangle

P Py X Pi[1]
with Py and Py in add(A).
Proof. For X in per A, the morphism

Homp(A, X) — Homy(H°A, HOX)
fo= H(f)
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is an isomorphism since Homp(A, X) ~ H°X. Thus it is possible to find a morphism
Py — X, with Py a free dg A-module, inducing an epimorphism H°P, — %X . Now
take X in F and Py — X as previously and form the triangle

P F X Pi1].

Step 1: The object Py is in D<o N lDS_l.
The objects X and Py are in D<g, so P, is in D<;. Moreover, since H°Py — H°X is an
epimorphism, H'(P;) vanishes and P; is in D<.

Let Y be in D<_;, and look at the long exact sequence:

-+ ——Homp(Py,Y) ——=Homp(P;,Y) — Homp(X[-1],Y) —---

The space Homp(X[—1],Y") vanishes since X is in *D< 5 and Y is in D<_;. The object
Py is free, and H°Y is zero, so the space Homp(P,Y") also vanishes. Consequently, the
object Py is in *D<_;.

Step 2: HYP, is a projective H° A-module.
Since P is in D« there is a triangle

T< 1P — P —>HOP1 - (Tgflpl)[l]-
Now take an object M in the heart H, and look at the long exact sequence:
e Homp((Tgflpl)[lL M[l]) — HomD(HO_Pl, M[l]) —_— Hom'D(Ph M[l]) . ...

The space Homp((7<_1P;)[1], M[1]) is zero because Homp(D<_5, D>_1) vanishes in a t-
structure. Moreover, the space Homp(P;, M[1]) vanishes because P; is in *D<_;. Thus
Homp (HC Py, M[1]) is zero. But this space is isomorphic to the space Exty,(H°Py, M) by
proposition 7.1.1. This proves that H°P; is a projective H"A-module.

Step 3: Py is isomorphic to an object of add(A).

As previously, since H°P; is projective, it is possible to find an object P in add(A) and a
morphism P — P; inducing an isomorphism H°P — HYP,. Form the triangle

Q U J2 v Pl w Q[]_]

Since P and P, are in D<g and H(v) is surjective, the cone Q lies in D<g. But then w
is zero since P is in *D<_;. Thus the triangle splits, and P is isomorphic to the direct
sum P; @& (). Therefore we have a short exact sequence:

0 H°Q H°P H'P, —0,

and H°Q vanishes. The object Q is in D<_1, the triangle splits, and there is no morphism
between P and D<_4, so () is the zero object.
O
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7.2.2 Equivalence between the shifts of F

Lemma 7.2.2. The functor 7<_; induces an equivalence from F to F|1]

Proof. Step 1: The image of the functor T<_; restricted to F is in F|1].
Recall that F is D<o N *D<_y Nper A. Thus F[1] is D<_1 N *D<_3Nper A. Let X be an
object in F. By definition, 7<_1 X lies in D<_; and there is a canonical triangle:

T§_1X X HOX Tgle[l] .
Now let Y be an object in D<_3 and form the long exact sequence
e HomD(X, Y) I HomD(TS_lX, Y) —_— Homp((HOX)[—l], Y) —

Since X is in *D<_,, the space Homp(X,Y) vanishes. The object H°X|[—1] is of finite
total dimension, so by the Calabi-Yau property, we have an isomorphism

Homp(H X [-1],Y) ~ DHomp (Y, H°X[2]).
But since Homp (D<_3, D> _») is zero, the space Homp((HYX)[—1],Y) vanishes and 7<_; X
lies in tD<_3.

Step 2: The functor <y : F — F[1] is fully faithful.
Let X and Y be two objects in F and f: 7<_1 X — 7<_;Y be a morphism.

HX[-1] —>T< 1 X —= X — [{OX

HY[-1] —=T<1Y Y —— H0Y

The space Homp(HX[—1],Y) is isomorphic to DHomp (Y, H°X[2]) by the Calabi-Yau
property. Since Y is in “D._,, this space is zero, and the composition i o f factorizes
through the canonical morphism 7<_1 X — X. Therefore, the functor 7<_; is full.

Let X and Y be objects of 7 and f : X — Y a morphism satisfying 7<_;f = 0. It
induces a morphism of triangles:

HOX[-1] —>7< 1 X > X — [JOX

l b

HY[-1] —>T<_1Y —>Y —— [0y

The composition f o vanishes, so f factorizes through H°X. But by the Calabi-Yau
property the space of morphisms Homp(H°X,Y') is isomorphic to DHomp(Y, H°X|[3])
which is zero since Y is in “D<_5. Thus the functor 7<_; restricted to F is faithful.
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Step 3: The functor T<_y : F — F[1] is essentially surjective.
Let X be in F[1]. By the previous lemma there exists a triangle

Pl — R[l] — X — P1[2]

with Py and P; in add(A). Denote by v the Nakayama functor on the projectives of

mod H°A. Let M be the kernel of the morphism vH°P, — vH°P,. It lies in the heart H.
Substep (i): There is an isomorphism of functors: Hom(?, X[1])|,, ~ Homy(?, M)

Let L be in H. Then we have a long exact sequence:

-+ —Homp(L, Py[2]) = Homp (L, X[1]) = Homp(L, P1[3]) = Homp (L, By[3]) = - - .

The space Homp (L, Py[2]) is isomorphic to DHomp(Fy, L[1]) by the Calabi-Yau property,
and vanishes because P, is in *D<_;. Moreover, we have the following isomorphisms:

Homp (L, Pi[3]) ~ DHomp(FPy, L)
~ DHomy (HP,, L)
~ Homy(L,vH"P)).

Thus Homp(?, X[1])},, is isomorphic to the kernel of Homy(?, vH°P;) — Homy (7, vH° Fy),
which is just Homy (7, M).

Substep (ii): There is a monomorphism of functors: Ext;,(?, M)~ Homp(?, X[2]),, .
For L in H, look at the following long exact sequence:

-+ —Homp(L, P1[3]) = Homp(L, P1[3]) = Homp (L, X [2]) = Homp (L, Py[4]) = - - .

The space Homp(L, P1[4]) is isomorphic to DHomp(P;[1], L) which is zero since P;[1] is
in D<_; and L is in D>y. Thus the functor Homp (7, X [2])},, is isomorphic to the cokernel
of Homy(?, vHP;) — Homy(?, vH°Py). By defninition, Ext;,(?, M) is the first homology
of a complex of the form:

(0 HomH(?, VH0P1) —_— HomH(?7 ]/HOPO) — HomH(?7 I) —_—
where I is an injective H°A-module. Thus we get the canonical injection:
EXt%_l(?, M)<—> Homp(?, X[Q])h-t

Now form the following triangle:

X Y M X[1].

Substep (iii): Y is in F and 7<_1Y is isomorphic to X.
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Since X and M are in D<y, Y is in D<y. Let Z be in D<_5 and form the following long
exact sequence:

- Homp(X[1], Z) — Homp(M, Z) — Homp(Y, Z) — Homp (X, Z) — Homp (M[~1], Z) - - -
By the Calabi-Yau property and the fact that Z[2] is in D, we have isomorphisms
Homp(M[—1],Z) =~ DHomp(Z[-2], M)
~ DHomy(H2Z M).
Moreover, since X is in *D<_3, we have
Homp(X, Z) ~ Homp(X, (H 22)[2])
~ DHomy(H 27, X|[1]).

By substep (i) the functors Homy,(?, M) and Homp(?, X[1])},, are isomorphic. Therefore
we deduce that the morphism Homp(X, Z) — Homp(M[—1], Z) is an isomorphism.
Now look at the triangle

Tg_gz — ) — H72Z[2] — (Tgfgz)[l]
and form the commutative diagram

HomD(M, TS_3Z> — HomD(M, Z) — HomD(M, H_QZ[Q]) — Homp(M, TS_3Z[1])

Homp (X1}, 7<—3Z) = Homp(X[1], Z) = Homp(X[1], H 2Z[2]) = Homp(X[1], 7<_3Z]1])

By the Calabi-Yau property and the fact that (7<_3Z)[—3| is in D<,, we have isomor-
phisms

HomD(M[—l],TS_gZ[—l]) >~ DHOm'D(TS_:gZ[—l],M)
~ DHomy(H*Z M).
Since X is in 1D<_3, we have
Homp (X, (T<_32)[—1]) =~ Homp(X, H 3Z[-2])
~ DHomy(H*Z X[1]).

Now we deduce from substep (i) that a[—1] is an isomorphism.
The space Homp(X[1],7<_3Z[1]) is zero because X is *D<_3. Moreover there are
isomorphisms

Homp (M, H2Z[2]) ~ DHomp(H2Z, M[1])
~ DExty,(H™*Z,M).
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The space Homp(X[1], H2Z][2]) is isomorphic to DHomp(H 27, X[2]). And by substep
(i), the morphism Exty,(?, M) — Homp(?, X [2])},, is injective, so c is surjective. Therefore
using a weak form of the five-lemma we deduce that b is surjective.

Finally, we have the following exact sequence:

Homp (X(1], Z) = Homp(M, Z) — Homp (Y, Z) — Homp (X, Z) = Homp(M[-1], Z)

Thus the space Homp(M, Z) is zero, and Z is in *D<_,.
It is now easy to see that there is an isomorphism of triangles:

T<1Y Y H°Y T< 1Y 1]

L

X Y M X[1).

7.2.3 Proof of proposition 7.2.1

Step 1: The functor w restricted to F is fully faithful.

Let X and Y be objects in F. By proposition 7.1.1 (iii), the space Hom¢ (7 X, 7Y) is
isomorphic to the direct limit limHomp(7<, X, 7<,Y"). A morphism between X and Y in

C is a diagram of the form
Tan

Ve AN
X Y.

The canonical triangle

yields a long exact sequence:
-+ = Homp(7-,X,Y) = Homp(X,Y) = Homp(7<, X, Y) = Homp((75, X )[-1],Y) = - -

The space Homp((75,X)[—1],Y) is isomorphic to the space DHomp (Y, (7-,X)[2]). The
object X is in Dy, hence so is 7-,X, and the space DHomp(Y, (7-,X)[2]) vanishes. For
the same reasons, the space Homp(7-,X,Y") vanishes. Thus there are bijections

Homp (1<, X, 7<p,Y) = Homp(7<, X, Y) == Homp(X,Y)

Therefore, the functor 7 : F — C is fully faithful.

Step 2: For X in per A, there exists an integer N and an object Y of F[—N] such that
X and 7Y are isomorphic in C.
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Let X be in perA. By lemma 7.1.3, there exists an integer N such that X is in
LDon_o. For an object Y in D<y_o, the space Homp((1onyX)[—1],Y) is isomorphic
to DHomp(Y, (- xX)[2]) and so vanishes. Therefore, <y X is still in *D<y_5, and so is
in F[—N]. Since 7=y X is in DA, the objects <y X and X are isomorphic in C.

Step 3: The functor m restricted to F is essentially surjective.

Let X be in perA and N such that 7<yX is in F[-N]. By lemma 7.2.2, 7<_; induces
an equivalence between F and F[1]. Thus since the functor m o 7<_; : perA — C is
isomorphic to m, there exists an object Y in F such that 7(Y) and 7(X) are isomorphic
in C. Therefore, the functor 7 restricted to F is essentially surjective.

Proposition 7.2.2. If X and Y are objects in F, there is a short exact sequence:
0 — Extp,(X,Y) — Ext;(X,Y) — DExtp, (Y, X) —=0.
Proof. Let X and Y be in F. The canonical triangle
TeoX —= X —— 150X —— (70 X)[1]
yields the long exact sequence:
Homp ((750X)[—1], Y[1]) =< Homp (70X, Y[1]) == Homp (X, Y[1]) < Homp (750X, Y[1]) .
The space Homp (X [—1], Y [1]) is zero because X is in *D<_5 and Y is in D<y. More-

over, the space Homp (750X, Y[1]) is zero because of the Calabi-Yau property. Thus this
long sequence reduces to a short exact sequence:

0 — Exth(X,Y) —= Homp (70 X, Y[1]) —= Homp((750X)[-1], Y[1]) —=0 .

Step 1: There is an isomorphism Homp((750X)[—1],Y) ~ DExtp(Y, X).
The space Homp((750X)[—1], Y[1]) is isomorphic to DHomp(Y, 750X [1]) by the Calabi-

Yau property.

(<o X)[1] — XT1] (720 X)[1] — (T<<?X)[2]
But since Homp (Y, (7.0 X)[1]) and Homp (Y, (70 X)[2]) are zero, we have an isomorphism
Homp (750X [~1],Y) ~ DExtp(Y, X).
Step 2: There is an isomorphism Exts(n X, 1Y) ~ Homp(7<_1 X, Y[1]).

By lemma 7.2.2, the object 7.¢X belongs to F[1] and clearly Y[1] belongs to F[1]. By
proposition 7.2.1 (applied to the shifted ¢-structure), the functor 7 : per A — C induces

an equivalence from F[1] to C and clearly we have 7(7-0X,Y[l]) = 7(X). We obtain
bijections

Homp (70X, Y[1]) —= Homp (170X, 7Y [1]) —— Homp (7 X, 7Y [1]).
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7.2.4 Proof of the main theorem

Step 1: The category C is Hom-finite and 2-Calabi- Yau.

The category F is obviously Hom-finite, hence so is C by proposition 7.2.1. The categories
T = per A and N’ = D’ A C per A satisfy the hypotheses of chapter 4. By [Kel08a], thanks
to the Calabi-Yau property, there is a bifunctorial non degenerate bilinear form:

6N,X : HomD(N, X) X HomD(X, N[?)]) — k
for N in D*A and X in per A. Thus, by chapter 4, there exists a bilinear bifunctorial form
By : Home(X,Y) x Home (Y, X[2]) — &

for X and Y in C = per A/D*A. We would like to show that it is non degenerate. Since
per A is Hom-finite, by theorem 4.2 and proposition 4.2.1, it is sufficient to show the
existence of local N-envelopes. Let X and Y be objects of per A. Then by lemma 7.1.3,
X is in *D<y. Thus there is an injection

00— HomD(X, Y) —_— HomD(X, 7—>NY)

and Y — 7o nY is a local N-envelope relative to X. Therefore, C is 2-Calabi-Yau.
Note that the bilinear form fx y yields a bifunctorial map

nxy : Extp(X,Y) — DExtp(Y, X).

One can check that it makes the following diagram

0 — Extp (X', Y) Exts (7 X', mY") — DExtp, (Y, X') —=0
. ¥ |
0 — DDExtp(X',Y') — DExty (7Y, 7X") — DExtp(Y', X') —=0

commutative, where X’ and Y are objects in F such that 7(X’) = X and n(Y’) =Y.

Step 2: The object mA is a cluster-tilting object of the category C.

Let A be the free dg A-module in per A. Since H'A is zero, the space Ext}, (A, A) is also
zero. Thus by the short exact sequence

0 — Extp(A, A) — Ext} (1A, 7A) — DExtp,(A, A) —=0

of proposition 7.2.2, w(A) is a rigid object of C. Now let X be an object of C. By
proposition 7.2.1, there exists an object Y in F such that 7Y is isomorphic to X. Now
by lemma 7.2.1 | there exists a triangle in per A

Py Py Y Py1]
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with P, and Py in add(A). Applying the triangle functor 7 we get a triangle in C:

7TP1 7TPO X 7TP1[]_]

with 7P, and 7P, in add(rA). If Exti(mA, X) vanishes, this triangle splits and X is a
direct factor of mFy. Thus, the object wA is a cluster-tilting object in the 2-Calabi-Yau
category C.

7.3 Application to the cluster category of an algebra
of global dimension 2

Let A be a finite dimensional k-algebra of global dimension < 2. We denote by B the
dg-algebra A @ (DA)[—3], and by p the canonical projection B — A. Let us denote by
(A) g the thick subcategory of D’B generated by the image of the restriction along p. The
cluster category associated to A is defined as the quotient C4 = (A)p/per B (section 7 of
[Kel05]). We assume that the functor Torg(?, DA) is nilpotent. This is equivalent to the
fact that C4 is Hom-finite by theorem 5.1.

We denote by © a cofibrant resolution of the dg A-bimodule RHom$ (DA, A). Fol-
lowing [Kel08a] and [Kel08b], we define the 3-derived preprojective algebra as the tensor
algebra

I5(A) = Ta(©[2]).

The complex RHom% (DA, A)[2] has its homology concentrated in degrees —2, —1 and 0,
and we have

H™%(0[2]) =~ Hompa (DA, A), H*(0[2]) ~ Exty (DA, A) and H°(6[2]) ~ Ext% (DA, A).

Thus the homology of the dg algebra II3(A) vanishes in strictly positive degrees and we
have 3
HTI3A = T4Ext’ (DA, A) = A.

Moreover, by lemma 5.3.1 the nilpotence of the functor Torf(?, DA) means that there
exists N such that Ext’ (DA, A)®Y vanishes. Keller showed that II5(A) is homologically
smooth and bimodule 3-Calabi-Yau [Kel08b]. Thus we can apply theorem 7.1 and we
have the following results:

Corollary 7.2. The category C = perll3A/D°II3 A is 2-Calabi- Yau and the free dg module
I15A is a cluster-tilting object in C.

The aim of this section is to construct a triangle equivalence between C4 and C sending
A to H3A

Let us recall a theorem of Keller ([Kel94], or theorem 8.5, p.96 [AHHKO07)):
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Theorem 7.3. [Keller] Let B be dg algebra, and T an object of DB. Denote by C the
dg algebra RHom%(T,T). Denote by (T')p the thick subcategory of DB generated by T.
Then the functor RHom%(T,?7) : DB — DC induces an algebraic triangle equivalence

RHom%(T,7) : (T)p ——perC.

Let us denote by Ho(dgalg) the homotopy category of dg algebras, i.e. the localization
of the category of dg algebras at the class of quasi-isomorphisms.

Lemma 7.3.1. In Ho(dgalg), there is an isomorphism between I13A and RHomp(Ag, Ag).

Proof. The dg algebra B is A @ (DA)[—3]. Denote by X a cofibrant resolution of the dg
A-bimodule DA[—2]. Now look at the dg submodule of the bar resolution of B seen as a
bimodule over itself (see the proof of theorem 7.1 in [Kel05]):

bar(X,B) : -+ —=B®, X®2@, B—= B, X @ B—=B®4B—>0—>--

This is a cofibrant resolution of the dg B-bimodule B. Thus A®pbar(X, B) is a cofibrant
resolution of the dg B-module A. Therefore, we have the following isomorphisms

RHom%(Ap, Ag) ~ Homy(A®pbar(X, B),A)
~ HHOWL%(A@AX@A”@AB,AB)

n>0

[ Homa (X®4" Homp(B, Ap)4)

n>0

[T Homs (x®2m, Ay,

n>0

12

12

where the differential on the last complex is induced by that of X®4" Note that

Hom% (X, A) = RHom%(DA[-2],A)
RHom% (DA, A)[2] = O[2].

We can now use the following lemma:

Lemma 7.3.2. Let A be a dg algebra, and L and M dg A-bimodules such that My is
perfect as right dg A-module. Then there is an isomorphism in D(A%® @ A)

L L
RHom% (L, A) ® 4 RHom% (M, A) ~ RHom% (M ®4 L, A).
Proof. Let X and M be dg A-bimodules. The following morphism of D(A” ® A)

L
X ®4 RHoma(M,A) — RHomu(M,X)
r@e = (meap(m))
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is clearly an isomorphism for M = A. Thus it is an isomorphism if M is perfect as a
right dg A-module. Applying this to the right dg A-module RHom4(L, A), we get an
isomorphism of dg A-bimodules

L
RHomu(L, A) @4 RHoma(M, A) ~ RHoma(M, RHom (L, A)).

Finally, by adjunction we get an isomorphism of dg A-bimodules

L L
RHoma(L, A) @4 RHoma(M, A) ~ RHoma(M ®4 L, A).
U

Therefore, the dg A-bimodule Hom® (X ®4™, A4) is isomorphic to (0[2])®4" and there
is an isomorphism of dg algebras

RHom%y(Ap, Ag) ~ @D(O[2])*4" = IT(A)

L

because for each p € Z, the group H?P(©[2]®4™) vanishes for all n > 0. O

By theorem 7.3, the functor RHom%(Ag,?) induces an equivalence between the thick
subcategory (A)p of DB generated by A, and perIl3(A). Thus we get a triangle equiva-
lence that we will denote by F':

F = R’Hom}g(AB, 7) . <A>B = perH3A

This functor sends the object Ag of D?B onto the free module II3A and the free B-module
B onto RHom$%(Ag, B), that is to say onto A, 4. So F' induces an equivalence

F :perB = (B)p — (A)1;4-

Lemma 7.3.3. The thick subcategory (A)m,a of DII3A generated by A is DTI3A.

Proof. The algebra A is finite dimensional, therefore (A)m,4 is obviously included in
D'II3A. Moreover, the category DII3A equals (mod H°(II3A))11, 4 by the existence of the
t-structure. The dg algebra II3A is the tensor algebra T4(0[2]) so there is a canonical
projection II3A — A which yields a restriction functor D*’A — DP(II3A) respecting the
t-structure:

mod HTI;A = H—— D(I13A)

! T

mod A—M Db 4
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This restriction functor induces a bijection in the set of isomorphism classes of simple
modules because the kernel of the map H°(TI3A) — A is a nilpotent ideal (namely the
sum of the tensor powers over A of the bimodule Ext%(DA, A)). Thus each simple of
mod H°TI3A is in {A)r,4 and we have

(A4 =~ (mod H(TI3A)) 4 ~ DUTI3A.

In conclusion, we have the following commutative square:

F:(A)p——=perllsA

J

per B

~

DII; A
Thus F' induces a triangle equivalence

Cs= (A)p/per B = perll3A/D'TI3A = C

sending the object A onto the free module II3A. By theorem 7.1, A is therefore a cluster-
tilting object of the cluster category Ca.

7.4 Cluster category for Jacobi-finite quivers with
potential

7.4.1 Ginzburg dg algebra

Let k be a field and @) a finite quiver. For each arrow a of (), we define the cyclic derivative
with respect to a 0, as the unique linear map

Ou : kKQ/kQ, kQ] — kQ

which takes the class of a path p to the sum Zp:uav vu taken over all decompositions of
the path p (where u and v are possibly idempotents e; associated to a vertex i of Q).

An element W of kQ/[kQ, kQ] is called a potential on Q. It is given by a linear
combination of cycles in Q).

Definition 7.4 (Ginzburg). [Gin06](section 4.2) Let @) be a finite quiver and W a po-
tential on (). Let @ be the graded quiver with the same vertices as () and whose arrows
are

e the arrows of @ (of degree 0),



166 Chapter 7. Cluster-tilting object

e an arrow a* : 7 — 4 of degree —1 for each arrow a : i — j of @),
e aloop t; : © — 1 of degree —2 for each vertex ¢ of Q).

The Ginzburg dg algebra T'(Q, W) is a dg k-algebra whose underlying graded algebra is the

graded path algebra kQ). Its differential is the unique linear endomorphism homogeneous
of degree 1 which satisfies the Leibniz rule

d(uv) = (du)v + (—1)Pudv,
for all homogeneous u of degree p and all v, and takes the following values on the arrows
of Q:
e da = 0 for each arrow a of @,

e d(a*) = 0, for each arrow a of Q,

o d(t;) = ei(D_,la,a*])e; for each vertex ¢ of  where e; is the idempotent associated
to 72 and the sum runs over all arrows of ().

The strictly positive homology of this dg algebra clearly vanishes. Moreover B. Keller
showed the following result:

Theorem 7.5 (Keller). [Kel08b] Let Q be a finite quiver and W a potential on Q. Then
the Ginzburg dg algebra T'(Q, W) is homologically smooth and bimodule 3-Calabi- Yau.

7.4.2 Jacobian algebra

Definition 7.6. Let () be a finite quiver and W a potential on ). The Jacobian algebra
J(Q, W) is the zeroth homology of the Ginzburg algebra I'(Q, W). This is the quotient
algebra

kQ/<aaVV7 ac Q1>
where (0,W,a € (1) is the two-sided ideal generated by the 9,V

Remark: We follow the terminology of H. Derksen, J. Weyman and A. Zelevinsky
([DWZ07] definition 3.1).

Ezxemple. 1. Let @ be the following quiver



7.4. Cluster category for Jacobi-finite quivers with potential 167

with the potential W = acb. Then the quiver @ is given by

to

.
2

t1 t3

The differential of the Ginzburg dg algebra satisfies
d(a*) = cb, d(t;) =cc* —a*a
d(b) = ac, d(t3) = aa* —b*b
d(c*) =ba d(t3) = bb* — c*c.

The Jacobi algebra J(Q, W) is then kQ/(ba, ac, cb) and so is finite dimensional.
2. Let @ be the quiver

xT

'
L,
with the potential W = zyz — zzy. Then the Jacobi algebra J(Q, W) is isomorphic
to the algebra

k<l‘,y,Z>/(Iy —Yr,rz — 2T, Yz — Zy) = k[xuyu Z]

and so is infinite dimensional.

In recent works, B. Keller [Kel08b] and A. Buan, O. Iyama, I. Reiten and D. Smith
[BIRS08] have shown independently the following result:

Theorem 7.7 (Keller, Buan-Iyama-Reiten-Smith). Let T be a cluster-tilting object in the
cluster category Cq associated to an acyclic quiver Q). Then there exists a quiver potential
(Q', W) such that Ende, (T) is isomorphic to J(Q',W).

7.4.3 Jacobi-finite quiver potentials

The quiver potential (Q, W) is called Jacobi-finite if the Jacobian algebra J(Q, W) is
finite dimensional.

Definition 7.8. Let (Q, W) be a Jacobi-finite quiver potential. Denote by I" the Ginzburg
dg algebra I'(Q, W). Let perI" be the smallest thick subcategory of DI'" which contains I'
and DT the full subcategory of DI of the dg I'-modules whose homology is of finite total
dimension. The cluster category C( g w) associated to (Q, W) is defined as the quotient of
triangulated categories perI"/DT.
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Combining theorem 7.1 and theorem 7.5 we get the result:

Theorem 7.9. Let (Q, W) be a Jacobi-finite quiver potential. Then the cluster category
Co,w) associated to (Q, W) is Hom-finite and 2-Calabi-Yau. Moreover the image T of
the free module T in the quotient perT'/D'T is a cluster-tilting object. Its endomorphim
algebra is isomorphic to the Jacobian algebra J(Q, W).

As a direct consequence of this theorem we get the corollary:

Corollary 7.10. Fach finite dimensional Jacobi algebra J(Q, W) is 2-Calabi- Yau-tilted
in the sense of I. Reiten (cf. [Rei07]), i.e. it is the endomorphism algebra of some
cluster-tilting object of a 2-Calabi- Yau cateogry.

Definition 7.11. Let (Q, W) and (Q',W’) be two quiver potentials. A triangular exten-
sion between (Q, W) and (Q’, W) is a quiver potential (Q), W) where

e Qo= QoUQy;

e Q1 =QUQ, U{ayi € I}, where for each i in the finite index set I, the source of
a; is in Qo and the tail of a; is in Q;

e W =W4+W".

Proposition 7.4.1. Denote by JF the class of Jacobi-finite quiver potentials. Then JF
satisfies the properties:

1. it contains all acyclic quivers (with potential 0);
2. it is stable under quiver potential mutation defined in [DWZ07];
3. it 1s stable under triangular extensions.
Proof. 1. This is obvious since the Jacobi algebra J(@Q,0) is isomorphic to kQ).
2. This is corollary 6.6 of [DWZO07].

3. Let (Q,W) and (@', W') be two quiver potentials in JF and (Q,W) a triangular
extension. Let Q)1 = Q1 U Q| U F be the set of arrows of (). Then we have

kQ = kQ' ®p (R & kF & R) ®r kQ

where R is the semi-simple algebra kQo and R’ is kQ). Let W be the potential
W 4+ W' associated to the triangular extension. If a is in (), then 0,W = 9,W,
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if @ is in Q) then 9,W = 9,W' and if a is in F, then 9,W = 0. Thus we have
isomorphisms
JQ,W) = kQ/(0.W,a€ Q)
~ kQ Qp (R ®kF & R)QpkQ/(0,W,a € Q1,0,W' b e Q)
~ kQ'/(OW' be Q) ®r (R @ kF @ R) Qr kQ/{0,W,a € Q1)
~ J(Q W) ®r (R ®&kF®R)®rJ(Q,W).
Thus if J(Q',W') and J(Q, W) are finite dimensional, J(Q, W) is finite dimensional

since F' is finite.
O

In a recent work [KY08], B. Keller and D. Yang proved the following:

Theorem 7.12 (Keller-Yang). Let (Q, W) be a Jacobi-finite quiver potential. Assume that
@ has no loops nor two-cyles. Then for each vertex i of Q), there is a derived equivalence

where 11;(Q, W) is the mutation of (Q, W) at the vertez i in the sense of [DWZ07].

Remark: in fact Keller and Yang proved this theorem in a more general setting. This
also true if (Q, W) is not Jacobi-finite, but then there is a derived equivalence between
the completions of the Ginzburg dg algebras.

Combining this theorem with theorem 7.9 and some results of [BIRS08], we get the
corollary:

Corollary 7.13. 1. If Q is an acyclic quiver, and W = 0, the cluster category Cqw)
is canonically equivalent to the cluster category Cq.

2. Let Q be an acyclic quiver and T' a cluster-tilting object of Co. If (Q', W) is the quiver
potential associated with the cluster-tilted algebra Ende, (T') (cf. [Kel08b], [BIRS0S]),
then the cluster category Cqw) s triangle equivalent to the cluster category Cq.

Proof. 1. The cluster category C(q,0 is a 2-Calabi-Yau category with a cluster-tilting
object whose endomorphism algebra is isomorphic to kQ. Thus by [KRO7], this
category is triangle equivalent to Cg.

2. In a cluster category, all cluster-tilting objects are mutation equivalent. Thus by
results of [BIRS08], (@, W) is mutation equivalent to (Q)’,0). Moreover, (@, W) and
@’ have no loops nor two-cycles. Thus, the theorem of Keller and Yang [KYO0S§]
applies and we have an equivalence

DI(Q, W) ~ DI(Q', 0).

Thus the categories Cgw) and Cy ) are triangle equivalent. By 1. we get the
result.
O
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